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LOI NOI AU

Co hoc co 56 la mén hoc 0 sd cho sinh vién cdc truong dai hoe ky thugdt.

Hién nay trong cdc truong dai hoc, mén hoc nay cé cdc tén goi khdc
nhau nhu co hoe ly thuyét, cd hoe, cd hoc ky thudt. Nam 2006, Truong Pai
hoc Kién trizc Ha Noi cin ci vao chuong trinh khung dao tao dai hoc ctia
Bé Gido duc va Pao teo, dd ban hanh chuong trinh giang day cho cdc -
nganh hoc ctia tridng, trong dé mon hoc nay c6 tén goi la Co hoc co 6.

Vi chi: truong rit ngan thoi gian dao tao dai hoc, thii lugng danh
cho mén hoc vi vay cing phdi giém di. Mon Co hoc cd sd cho nganh Xay
dung dan dung va cong nghiép, Cong trinh ngam la nganh c6 thoi lugng
nhiéu nhét con 75 tiét va cho cde nganh Kién trie, Quy hoach, Quadn ly doé
thi chi con 30 tiét. Vi ly do d6 chiing téi bién soan lai gido trinh nay dé
. phu hop vdi thai lugng danh cho mén hoc.

Gido trink Co hoc cd s6 gom 2 tdp:
Tép 1: Tinh hoc, thii lugng 30 tiét danh cho tdt cd cdc nganh hoc

Tép 2: Déng hoc va Dong lue hoc, thoi luong 45 tiét danh cho cdc
nganh Xay dung, Ky thudt ha tang va Méi trudng dé thi.

Trong mbi tép, phdn déu la ly thuyét kém theo cdc vi du, phan cubi
la cdc bai tap rén luyén ky ndng tinh toan.

PE rit ngdn thoi gian gidng day trén ldp ma sink vién van hiéu duoe ly
thuyét va biét cdch gidi cdc bai tdp, chiing t6i dua ra nhiéu vi du minh hoa.
Mt 6 vi du duoce gidng day trén ldp, s6 con lai sinh vién ¢6 thé tu doc &
nha trude khi lam bai tép.

Phdn bai tap c6 khé nhiéu bai tip da dang. Giang vién gidng dgy mén
hoc sé quy dinh mét s6"bai tgp co bén dE tdt ca sinh vién phdi lam ¢ nha.
Cdc bai tap khdc danh cho cdc sinh vién khd, gioi ty rén luyén.

Cudn sdch nay la tai lidu cdn thiét cho sinh vién Truong Pai hoc
Kién trie Ha Ngi, dong thoi cing la tai lidu tot cho sinh vién cde trudng
dai hoc k¥ thudt khde.



Chiing téi xin chan thanh cdm on Ban Gidm hiéu va phong Qudn Iy
khoa hoc Truong Pai hoc Kién triic Ho Noi dé tao diéu kién thudn lgi dé
cudn sdach dude xudt ban.

Chiing t6i ciing chdn thanh cdm on cde dong nghiép da dong gop ¥
kién va gitp dé trong viée hodn thanh cudn sdch.

Vi thoi gian bién sogn cudn sdch cé han nén chdc chan con thiéu
s6t, ching toi mong mudn nhdn dugc y kién dong gép cua cdc ban dong
nghiép va cdc em sinh vién.

Moi ¥ kién xin gii vé phong Qudn ly khoa hoc Truong Pai hoc Kién
truc Ha Not.

Téc gia

PGS.TS. Pang Qudéc Luong



MO PAU

Co hoc co s& 13 mén hoc nghién citu cic dinh luat tdng quat nhat vé su cin bing va
chuyén dong cia vat thé. Trong ¢o hoc co s&, chuyén dong clia vat thé duogc hiéu 1a sy
thay déi vi tri tuong ddi giita vat thé va mot vat 1dy 1am chuan, goi la hé quy chidu. Thoi
gian duge xem la troi déu khong phu thudc vao van téc chuyén dong cla vat thé. Gia
thiét nay phit hop véi cdc vat vi mé chuyén dong v6i van té¢ nho thua nhiéu so véi van
téc dnh sdng (khoang 300.000km/s). Khong gian trong co hoc co s& [a khong gian 3
chiéu thoa man céc tién dé va dinh If hinh hoc Ocolit.

Cad hoc co s& duge chia thanh 3 phan: Tinh hoc, dong hoc va dong luc hoc. Tinh hoc
nghién ciu luc va diéu kién can bang cia vat dudi tic dung cha luc. Dong hoc nghién
cttu cdc tinh chdt hinh hoc chuyén déng clia vat. Dong luc hoc 1a phan téng quét nhat
clia co hoc ¢co s, nghién citu chuyén déng cha vat thé dudi tic dung clia Juc.

Co hoc ¢o s& c6 lich sir phdt trién lau ddi. Ngay tir trudéc Cong nguyén ngudi ta da
biét nhiing nguyén 1 don gian cua co hoc, da biét sit dung don bdy, mat phing nghiéng,
rdng roc trong khi xay dung cdc cong trinh. Acsimet (287- 212 trudc Cong nguyén) la
ngudi ddu tién dit nén méng cho 1y thuyét tinh hoc.

Pén thé ki XVII véi su phat trién manh mé cia khoa hoc ki thuét, dong luc hoc ra
doi. Galile (1564-1642) va Niuton (1643-1727) 12 hai nha bac hoc €6 cong xay dung co
s& 1y thuyét dong luc hoc. Nhitng dinh Juat co hoc co ban cta co hoc cé dién thudng
dugc goi 12 cdc dinh luit Niuton duge trinh bay trong tdc phim "Nhitng nguyén 1y todn
hoc ciia triét hoc tw nhién" xudt ban nam 1687 clia Niuton. Viéc ap dung cac phép tinh
vi phan d€ giai nhitng bai todn co hoc, lan dau tién dugc nha todn hoc, co hoc noi tiéng
Ole (1707-1783) dé xuat, d6 12 co s& cha phdn co hoc gidi tich. Sau nay DalamBe
(1717-1783) va Lagrangio (1736-1813) da phat trién co hoc giai tich 1én téi dinh cao,
dua ra céc phuong phdp tdng quét giai cdc bai todn dong luc hoc.

Pén thé ki XIX, déng hoc duge tich ra nhu mét bo phan doc 1ap clta co hoc co 84, do
yéu cdu manh mé clia sy phat trién nganh ch€ tao mdy va nganh xay dung. Ngay nay,
dong hoc déng vai trd quan trong trong viéc nghién ciu chuyén dong clla co cdu va may.

Truéc khi hoc moén co hoc co &, sinh vién dd duge hoc phan co hoc trong moén vat 1y.
Hai mén hoc nay cé nhilng diém giéng nhau nhung cling c6 nhifng diém khdc nhau co ban.
Co hoc co s6 va co hoc trong vat 1y déu nghién citu s can bang va chuyén dong cia

cdc vat thé, déu dua trén céc tién dé Niuton. Tuy nhién, chiing khdc nhau vé€ phuong
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phép nghién citu va déi tugng nghién ciu. Phuong phép nghién citu cia co hoc trong vat
1y chit yéu 1a phuong phdp thuc nghiém, dugc tién hanh theo trinh tu quan sat, lam thi
nghiém tit d6 rit ra cdc dinh luat vat 1y va dp dung gidi thich cac hién tuong vat ly.
Phuong phédp nghién ciu clia co hoc co s6 1a phuong phdp tién dé. Noi dung ciia phuong—
phdp tién dé 1a dua vao cdc khéi niém co ban va mot s6 cdc ménh dé da dugc thuc t€
kiém nghiém I ding (goi fa céc tien dé) dé suy ra cdc dinh 1y, hé qua va cudi cung, dp
dung chiing d¢ tinh todn cdc hé ky thuat vé& phuong dién co hoc. Déi tuong nghién cuu
ctia co hoc trong vat 1y 1a cdc hé vat Iy don gian nhu hé chat diém, cac vat rin don gian.
Con déi tuong nghién ctiu cha co hoc co s& la cac hé k§ thuat phic tap nhu cic nha cao

tdng, ciu, may méc...

Trong cac trudng dai hoc ki thuét, co hoc co s& 1A co sd truc tiép dé hoc tap cdc moén
hoc khéc clia k¥ thuat nhu siic bén vat liéu, cd hoc két cdu, li thuyét dan hoi, dao dong
cong trinh. ..

Dé hiéu dugc noi dung chia mon hoc nay, sinh vién cdn nim duge nhing kién thiic
todn hoc co ban nhu: Dai s6 tuyén tinh, cdc phép tinh vi phan, tich phén, ham nhiéu bién

va mot s6 hi€u biét thuc t€ k¥ thuat.



Chuong I
CAC KHAI NIEM CO BAN, HE TIEN PE TINH HOC

Tinh hoc la phdn thit nhdt cita mén co hoc co s6, ngi dung cia tinh hoc la tim dién
kién can bédng clia vdt rdn dudi tic dung cia lc. Ly thuyét finh hoc dupc xdy dung bdng
phitong phdp tién dé. Ddu tién ngudi ta dua ra cac khdi niém co bdn va mét s6 cdc ménh
dé di duoe thuc ¢ kiém nghiém la ditng khong chimg minh goi la hé tién dé tinh hoc. Dia
trén cdc khdi niém co bdn va hé tién dé dé ngudi ta xdy dung cdc dinh 1y, hé qud, dugc
chitng minh chdt ché. Vi v@y trong Chutong I chiing ta nghién citu cdc khdi niém co bdn
va hé 1ién dé tinh hoc.

1.1. CAC KHAI NIEM CO BAN VA CAC PINH NGHIA

1.1.1. Cac khdi niém co ban

1. Luc

Luc 1 dai lugng dic trung cho tic dung co hoc cla vat thé nay lén vat thé khic.

Vi du: Mot ngudi diing bia déng dinh vao tudng, ngudi d6 dé tic dung lén dinh mot
lyc. Qua béng dang ding yén, ta diing chan dd vao qua bdng e
lam né bay di, ta dd tac dung vio qua bdng mot lue. ..

Qua nghién ciiu ngudi ta thdy lye dugc dac trung béi ba yeu
t0 sau:

- Piém ddt ciia lee: 1a diém thude vat ma qua diém do, vat
khdc tic dung lén vat. Hinh 1.1

- Plutong chiéu ciia lie: cho biét luc duge truyén vao vat theo phuong nao, chiéu nao.

- Citémg dé ciia he: biéu thi téc dung manh hay y&u cla luc.

Pon vi do cudng do ctia luc 1a Niuton ki hi¢u Ja N. Trong d6 1N 1a luc lam cho vat ¢6
khi luong 1kg chuyén dong véi gia tée Im/s’.

Do ¢6 3 yéu t6 dac trung trén nén lyc duoc bigu dién bang mot véc to budc F c6 diém
dat triing véi diém dat luc, phuong chiéu 13 phuong chiéu cta luc, do dai ti 1& véi cudng
do cha luc.

Duong thang mang vécto luc goi 1a duong téc dung ciia lirc.



Trong khoéng gian luc duge phan tich thanh 3
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X, Y, Z 13 hinh chiéu clia F trén 3 truc toa do do. x X
Hinh 1.2

Cudmg do ctia luc F duge xdc dinh béi cong thifc:
F=vX*+Y*+2Z°
Phuong chiéu cita lyc F dugc xédc dinh bdi céc cosin chi phuong:

X Y
costt=—; cosPp =—; cosy = —
F F F
2. Vit rdn tuyét doi
Trong co hoc co 3, vat thé duoc biéu dién dudi hai dang mé hinh 13 chat diém va he
chat diém (hay co hé).
- Chat diém 12 diém hinh hoc mang khoi lugng.
- Hé chat diém 12 tap hop cdc chal di€m 6 vi trf va chuyén dong phu thudc vao nhau...
- Vat rén tuyét d&i 1a mot co hé ma khoang céch gitia hai diém bét ki luon khong doi.
Nhu vay vat ran tuyét d6i c6 hinh dang khong d6i khi chiu tic dung ciia luc.
Trong thuc t& khong cé vat tuyét di rin ma dudi tac dung cta luc vat bi bién dang.
Vi du dat lén ddm moét vat nang, ddm bi vong xudng (hinh 1.3). Vi do bién dang cua
vat thudng 1a nho, c6 thé bé qua nén khi xét can bing clia vat ta coi vat 1a tuyét doi
rén, v vat tuyét déi rin la doi wgng nghién ciu clia mon cd hoc co s0.
P don gian sau nly ta goi vat ran tuyét dGi 1a vat ran. Néu vat c6 bién dang 16n ta
khong ding dugc mé hinh vét ran tuyét d6i ma
phai coi vat 1a vat bién dang, dé 1a déi twong . Q

b Tt Y

[

nghién citu ctia co hoc vat ran bién dang, vidu T — =
nhu stc bén vt liéu va co hoc két cau. LT JAN

3. Trang thdi cdn bdng Hinh 1.3

Vat rén & trang thii can bing néu né ding yén déi véi mot vat nao d6 dugc chon lam
chudn, goi 1 hé quy chiéu. Trong tinh hoc, hé quy chi€u duge chon la h¢ quy chi€u quan
tinh, né thod min tién dé quan tinh cua Niuton.



Ngudi ta da ching minh ring khéng t6n tai hé quy chi€u quén tinh. Do dé chi ¢6 thé
chon dugc hé quy chiu qudn tinh gan ding. Trong tinh hoc ngudi ta chon hé quy chiéu
qudn tinh gin ding 14 trdi dat. Nhu vay vat rin nim yén so v4i trai dét dugc coi 1a vat &
trang thdi can bing. Dé tién tinh todn ngudi ta gan vio hé quy chi€u mot hé truc toa do.
V6i mot hé quy chiéu ¢6 thé gin nhiéu hé truc toa do khic nhau. Sau ndy dé d& céng
kénh ngudi ta thudng coi hé truc toa do dé Ia hé quy chiéu.

1.1.2. Mét s6 dinh nghia khac

1. Hé¢ luc

a) Pinh nghia:

- Tap hop céc luc (I?1 , F: F:) cung tac dung lén
mét vat rén goi 1a mot hé luc ki higu 1a (F,, E, ..., E,).

- Hé hai luc song song ngugc chiéu va cing cuong 46 F,

goi 1a mot ngau luc. Hinh 1.4
b) Phdn loai hé luc: Can clt vao su phan bo céc dudng
tdc dung cla céc luc thudc hé, ngudi ta phan cdc hé luc thanh cic loai sau:
- Hé luc déng quy: 12 hé luc c6 cc dudng tic dung giao nhau tai mot diém.
- Hé ngdu lyc: 1 tap hop cdc ngiu luc cling tdc dung lén mot vat rin.
- Hé luc song song: ¢6 cdc dudng tdc dung clia céc luc song song vG6i nhau.
- He luc phang: ¢6 cdc dudng tic dung cling ndm trén mot mat phang.
- Hé luc khéng gian: c6 cic dudng téc dung phan bd bat ki trong khong gian.
2. Hai hé luc tuong duong: Néu hai hé luc ¢ tic dung co hoc nhu nhau thi goi la
tuong duong véi nhau.

—

—_ —_— U b d -
Ki hiéu la: (BB . E)~ (0,050 s 6n)
3. Hop luc caa mot hé luc:

Néu hé lyc tuong duong v6i mot luc duy nhat R thi R duge goi 1a hop luc ciia hé luc

vi ta néi hé luc ¢6 hop luc, ki hieula: (F,, B ..., E,) ~ R

4. Hé luc cdn bdng:
Néu téc dung cta hé Juc 1én vat md khong 1am thay ddi trang thdi ding yén hay
chuyén dong cia vat khi khong chiu tic dung cta hé luc y, thi hé luc dugc goi la can

bang hay twong duong khong, ki hiéu 1a: (1_::, E ..., E) ~ Q0.



1.2. HE TIEN DE TINH HQC
Heé tién dé tinh hoc gém 5 tién dé.
1. Tién dé 1 (Tién dé vé su cdn bang)

Diéu kién cin va d dé h¢ hai luc can bing la ching c6 cung dudng tic dung hudng
nguge chiéu nhau va cé cling cudng do.

F, F, F, F,
«—f e — —————
Hinh 1.5

Tién dé 1 cho ta tiéu chudn ddu tién vé su can bing clia mot he luc. Sau nay dé ching
minh mot hé luc cin bing ta can bién d6i hé luc d6 vé hé hai lyc can bing.
Hai luc thoa man tién dé 1 goi 1a tryc d6i nhau:

(F,E)~0 F, =-F (1.1)

2. Tién dé 2 (Tién dé thém bot mot cdp luc cdn bang)

Tic dung cha hé luc khong thay ddi néu ta thém vao hay bét di mot cap luc can bang.

- =
Do dé. néu (F, F ) ~ 0 thi:

—_ — = = Ju—
(E.E..,F,,F, F)~(F.E ...EF) (1.2)

Y nghia clia tién dé 2 12 cho ta phép bién ddi tuong duong dau tién clia hé luc.
3. Tién dé 3 (Tién dé hinh binh hanh liuc)

Heé hai luc cing dat tai mét diém tuong duong
v6i mot lue dat tai diém chung dy va dugc bicu
dién bang dudng chéo cta hinh binh hanh ma hat
canh 14 hai véc to biéu dién hai luc di cho.

(F,.F,)~ R trongdé R=F, +F, (1.3)

Tién dé cho phép ta hop hai luc ¢6 cling diém
dat va phan tich mét lyc theo hai phuong bat ky.

4. Tién dé 4 (Tién dé tdc dung va phan tdc dung)

Luc tac dung va phan tic dung gifia hai vat 1a haj luc c6 cing dudng tac dung hudng

nguoc chiéu nhau vi cé ciing cudng do: F, = —f:l
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Cha ¥ l1a luc tdc dung va phan tdc dung
khong phéi 12 hai luc can bing vi chilng tdc
dung lén hai vat khdac nhau. - -

- Tién dé 4 1a co s& dé nghién citu su can
bang clia hé vat.

5. Tién dé 5 (Tién dé hod rdn) Hinh 1.7

Vat bién dang di can bing thi khi hod rén lai né van can bang.

Nhu vay mot h¢ luc di 1am cho vét bién dang can bang thi ciing 1am cho vat ran can
bing, nhung mot h¢ lyc lam cho vat rén can bing chua chac da lam cho vat bi€n dang
can bing. Vi du bai luc F vi F cing phuong, ngugc chiéu, cing cudng do kéo gian
mot 15 xo tir trang thdi tu nhién. Khi 16 xo khong gidn nita, vat bi€n dang can bang,
mang cip luc can bing ndy dit vao mot vat rén thi vat ran ciing can bing. Trdi lai mang
cap luc can bang da lam cho vat ran can bang, dat vao 16 xo & trang thdi tu nhién thi
ngay tir ddu 16 xo chua can bing ngay, né con bi gidn dai ra dén mot muic nao do méi

can bang.
F 4 F F
4——L\<]\I\P\{\J\N\P\f\z—l:> -~f--- -~ R +—
Hinh 1.8

Tién dé 5 1a co s& nghién ciiu sy can bang ca cdc vat bién dang.
6. Hé qua

Tir cdc tién dé tinh hoc c6 thé suy ra cdc hé
qua quan trong sau day:

a) Hé qud tricot life
Tac dung cha luc khong thay doi khi truot
luc doc theo dudng tic dung cla nd.

Hinh 1.9

= 2 - oo - . .7
Cluing minh: Gia st cho luc F dat tai A ta chiing minh c6 thé trugt F td1 dat tai diem
—>
B bat k¥ nim trén duding téc dung cua F .
_— — e . J—
That vay, dat tai B hai luc can bang (F', F") ~ 0 sao cho F=F=-F".
- - e — —_ . bt d =
Theo tién dé 2: F~(F,F',F)~F vi(F,F)~0.

J— —>
Luc F' chinh la luc F dat tai B.
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b} Hop luc cia hé liec dong quy

He luc ddng quy tueng duong véi mot hop luc dat tai diém déng quy cla he, c6 véc
to bing tong hinh hoc cic véc to biéu dién céc luc thudc hé:

(F,F....E)~R;R=3F (1.4)
k=1

— — b

Chimg minh: Cho hé luc (F, .F, ,..., F, ) dong quy tai O.

Theo tién dé 3. hop 2 luc (F, , E, ) ta duoc,
(F,F)~R, véiR =F+F

— —
Tiép theo hop R, va F, dugc:

=2

- = - - =
(R,,F)~R,; R, =R +F,

4 _— —
Thay R bing he lye (F, ,F, ) tacé:

Hinh 1.10

Tiép tuc hop luc cho dén luc cudi cing F, ta cd:

v s p— 4 - n —r
(F,.F ..... F,)~ R; R= 3 F, dattai O theo tién dé 3.

k=1
c) Pinh 1y ba lic cdn bdng

BPink Iy: Heé ba luc can bang cling nim trong mot F,
mit phing néu khong cling song song thi phai déng  F, R

- V7 L
7 77

quy tai mot diém. - 0

Chitng minh: Gi sithé 3 Iuc (E, ,F, ,F, ) can bing Fa

. . . . . s . Hinh 1.11
cung nam trong mot mat phang va khong cung song
song v&i nhau. Nhu vay cé it nhat hai luc giao nhau tai mot diém. Gia sir 1:-7: ,f:; giao
. —>
nhau tai O. Theo tién dé€ 3 hai luc nay cé hop luc R dat tai O.
_ — — - . R
Do dé: (F, .E .E ) ~ (R,F; ) ~ 0. Theo tién d¢€ 1, hé hai lyc (R,F; ) da can bing

nén truc d6i nhau. R di qua O vay F—q cling phai qua O.

Nhu vay he lyc (F, ,F, ,F, ) déng quy tai O.
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1.3. NGUYEN L GIAI PHONG LIEN KET

1. Vat tu do va vat chiu lién két

Vat tu do 12 vat ¢6 thé thuc hién moi dich chuyén v6 cung bé tir vi tri dang ¢t sang
vi tri 14n can. Néu dich chuyén cta vat theo mét phuong nao d6 bi ngan can thi vat dugc
goi [2 vat chiu lién két (hay khong tu do). Qua béng bay bom ddy khi hydro bay lo limg
gifta troi 1a vat tu do, con vat nm trén mat ban 1a vat chiu lién két.

2. Lién két va phan luc lién két

Diéu kién can tr& dich chuyén ctia vat duge goi 12 lién ket dat lén vat dy.

Trong tinh hoc ta chi khéo sdt céc lien két hinh hoc 12 cdc lién két dugc thuc hién
bing su ti€p xidc hinh hoc gilia hai vat.

Trong co hoc ta phai thudng xuyén khéo sit su can bing hay chuyén dong cla cic
vat. Sau niy dé don gian ta goi chiing 1a vat khao sat.

Vit khao sat S dat trén ban, bi méat ban ngan tré MN
dich chuyén con dugc goi 1a vat chiu lién ket, mat
ban goi 1a vat gay lién ket, luc do vat khao sat S % S

tac dung 1én vit gy lién két goi 1a dp luc Q. con
luc do vat gay lién két tic dung lén vat khao sat S

4 . L= Q
goi 12 phan luc lién két N. v
Nhitng luc khong phéi 1a phan luc lién ket goi vz
12 cdc luc hoat dong, vi du trong luc cta vat l1a luc Hinh 1.12

hoat dong.

3. Phuong, chiéu phan luc lién két ciia mot s lién két thudong gap

Qua nghién cifu thuc nghiém ngudi ta thdy phéan luc lién két c6 cdc tinh chat sau:

- Phan luc lién két dat vao vat khao sit, n6 1a lyc thu dong, do 1én cia phan lyc lién
két phu thuge vao cic luc hoat dong tac dung 1én vit.

- Phén luc lién két huéng ngugc véi hudng theo d6 dich chuyén ctia vat bi ngan can.

Xéc dinh loai lién két va phuong chiéu cdc phan luc lién két twong tng la nhiém vu quan
trong dau tién khi giai bai todn finh hoc. Néu x4c dinh sai loai lién k&t va phuong chiéu cic
phén lyc lién két thi bai todn sai ngay tr dau.

Cin cif vio tinh chat cia phan luc lién két ta xdc dinh duge phuong chiéu phan luc
lién k&t clia mot s6 lién két thuong gap:

a) Lién két nua: Vat khao sat tua 1én vat gay lien két. Néu bd qua ma sét gilta hai vat
thi theo tinh chat 2, phan luc lién két huéng theo phdp tuyén mat tiép xic giifa hat vt va

nguoc v6i huéng dich chuyén bi ngén can ky hiéu Ia N.
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Na
Hinh 1.13 A N N, D @
B
a)Lién két tua I%l

N4 Ny

b)Lién két g6i tua con Jan
(G6i wa di dong)
b) Lién két ddy mém:

Gia str day khong gidn, dich chuyén clia vit doc theo dédy bi ngan can nén phan luc
lién ket day dat vao diém bugce day va huéng doc theo day, tix vat khao sat huéng ra, phan

Iuc lién két day goi la stic cang day, ky hi¢ula T.

¥ 7. B i’ . A1 1177

Hinh 1.14 Hinh 1.15

c) Lién két bdn 1é tru, khép 6 dinh:

Lién két cho phép vit quay quanh truc ban 1é va ngan can dich chuyén theo huéng
vuéng géc véi truc ban 1&. Do dé phan Iuc lién ket hudng vuong géc véi truc ban le,

thudng duoc phan tich thanh hai thanh phin X, Y vuéng géc véi nhau.

d) Lién két bdn 1€ cdu:

X Hinh 1.16
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Lién két cho phép vit xoay quanh tam cdu theo moi phuong nhung ngin can moi dich
chuyén thang vi vy phan luc lién két dit tai tam ciu, hudng theo mét phuong nao dé,
thuong dugc phan tich thanh ba thanh phan XO, Y,.Z, theo ba truc vuong géc.

e) Lién két coi:

Lién két cho phép vat quay quanh truc z, phan luc lién két duge phan thanh 3
thanh phin X,,Y,.Z, vuong géc véi nhau.
Khdc véi ban 1€ cau, trong lién két ¢6i Z, > 0.

Néu hé luc tdc dung lén vat 1a hé luc phing thi lién két dugc goi 1a coi phang, khi dé
phan luc lién két c6i duge phén tich thanh 2 thanh phan X, ¥, niim trong mat phiing tic
dung ciia hé luc. Néu Ia hé lyc khong gian thi goi 12 c61 khong gian.

A yA
ET_ 1

I I
| I
| |

I

RU
zj Y, ~
7 7l |«

’ Yu v Xu
Xh ; )
< a) Céi khéng gian b) Coi phiing
¥ Hinh 1.17
f) Lién két thanh:

Thanh duoc gid thiét 1a khong trong luong va khong ¢6 luc nao tic dung lén giita
thanh. Nhu vay thanh chi chiu tdc dung ctia 2 Iyc tai 2 dau thanh, do d6 phan luc lién két
thanh huéng doc theo dudng ndi hai ddu thanh. Néu thanh théng, phan lyc lién két thanh

duoc goi 13 tmg luc ciia thanh hay lyc doc clia thanh k hieula S.

77 s
Hinh 1.18 “Hinh 1.19

hy Lién két ngam phéng:
Lién két ngan can dich chuyén thing theo phuong bat k¥ dong thdi ngan can chuyén

dong xocay quanh A cla vat khao sat.

15



Vi vay phan luc lién két gom luc R, va mot ngéu luc M, ndm trong mat phang tic

dung cta hé luc 1én vat khao sdt.

Luc R 4 duoc phan tich thanh hai thanh phdn vudng géc véi nhau X A ‘?A .

4. Nguyeén li giai phong lién két

Vat chiu lién két can bang c6 thé coi 13 vat ty do can bang, néu ta giai phéng cic lién
két, thay the téc dung ciia cic lien két dd dugc giai phéng bang cdc phan luc lien ket
tuong Gng.

Nguyén 1y cho phép ta dua bai todn khao sit can bang clia vat chiu lién ket vé bai
toan can bing ciia vat tu do bing céch thay the tic dung clia céc lién ket lén vat khao sét
bang cdc phan luc lién két tuong ing.

Vi du: Dam AB can bing c6 lién két tai A va B ¢6 thé coi 1a ddm tu do can bang néu
ta thay lién két & A, B bing cdc phén luc lién ket tuong ing XA,?A,ﬁB

Chd ¥: Nguyén Iy gidi phéng lién két khong nhiing ding cho vat chiu lién két can
bing ma con diing cho ca vt chiu lién két dang chuyén dong ma ching ta s& nghién citu
trong phan dong luc hoc.

| o YA P N B
A \a/\ M B \a\ |
(@] I (9] ;: — ]
-  m A X, ~
a) Vér chiu lién két b) Vit tu do
Hinh 1.20

1.4. MO MEN CUA LUC VA NGAU LUC

1. M6 men ciia mét luc déi v6i mot diém

Pé dac trung cho tic dung 1am quay vat xung quanh mot diém ciia luc ngudi ta dua ra
khdi niém mo men clia mét luc dét véi mot diém.

m, (F)

a) Pinh nghia:
“ = o ‘_‘_> ey
M6 men cta luc F doi vl diém O ki hiéu m,, (F) 1a
véc to vuong gbéc véi mit phing chita luc F va diém O,
cé chiéu sao cho nhin tir ddu mat xuéng géc thay F quay

quanh O ngugc chiéu kim dong hé, cé do 16n bang Fd,
trong dé d 1a khoang cach tir O dén dudng tac dung cua luc ~H

E . goi I c4nh tay don cha luc F d6i véi diém O.
goi la canh tay don cla lu 61 véi diem O Hink 1.21
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b) Nhdn xét:

> —
- Véc to mo men m,, (F) c6 thé biéu dién dudi dang:

- o

m, (F)=rxF. (1.5)

Trong dé 7 1a véc to dinh vi ciia diém dat luc F.

- = =
Néu goi i, j, k lacdc véc to don vi trén cdc truc clia hé toa do D¢ Céc vuodng goc.

Hinh chiéu ctia T, F lén 3 truc lan luotlax,y,zva X, Y, Z.

Thi tir (1.5) ta cé:

- - =

Lo i j k

m, (F)=(x ¥y = =(yZ—zY)ﬁ-(zX—xZ)]+(xY—yX)f( (1.5)
XY Z

Biéu thdc (1.5)' gidp ta tinh dugc mo6 men cta luc déi véi mot diém trén cdc phan
mém mady tinh.

- D6 16n clia véc to mo men: | i, (F) |= 2dtAOAF

- Theo dinh nghiia m,,(F)=0khi F =0 hoac O thuoc dudng tic dung ctiaF .

- Trong trudng hop cac luc ciing nam trong mat phing chita diém ldy mo6 men thi cédc
véc 10 mo men clia cic luc 14y déi véi diém d6 s& cing phuong, khi d6 d¢ don gian ta
dua ra khai niém mo men dai s6 cta lyc ldy déi véi 1 diém: m, (F) = + Fd ldy ddu
duong néu F quay quanh O nguoc chiéu kim dong hé, 1ay ddu am trong trudng hop
nguoc lai.

Y nghia co hoc clia mdé men cla lyc déi véi mot diém 12 biéu thi tdc dung lam quay
vat quanh diém 18y mo men cta lyc

2. M6 men cua luc doi v6i mot true

Pé biéu thi tic dung lam quay vat xung quanh mot truc nao ddy cla luc, ngudi ta dua
ra dinh nghia mé men ctia luc ddi v6i mot truc.

a) Dinh nghia: M6 men cta luc F doi véi truc A ki hiéu 1a m, (F) 12 luong dai s

m, (F)=*Fh.

Trong dé:

THU VIEN
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- F' la hinh chiéu cta F xuéng mat 12 F

phing n vuéng géc véi truc A, O 1a giao ™. (F)
diém clia A va mit phing .
- h la khoang cdch tir O dén duong tac

dung cua F.

-

- Ldy dau duong néu F quay quanh O

ngugc chiéu kim déng hé va didu am trong

trudng hop nguoc lai. ) ' Hinh 1.22
b) Nhan xér: T dinh nghita ta nhan thay:

- m, (F)= i, (F)

-|m, (F)=2dtAOAF

- i, (F ) =0 khi F’= 0 hoiic h = 0 ¢6 nghia 1 khi F // A hoiic dudng tic dung cha F cit A.

Mo men clia luc d6i véi mot truc biéu thi tdc dung 1am quay vat quanh truc d6 cia luc.

3. Lién hé giita mo men ciia luc 1y déi véi mot diém va mo men cia e doi véi
mot truc

a) Dinh Ij: M6 men cha lyc d6i véi mot truc bang hinh chiéu trén truc dé cia véc to
mo6 men luc d8i v6i mot di€ém nim trén truc.

b) Chimg minh: Goi o 12 goc 1ap gitta hai mat OAF va OA'F, theo dinh 1y hinh chiéu
dién tich ta c6:

dtA OA’F = dtA OAF .cosa )

. -
Theo cdc nhan xét vé mé men coa luc F d6i véi diém O va truc A

m, (F)=2dtA OA’F’
|m, (F)| = 2dtA OAF

Nén thay vao (*) duogc:

m, (F)=|m,(F) cosa

Vi goc giita m,, (F) vatruc A ciing 1 o nén ta ¢6 :
i, (F) = hea [y (F)] (1.7)

D6 1a diéu can phéi chiing minh.
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4. Ngau lyc

a) Dinh nghia: Ngau lyc la hé hai lyc song song nguoc chiéu va citng cudng do, ki
hiéu 1a (F,F).

- Khoéng céch d gifia hai luc goi la cdnh tay don cla ngau luc.

_ Mt phéng chita hai luc goi la mat phéng téc dung clia ngau luc.

- Chiéu quay clia ngau luc 13 chiéu thuan theo chiéu mii tén cla bai luc.

- Tri 6 mo men cta ngu lyc: m = Fd, trong d6 F 1a cudng do cia luc.

Hinh 1.23

b) Sir nfong ditong ciia cde ngdu lifc va cde ddc trung ctia ngdu lic
Dua vio céc tién dé tinh hoc ¢6 thé ching minh duoc dinh 1y sau:
Pinh ly: Hai ngdu lyc trong cung mor mdt phdng tuong duong v6i nhau khi va chi
khi chiing ¢é cling chiéu quay va tri s6 m6 men.
Nhu vay ngau luc ¢ thé di chuyén tuy ¥ trong mat phang tdc dung cha nd, ¢b thé
thav doi cudng do cha luc, cdnh tay don ctia ngéu Jyc nhung néu gitt nguyen chiéu quay
v Uri s6 mo men thi téc dung clia ngau luc la khong thay déi.
K&t hop 2 yéu t6 dac wrung d6 cia ngiu luc trong mat phing ngudi ta dua ra khdi
niem mé men dai 56 cita ngdu luc.
Pinh nghia: Mo men dgi 6 ctia ngdu lic 12 lugng dai so m =£Fd mang dau duong
teu ngau quay nguoc chiéu kim déng hé vi mang diu 4m trong truong hop ngugce lai.
(1,00 dink Iy va dinh nghia trén ta co:
Sul I¥: Hoi ngdu e trong cing mot ma! phdng twong duong v6i nhau khi va chi
L1 Bty o0 cung mo men dai so.
Vid e dui é cia ngdu hge 1a dai lugng dac trung cho tic dung ciia ngau luc trong
et phing
(o Jdune cta nedw lue 13 1am quay vat quanh truc vuodng goéc voi mat phing chita
nead e, nen Lie dung cua nd khong déi néu ta dot song song mat phang tac dung ctia

YT Y]
SRS SN TR
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Nhu vay trong khong gian ngu luc con ¢ thém mot yéu t6 dac trung nita 12 phuong
A vuéng gée véi mat phing tic dung clia ngiu luc.

D¢ dac trung cho tdc dung clia ngiu luc trong khong gian ngudi ta dua ra khéi niém
véc 10 md men cua ngau luc.

DPinh nghia: Véc 1o mé men ciia ngdu lyc la véc to ne do ¢ phuong vudng gée vor
mat phing téc dung clia né, c6 chiéu sao cho nhin tir mili xuéng gbc thdy ngau luc quay
nguoc chiéu kim déng hé, ¢é d6 16n bing tri s6 mé men cua ngau lyc.

Véc to mo men clia ngiu lyc ¢6 thé biéu dién duéi dang:

m=ABxF'=m, (F"

Hay: m=BAxF=mg(F) (1.8)

Theo dinh nghia trén véc to mé men clia ngiu luc bao ham ca ba yéu t6 dic trung clia
ngiu luc trong khong gian 12 chiéu quay, tri s6 mé men, phuong A vudng géc vGi mat
phing tic dung clia ngiu luc, nén ta cé:

Dinh Iy: Hai ngdu luc trong khéng gian tuwong dwong vdi nhau khi va chi khi ching
cé cung véc to mod men. Véc to md men la dai lugng déc trung cho o
tdc dung cua ngau luc trong khong gian.

Nhan xét: Véc to md men cla ngiu luc bang tong hinh hoc véc F A
to mo6 men cta hai luc tao thanh ngau luc d6i vdi mot diém bat ky.
That vay, cho ngau (F,F") c6 véc to mé men m va diém O
B F'

bat ky.
Theo dinh nghia ta cé:

Hinh 1.24

rﬁ(,(F)+rﬁ(,(F')= OAxF+OBxF = OAxF-OBxF =(0A-OB)xF=BAxF =m

¢) Hop cde ngdu luc

Cho mét hé gém n ngiu luc cling tdc dung lén mot vat ran, bing cach ghép lan lugt
hai ngau luc véi nhau cudi cling ta duge mot ngau luc. Do dé ta cé:

Dinh ly: Hop cdc ngdu hite ta duge mot ngiu luc tong hop ¢é vée to moé men bang
téng hinh hoc cdc véc to mé men clia cic ngéu luc thanh phan.

- n
M=) i, (19)
k=1
Néu cdc ngdu lwc cing ndm trén mor mét phdng thi hop cac ngiu luc ta duge mot
ngau luc tong hop ném ngay trong mét phing dé va ¢6 mo men dai s6 bang tdng cic mo

men dai s cla cdc ngdu lyc thanh phén.

M=3 m, (1.9)
k=1
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Chuong II

THU GON HE LUC, PIEU KIEN CAN BANG CUA HE LUC

Nhiém vu ciia tinh hoc la tim diéu kién cdn bdng ciia var rdn dudi tdc dung ciia luc.
Vit rdn cdn bdng néu hé litc tdc dung lén var la hé luc cdn bang. Vi vdy bai todn tim
diéu kién cdn bdng ciia vét dugce dua vé bai todn tim diéu kién cdn bdng ctia hé lic tac
dung lén vdt.

Do dé trong Chitong I nay ta sé gidi quyét hai badi todn co bdn ctia tinh hoc la thu

gon hé luc va tim diéu kién cdn bang ciia hé luc.
2.1. HAI PAC TRUNG CO BAN CUA HE LUC

1. Vécto chinh cia hé luc

a) Pinh nghia: Véc to chinh cua hé luc la véc to tdng hinh hoc céc véc to biéu dién

cac luc:
= —_ . - n —
R =F+E+.+F=2F (2.1)
k=1
b) Phicong phdp xdc dinh: D& xdc dinh véc to chinh cta hé luc ta dung hai phuong
phap sau day:
- Phuong phap hinh hoc:

Dé xdc dinh véc to chinh ctia hé luc (I_TI. , E 1?[;) bang phuong phdp hinh hoc ta
. 4 —_ - _— - S
14y mot diém T bat k¥ r6i dat lién ti€p cdc véc to IA= F ; AB=F,,....KN=F,.
—>
Véc to IN ¢6 géc 1a gdc clia véc to dau tién va ngon 12 ngon cla véc to cudi cung,

chinh 12 véc to chinh clia hé.
That vay:

~» - — - . G
IN= IA+ AB+..+ KN=F + F, +..+ F =K
Da gisc IAB... N goi la da gidc lyc clia hé.

Néu da giac luc cha hé tr khép kin (I = N) thi véc to

chinh cuiahé R'=0. Hinh 2.1



-y -
- Phuong phdp chi€u: Got hinh chi€u cta R va F, lén cdc truc clia hé toa do DéCac

vuong géc I4n luot Ja: R',, R, R', va X,, Y,, Z,. Chi€u (2.1) Ién 3 truc ta dugc hinh chi€u
clia véc to chinh 1én 3 truc:

R=X+X,...+X,= > X,

k=1

R =Y+ Yt Y,= DY, 2.1y
k=1 :
n
R=Z+Z.. . +Z.= 7, .
k=1 Y
Po 16n clia véc to chinh:
R= (R +R7+R? 2.2) Hinh 2.2
Cosin chi phuong clia véc to chinh:
cosaL = ;L cosP = ) ; COSY = R, (2.3)
R’ R’ R’ '

2. M6 men chinh ctia hé luc d6i véi mot diém

a) Pinh nghia: Mo men chinh cia hé lyc 1dy déi véi diém O 1a tong hinh hoc cdc vée
to mo men cia cdc luc clia hé déi véi diém O:

- > > e A 4 - =

M, = my(F1)+ my(F2)+...+ my(Fn)= Y m,(F) (2.4)
k=1

Doi vdi he lyc phing mé men chinh clia hé d6i v6i 1 diém Ia lugng dai s6:

M, = my(F)+ my(F2)+...+ my(Fa)= > m(F,) (2.5)
k=1

b} Phutong phdp xdc dinh:

- Phuong phap hinh hoc:

M6 men chinh ctia hé luc ¢6 thé duoe xac dinh bang phuong phép hinh hoc tuong tu
nhu cich xéac dinh véc to chinh.

- Phuong phap chiéu: Goi hinh chi€u mé men chinh M() lén 3 truc cha hé toa do Dé

Céc vuong gée 1a M,,, M, M. Chiéu h¢ thic (2.4) lén 3 truc toa do, 4p dung dinh ly
lién hé gilta mé men cha luc déi véi mot diém v md men cua fuc déi véi mét truc ta cé:

M,= > he, [my(Fi)]= kz_im_x(f:k)

k=l



Z he, [my(F)l= i m, (1_‘;‘,() (2.6)
k=1 k=1

=]

M= 3 he, [my(Fi)]= 3 my (E)

k=1 k=1

Do 16n cita md men chinh:

M, = M2, + M2, + M2

ax 0z
Cosin chi phuong cia mé men chinh:
ay . 0z

M
cosa = M—‘”‘ :cosP = ; COosy =

o o] )

Trong dé: o, B. v 1a géc lap gia Mo va 3 truc toa do.

c) Pinh li bién thién mé men chinh:

Pinh ly: Mo men chinh clia hé Iyc bién thién theo tim ldy mo men theo quy luat sau:
Mg =M, +g(R}) Q@
Chimng minh:

Goi véc to dinh vi diém dat clia luc F, déi véi A, B lan luot la [

Xét hiéu:

i M=
’Tj,l
At
bs
-~

= BAxR, =mg(R). Hinh 2.3
Tir @6 suy ra (2.7).

2.2. THU HE LUC KHONG GIAN

1. Pinh 1y doi lyc song song

Pinh 1y: Khi doi luc dén mot diém khic dé tic dung cua lyc khong thay déi ta phai
thém vio mot ngiu luc phu. Véc to md men cua ngiu lyc phu bang véc to m6é men cia
luc da cho d6i véi diém doi dén.

F, ~(Fy.ngium); m=mg(F,) (2.8)

Chiing minh:

Cho luc ﬁ dat tai A. Dat tai B hai luc cén bang: F, = -F_é =F,
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Theo tién dé 2:

- - -

- - _ )
F, ~(F, .F'y.Fy)~(Fy,ngiu m) Fs

- - - - A B

- -
Trong d6 m= BA x F, =mg(F,). Luc Fjchinh la E
- — —> Fy

luc F, dai sone t&i diém B.Chu v m 1L Fy tacé:
He T €O SONE SO1S Y B Hinh 2.4

Pinh Iy ddo: Hé gébm mot luc va mot ngdu luc, ma
véc to mod men clia ngiu luc vuong géc véi vée to luc thi tvong duong véi mot luc dat tai
mot diém khic.

2. Pinh 1y thu hé lue khong gian

Pinh Iy: Thu hé luc khong gian vé mot tam ta duge mot luc va mot ngau luc. Lyuc dit tai
tam thu gon cé véc to bang véc to chinh cia hé, nglu luc ¢6 véc t6 mo men bang véc to
mo men chinh cta hé luc d6i véi tam thu gon.

—>

(E.F...E)~(R,,ngM)véi R, = Fyx va M, = Y iy (Fx) (2.9)
k=1 k=1

o

Hinh 2.5

Chimg minh:

—— — -
Cho hé¢ luc khong gian (F, ,F, ,.., F, ) vatam O. Thu lan luot céc lyc vé tam O.
Theo dinh 1y doi luc song song, & O ta dugc mot hé luc ddng quy, v mot hé ngiu
tuc. Hop cac luc dong quy ta duge mot luc dit tai O.

- > o e > no—»

2 A . v ' ' _ _

Cévécto: R, =F+E+..+F =F+FE+..+F = > F
k=1

Hop cdc ngéu luc ta duge mot ngau luc cé vée to md men:

- - - - -5 - NE > - n .
M, =m,+ m, +...+ m_= m,(F1)+m,(F2)+...+m,(Fn)= > m,(F,)
k=1



—_— — — - —
Vay: (F,, B ,il, F )~ (Rg,ng M) trong d6 Ry
3. Cac bat bién caa hé luc khong gian

Theo dinh 1y trén thu hé luc khong gian vé mot tam ta duge mot Iuc va mét ngéau luc.

- n
- Luc dugc biéu dién bing véc to chinh ciia h¢ R'= > F, ; n6 khong phu thudc
k=

vio tam thu gon, nén véc to chinh la dai lugng bét bién (khong thay déi) ciia hé luc
khong gian.
- Theo dinh 1y bién thién mé men chinh:

Mg =M, +mg(Ry) (%)

- —>
Vi mg(R’,) LR’ nén khi chi€u hé thic trén lén phuong vécto chinh ta cé:

- —_
hes. [Mg 1= heg. [M, ]
Vay hinh chi€u véc to mé men chinh lén phuong véc to chinh 14 dai lugng bit bién
thit hai ciia hé luc khéng gian.
__) —
- Néu véc to chinh R = 0 thi mg(R’,)= 0, do dé theo dinh 1y bién thién mo6 men

— -
chinh (*) tacé My = M, Khi dé mé men chinhla bat bién clia hé luc khong gian.

4, Cac dang chuin ciia hé luc khong gian

Theo dinh 1y thu gon trén, khi thu hé luc khong gian vé mét tam ta dugc mot luc va
mét ngiu luc, tuy theo véc to biéu dién luc va véc to mb men cha ngiu luc biang khéng
hay khac khong, hé luc khong gian s& thu vé 4 dang chuan (t5i gidn) sau:

—

- Hé can bang néu: R'=0; ].\_/I; =0
- R

- Heé thu vé mot ngdu néuw:  R'=0; M, =0
> -

- Hé thu vé mot luc néu : R'#0; M, =0

~» - - -
Néu R'#0; M, =0va R’ L M, dp dung dinh 1y ddo cla dinh Iy doi luc song song

- -
hé (R', M,) s& tuong duong véi mot lyc song song clng ¢

moét diém O' khac. Nhu vay trong trudng hop nay hé ciing thu vé mot luc (hinh 2.6a).

—
hiéu véi R’, nhung dit tai

~ . g - — —_—
- Hé thu vé hé xoan néu R’ =0, M, # 0 nhung R'_,J/_ M,
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That vay, phan tich Mo thanh hai thanh phdn M'o cing phuong véi R'va M"o LR’
vi R’ 1 M" nén theo dinh 1y dao dinh 1y doi lyc song song (R, M{) ~ R—'l dit tai O con
M', 1a véc to tu do, nén c6 thé doi dén dat tai O'. Do d6 hé luc trong duong véi he gébm

— [ —
mot Iuc R, va ngau M ¢6 véc t0 mé men song song v6i R, . Hé luc ¢6 tinh chét nhu

vay goi I hé xoan hay dinh 6c (hinh 2.6b).

Chit § 1a hé lyc khong gian chi ¢6 4 dang chudn trén, ngoai ra khong con dang nao
khic. Qua day ta ciing thay vai trd ciia véc to chinh va mé men chinh, tuy theo gid trj cia
chiing bing khong hay khac khong ma hé luc thu vé cdc dang chuan khéc nhau. Chinh vi
vay ngudi ta goi véc to chinh va mé men chinh 12 hai dic trung co ban cua hé luc.

a) RI!

Hinh 2.6

5. Cac dang chuan cua hé hyc dac biét
Cin cif vio 4 dang chuan cla hé luc khong gian c6 thé suy ra cic dang chuan cua cic
hé lic dac biét.
a) Hé luc dong quy
Gia st hé luc déng quy tai O, khi d6 mo men chinh cita hé d6i véi diém O.
M, = i m,(F,)=0 vi vay hé luc dong quy <6 hai dang chuin sau:
k=I
-Né&u R'=0 hé cin béng.
-Né&u R'# 0 hé ¢ hop luc.
b) Hé ngdu luc
Vi hé ngiu luc ¢6 véc to chink R’ =3 F, =0 nén hé ¢6 2 dang chuin:
-Néu M, =0 hé can béng.

-Néu M, # 0 hé thu vé mot ngau.
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¢) Hé luc song song
Vi cdc lyc cha hé song song vdi nhau nén vécta chinh cia hé R’ song song véi cic
luc cha hé, con cdc vécto momen cla cde lyc d6i voi tam O bit ky vuéng gée véi luc do,

nén —M—O 1 R’.Do dé hé cé 3 dang chudn ddu tién cia h¢ lyc khong gian.

d) Hé luc pircfng

Vécto chinh cla hé song song vGi mit phang tic dung cia h¢, con véc to mdémen
chinh lai vuéng géc véi mat phang dé nén R’ L M, . Hé lyc phing chi c6 3 dang chudn
dau tién cha hé luc khong gian.

6. Dinh ly VaRi Nhong

Dinh Iy: Trong trudng hop h¢ luc ¢6 hap luc thi m6 men cla hop luc doi véi diém bat
ky bang tdng mé men cic lyc clia hé doi véi cing diém dé.

n?o(_R)) = irﬁo(l‘:k) (2.10)
k=1

Chitng minh:

Gi sir A 12 diém nim trén dudng tic dung cha hop luc; Khi thu hé luc vé A ta duoc
hop luc 1_1) , con IVYA =0. Ap dung dinh 1y bién thién mé men chinh déi véi hai diém A
va O trong dé O 1a diém bat ki ta ¢6:

- - =

—
M, = M+ my(R)
- n > - no

Vi M, = Y, mg(F), nén: mg(R) = > mgy(F)

k=1 k=l

Vi du: Hop luc clia hé luc phén bé.

Hé lue phan b6 1a he luc song song cing chiéu, phan bé lién tuc trén do dai
OA = 1. Do 16n cha luc tai tiét dién x goi la cuong do cha tai trong phan b6 q(x), con [
goi 14 do dai chat tai. Tim hop luc 6 chia hé luc (hinh 2.7a).

V1 véc to chinh clia hé khdc 0 nén hé ¢6 hgp Iuc song song cung chiéu véi cdc lyc cha
hé vi c6 d6 16n bing do 16n clia véc to chinh.

I
Q=R'= fq(x)dx (1)
0
Nhu vay hop luc Q ¢6 d6 16n bing dién tich hinh thang cong (xem hinh 2.7a).
- !
Mo men chinh ciia hé tuc d6i véi tam O: M, =- [q(x).xdx

0
Gia sit O dit tai C céch O mot doan OC = a. Ta ¢6: my(Q)=-Qa
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Theo dinh Iy Vari Nhong: m_ (Q)= M,

]
Hay: Qa= Iq(x).xdx (2)
0
!
fq(x).xdx
Tix (1) va (2) suy ra: a= 0., 3)
jq(x)dx
0
Ttr (3) suy ra hop luc (_j dat tai trong tam cla hinh thang cong (xem hinh 2.7)
F
¥ g 1t Q=4ql 4 I Q=qif2
q
o )
0 - 0 ~ O -
2 A a=l2 | 2 _|A a=2/3 | I3 |A
19 7 L
a) ‘ b) <)
Hinh 2.7

- Néu hé luc phan bd déu: q(x) = q = const nhu hinh 2.7b, ta cé:
I !
R 1 R [
Q= jq dx =qf; va Iq xdx = —2—ql . Thay vao (3) dugc: a = —
0 0

Vay hé luc phan b6 déu cé hop luc Q = g/ va dat tai diém giita ca do dai chét tai.

- Néu hé luc phén b6 theo quy Iuat tam gidc nhu hinh 2.7c ta cé: q(x) = q.?
2

i ! i !
X 1 . X 1
Q= Jq(x)dx = _[q—dx: —ql; J.q(X)_de= J.q—dx =_q12
0 0 l 2 0 0 { 3

Thay vao (3) duoc a = gl . Vay hé luc phan bd theo quy ludt tam giac ¢6 hop luc

Q=1

3 q/ bing dién tich tam gidc v dit tai trong tAm cila tam gidc.

2.3. PIEU KIEN CAN BANG VA CAC PHUGNG TRINH CAN BANG CUA HE
LUC KHONG GIAN

1. Diéu kién can bing tong quat

Dinh Iy: Diéu kién cin va di dé hé luc khéng gian can bing 13 véc to chinh cila hé va
véc to moémen chinh cia hé déi véi tam O bat ky phai triét tiéu.
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(F.F,..E)~0s - 2.11)
M, = Z o(F)=0

Chitng minh: Diéu kién cin duge chimg minh bing phuong phdp phan ching.

=L

Gia st hé can bang ma mot trong hai dai [ugng R', 1\—40 khdc khong hoac ca hai khic
khong, khi d6 hé s& thu vé mot luc, mot ngau hodc mot hé xodn tril véi gid thiét 1a he
can bing. Vay khi hé da can bang thi R'=0,M, =0.

Piéu kién du suy truc tiép tir dang chuan thit nhat cla hé luc khong gian.

2. Cac phuong trinh can bang caa hé luc khong gian

Pinh Iy: Diéu kién cin vi dit &€ he lyc khong gian can bing I téng hinh chi€u ctia cac
luc 1én 3 truc cta hé toa do Dé Cic vuong goc va tdng momen cita chiing doi véi 3 truc
ay phai triét tiéu.

Chitng minh: Theo diéu ki¢n can bang tdng quét diéu kién can va du dé hé luc khong gian
can bing 13 R'=0, M, =0. Hai véc to nay bang khong khi va chi khi hinh chiéu cia
chiing Jén 3 truc toa d6 dong thoi bang khong.

Theo (2.1)" va (2.6) ta c6:

R’){:ZXk:O M(szhcx Zrﬁ()(Fk) =zmx(Fk)=O
k=1

R,=>Y, =0 M,, = he, | D i (F) =Y m (F)=0

ZXk=0 Zﬁlx(_‘k)zo
k=1 k=1
{3Y, =0 S, (F)=0 (2.12)
k=1 k=1
37, =0 > m,(F)=0
k=1 k=1

Chit ¥: Day 12 6 phuong trinh can bang doc 1ap va t6i da cha hé luc khong gian.
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Néu ngoai céc luc, hé con cd ngau luc, ¢ véc to moé men M thi 3 phuong trinh hinh
chiéu ctia hé van giit nguyén, con 3 phuong trinh mé men ¢6 dang sau:

n

Z:ﬁ (F)+M, =0 Y. m (F)+M, =0 iﬁz(FkHMZ:O
k=! k=!

Trong dé: M,, M,, M, 12 hinh chi€u clia M lén 3 truc toa do.
3. Cac phuong trinh can bang cia cac hé lyc dac biét
Vi hé luc khong gian 12 hé luc tdng quét nhat nén tir cic phuong trinh can bang cla
hé luc khong gian ¢6 thé suy ra cdc phuong trinh can bang cta cac hé Iuc khac.
a) Hé luc dong quy
Pinh 1y : Diéu kién cdn vi di &€ hé lyc déng quy can bang 1a tong hinh chi€u caa cic
lyc 1én ba truc ctia hé toa do D€ Céc vuéng goc phai triét tiéu.
Chitng minh: Chon diém déng quy cha hé lam géc toa ¢ thi 3 phuong trinh mo6 men
trong (2.12) tu thod man. Vay hé luc déng quy c¢6 3 phuong trinh can bang.
n n n
X, =0 >Y, =0 >Z,=0 (2.13)
k=1 k=1 k=1
Néu hé luc déng quy phing, chon mat phang tic dung cba hé luc la mat phéng toa do
Oxy, khi d6 phuong trinh > Z, =0 tu thoa man.
k=1

Heé chi con lai hai phuong trinh:

>X, =0 > Y, =0 (2.13y
= k=1
b) Hé ngau luc
Pinh Iy: Diéu kién cin va di dé hé nghu lyc can bang la tdng hinh chiéu cic vécto
momen cla cdc ngau luc 1én 3 truc clia hé toa d6 Pe Cic vudng géc phai triét tiéu.

Chimng minh: Vi véc to chinh clia hé ngiu lyc luén bing khong nén diéu kién can

ipe
=1

bing clia hé ngdu luc 13 M =i, +m, +...+ M, =
Chiéu hé thitc nay 1én 3 truc toa d¢ dugc:
> M, =0 > m, =0 > m, =0 (2.14)
k=1 k=1 k=1

Néu cdc ngiu luc ciing ndm trong mot mat phiang chon truc z vuéng goc vi mit
phang d6, hai phuong trinh dau ty thod méin cdn hinh chiéu clia M, trén truc z bang

mémen dai s6 M, clia ngéu lyc nén phuong trinh can bing ctia hé ngau lyc phang 1a:
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2y =0 (2.14y
k=l

¢) Hé hiie song song

Pinh 1y: Diéu kién cin va di dé hé lyc song song can béng 1a téng hinh chi€u cdc
luc lén truc z song song véi cdc luc va tdng mémen clia ching déi véi 2 truc X, y phai
triét tiéu.

Chimng minh: That vay, vi céc lyc vudng géc véi hai truc x,y va song song VOl truc Z

nén 3 phuong trinh :

X, =0 XY, =0 Zmz(ﬁ,:):omhoéman.

>Z,=0 imx(k)zo zn;r?ly(ﬁ;)=0 (2.15)

d) Hé lic phing
Dang I: Diéu kién cin va du dé hé luc phing can bing 12 tdng hinh chi€u cua cdc luc
1én hai truc X, y v téng mé men cia ching d6i véi diém O bat ki nim trong mat phang

tac dung cta hé lyc triét tiéu.
That vay, chon truc z vudng géc v6i mat phing tac dung cna lyc con hai truc X, y nam
trong mat phang d6 thi 3 phuong trinh sau tu thod man:

n — n —
Z, =0 ZrTl (F)= 3 i, (F)=0
k=1 k=]

M::

=
I

Con phuong trink mo men thit 3 ¢6 dang:

— n -
J(F) ZfﬁO(Fk)=0

M:

ju
1]

Vay heé luc phing c6 3 phuong trinh can bang:

Mo

n n —
X, =0 Y, =0 > i, (F,)=0 (2.16)
= k=1

-
Il

Dang 2: Diéu kién cdn va du € he lyc phing can bing 12 tdng mo men cla céc luc
461 véi hai diém A, B va téng hinh chiéu cia ching 1én truc X khong vudng géc véi AB

phai triét tiéu.

1] — n - 11
S (F)=0 Y mp(Fy=0 > X,=0 (2.17)
k=1 k=I k=1
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Diéu kién cén I3 hién nhién vi khi hé luc can bing thi theo diéu kién can bang tong
qudt vécto chinh va mo men chinh clia hé déi véi 1 tam bat ki phai triét tiéu do do:

[ n - —_ n — n
M,=>m,(F)=0 Mg => my(F)=0 R.=>X,=0
k=1 k=1 k=1
Ta chiing minh diéu kién du nhu sau: Gid st h¢ luc thoa man (2.17).
Theo dinh 1{ bién thién momen chinh My = M, + fiig (R}, )
Vi Mg = M, = 0 nén my (R}, ) = 0. Khi d6 hoge R}, = 0, hogc khic O nhung phai

qua B. Néu R, #0 va qua Bthi R';= >’ X, # 0 trdi v6i gid thiét 12 3} X, =0. Vay R'=

k=1 k=1
0. Khi véc to chinh da bang khong thi mé men chinh khéng phu thudc vao diém ldy
momen M_(, = M_A = 0 theo gia thiét. Do d6 hé di c6 véc to chinh va mo men chinh d6i
véi diém bat ki bing khong s& can bang theo diéu kién can bang téng quat.
Dang 3: Diéu kién can va dii d€ hé luc phing can bing ] tong momen cla cic luc
doi véi 3.diém A, B, C khong thang hang triét tiéu:

> ma(F)=0 > mg(F)=0 > me(F)=0 (2.18)
k=1 k=1 k=1

Piéu kién can 1 hién nhién. Diéu kién da dugc ching minh nhu sau:

Gia sir hé thoa man (2.18). Ap dung dinh li bién thién mo6 men chinh ddi véi hai cap
diém A, B va C. Tuong tu nhu ching minh dang 2 dé cho R, # 0 thi R’, phii di qua 3
diém A, B, C khong thing hang. D6 1a diéu vo 1y, vay R’ = 0. Ciing lap luan nhu ching
minh dang 2, hé phai can bang.

Trong.hé luc phing cé mot he luc dac biét 1a hé luc phing song song. Hé luc nay c6 2
dang phuong trinh cin bang sau:

Dang [: Theo diéu kién can bing dang 1 cla h¢ luc phang ta cé:

Pinh Iy: Diéu kién cin va dit dé hé lyc phing song song can béng 1 tong hinh chi€u
cha céc luc 1én truc y song song véi cac lyc va 16ng moémen cla ching d6i véi tam O bat
kv phai triét tiéu:

gyfo grﬁ(,(ﬁpo (2.19)

Dang 2: C6 thé ching minh dinh 1y sau:

Pinh ly: Diéu kién cin vi dil dé hé luc phing song song cin bing 1 tdng mod men
cla céc luc d6i véi hai diém A, B bat ki déu bang 0, véi diéu kién AB khong song song
véi cac luc:
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> m,(F)=0 S mg(F)=0 (2.20)
k=1 k=1

4. Bai toan tinh hoc va phuong phap giai

Trong k§ thuat ngudi ta thuong phai x€t su can bing cla cdc cong trinh dudi dang
mot vat rin chiu tic dung ciia mét hé luc nao d6. Yéu cdu clia bai toan 1a tim mot s6 luc
chura biét hoic mot s6 cac thong s6 (do dai, goc...) chua biet dé vat can bing. Bai todn
dugc dua vé viec khao sat sy can biang clia hé luc tac dung 1én vat rin.

Phuong phdp giai bai todn gém cic bude nhu sau:

a) Chon vt khdo sdr: Vat kho sit 1a vat rin ma ta chon dé nghién ctu sy can bing
ctia n6. Phéi chon vat khao sat sao cho lap duge mot hé luc can bang tdc dung lén no,
bao gém ca nhitng luc di bi€t va nhimg luc chua biét, hoic ¢ lién quan dén cic thong
s can tim.

b} Diit hyc: Phat hién va vé ddy dii cic lyc tic dung lén vat khao sat, dau tién la cic
luc cho, sau d6 gidi phong cdc lién két, thay thé céc lién ket duoc gidi phong bang cdc
phan luc lién két tuong tng. Cubi cling ta ¢d vat khao sat 1a mot vat tr do can bang, chiu
tic dung ctia mot he luc can béng tuong ing. Nhan xét tinh chét hinh hoc cla h¢ luc.

c) Viér diéu kién can bang: Vi€t cic phuong trinh can bang cha hé luc tac dung 1én
vat. Nén dua vao cdc dac diém hinh hoc ctia hé luc ma Iap cac phuong trinh sao cho dé
giai nhat.

d) Gidi va bién ludn: Giai céc phuong trinh vira lap, tim cdc 4n s6 clia bai todn, bién
luan céc két qua tim dugc.

Vi du I: Hai thanh AO vd BO khong trong luong, ndi véi nhau va néi vl tuong
bing cdc ban 1¢ O, A, B. 3 O treo vat trong luong P. Tim ing luc trong cdc thanh.
Biét AO vudng géc véi tudng, BO lap vdi tudng

&N
mot gbc o = 45°. ié _OM
Bai giai: S
- Phuong phép giai tich: N H p
. N
Xét can bing nit O, cdc lyc tdc dung lén O gbm 45 v
— © 3
trong luong P cla vat, cdc phan luc lién két thanh Y ﬁ S
$.S, hudng doc theo thanh (gid thiét chiéu nhu g )k
- - — N <
hinh 2.8). D& O can bing thi: (P,Sa,S5) ~ 0. o S» /S, 45° x
Pay la he lyc déng quy phing. C6 hai phuong o 0
trinh can bang. Sy lp
Chon hai truc toa 4 nhu hinh vé ta cé:
Hinh 2.8
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> X, = Szcos45°- S, =0 (1)
k=1

DY, = Syc0s45°-P=0 2)
k=1

P
cos45°

Cic gid tri S,, S;tinh dugc déu duong nén chiéu phan luc lién két thanh g'ié thiét 1a
ding, vay thanh AO bi kéo cdn thanh BO bi nén.

Tt (2)= S, = =P~2 > 0. So sanh (1) va (2) =S,=P>0.

- Phwong phap hinh hoc:
He 3 luc (P,S, ,S, ) ~ O nén véc to chinh ciia he phai triét tieu, do d6 da gidc luc
cta hé phai tu khép kin.

Dé xdc dinh S, , Sy, déu tién tir O ta v& fuc P, tir mili va g6c cha P v& cdc dudng

Sg
thing song song v6i S, , Sy dugc da gidc lyc cua hé. Tir da gidc luc cha hé ta cé:

S,=P;  S,=P\2
Chiéu cha céc luc i’, i , thuén theo chiéu cia pP.

Vi dy 2: Pau miit A cta dim dong chit AB dai 2m, trong lugng 50N, tua vao tudng
tron thang ditng. Pdu B dugc budc vao day BC sao cho AB lam véi tudng mot géc 45°.

Tim khoang cich AC dé dim cén bing. Tim sitc cing day BC va phan luc clia tudng.

Bai giai:
Xét can bang ddm AB. Céc luc tic dung lén AB gém trong
luong Pciia ddm dat tai di€ém gita G clia ddm, phan luc 'y
ﬁ; cila tudng vudng gbc véi tudng, sitc cing diy BC hudng ¢
doc theo day. T
a

DE AB can bang thi : (PN, , T)~0

Pay 12 hé 3 luc phing can bing, ma hai lyc Pva ﬁ;dﬁ

giao nhau tai O, nén theo dinh If 3 luc can bing, sic cang T
cha day cting phai qua O.
Vi G 12 diém giita cha AB, nén O 1a diém gilia clia BC va A

[ diém gidia clia CH: AC= AH= 23 = 2 m.

V2

Goi a [a gbc lap gitta AC va BC ta ¢6: Hinh 2.9
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sinc =

HB_ 2 1 2
BC o i3 5 V5

Viét hai phuong trinh can bing clia hé lyc déng quy phéng ta duge:

2X=N,— Tsina. = 0 (N
2Y,=Tcosa —P=0 (2)
Tir (2) ta c6: - X P‘/§=50‘/§:25\/§N
cosQ 2 2
T
T (1) suy ra: NAszina:25x/‘5-.-!- = 25N
J5 P N,

Chi ¥ ta ¢é thé giai bai ndy bang phuong phap hinh hoc nhu sau: Hirh 2.10

Dau tien vé luc P, tir géc va ngon cha P v& c4c dudng thing song song véi hai luc
Na va T duge da gide luc ciia hé. Viheé luc (P,Na, T) ~ 0 nén da gidc luc clia he tu

khép kin, chiéu clia Na , T thuin theo chiéu ctia P trong da gidc luc. Tir da gidc lyc ta co:

T= 2 253N N,=Tsina=25N
, COS QL
Vi dy 3: Dam déng chdt AB trong lugng P, duoc v §
gilt nAm ngang nhd ban 1€ tru A gén vao tudng va
day treo BC. Biét géc giita AB va BCla a = 30°, d§ C
dai ddm AB = 4m. Pit tai D vat nang trong lugng Q,
biét DB = Im. T
Xic dinh phén lyc lien két & A va sifc cang cua day. 1 Ya 30° B
N+ o 7 A e > é
Bai giai: X, D
Xét can bing AB. Cic luc tic dung lén AB gom P" 1 Q
P,Q céc phan luc lién két tai ban 1& tru A: k:, | 2m Im | Im
YT\ va stic cang T clia day BC. Hinh 2.11
Dé AB can bing thi: (P,Q,X,,Y,,T)~0.
Day 13 hé luc phing c6 3 phuong trinh cén bang, chon hé truc nhu hinh Ve ta c6:
X=X, —Tcos30°=0 (1)
2Y=Y,-P-Q+ Tcos60° =0 (2)
i, (F,)=T. 4sin30° — 2P - 3Q = 0 (3)

35



Tit phuong trinh (3) tasuyra: T= 2P +3Q =P+%Q
Thay vao (1) ta cé: X,=Tcos30°= (P+§Q]—\§-

P
Tu(2)=>Y,=P+Q—Tcos60°=P+Q - % (P+%QJ= > %

Vi du 4. Dam déng chat AB trong lugng P = 4KN, ngam didu A vao tudng chiu
tii trong phan bé déu cé cudong d¢ q = 1 KN/m. Trén dam tic dung ngﬁu ¢6 moémen

M = 8KN.m, luc P, =2 /2 KN. X4c dinh phén luc lién két & ngam A. Biét a = 45°.

LY
—
Py
%7 2 \
MAK' [#
Xa VQ =ql /M B
P
2m ‘ 2m 4m J
Hinh 2.12

Bai giai:

Xét can bing AB. Cac luc tic dung 1én AB gbém ¢6 trong lugng P dit tai giita dam,
Iyc P, lap v6i AB géc o = 45°, hop luc clia hé luc phan bs déu Q = q./ = 1.4 = 4KN, ngiu
M va phan luc lién két & ngam A gém Xa, Ya, ngiu M,. Dé AB can béng thi hé luc
tac dung 1én né phai can bing (P, Q,P1, ngM, Xa, Ya,ngM,) ~0.

Pay 1a hé luc phing nén cé 3 phuong trinh can bing, chon hé truc toa dé6 nhu hinh vé

ta dugc:
T X, =X, + P,cosd45°= 0 (1)
2Y,=Y,-Q—P—Pcosd5°=0 2)
*m, =M, —2Q—4P —M — 8 P,cos45° = 0 (3)

Giai hé phuong trinh trén ta duoc:

X,=—P ‘/5:—2\/§%=—2KN<0

| —

2

YA=Q+P+PI£=4+4+2J5%=IOKN
2
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M,=2Q+4P+M +8.22 —\/—2—_2—=8+ 16 + 8 + 16 = 48KN.m

Gi4 tri X, < 0. Vay chiéu cia phan luc X4 nguoc véi chiéu gi thiét.

Vi du 5: Tdm chit nhat déng chat ABCD trong lugng P duge giff trong mit phing nim
ngang nh& c¢é khép ciu & A, lién két ban 1€ tru & B va day mém CI. Biét o = 30°. Xdc
dinh phan luc lién két & A, B va sic cang cia day CI.

Bai gigi:

Xét can bang tam ABCD vi tdm déng chét nén trong lugng clia tdm dit tai giao diém
hai dudng chéo. Phan luc ciia lién két khdp cdu gém 3 thanh phén theo 3 truc X, , Y, ,

Z, . Phan luc lién ket ban 1€ tru gém hai thanh phin X5 ,Zgvuéng goc véi truc ban 1§,

luc cing day T.

Hinh 2.13

Dé t4m can bing, hé luc tdc dung lén tdm phai can bang:
(f;,iA, ?A, ZA,iB,ZB,T)~O
Pay Ja he luc khéng gian c6 6 phuong trinh can bing.
Chon hé truc toa d6 Axyz nhu hinh vé. Dat AB = 2a, BC = 2b. Dé.lap cic phuong

—
trinh can bing cho thuin tién ta phan tich luc T thanh 3 thanh phan theo 3 truc toa dé.

T, = Tcos30°cos60° = ? T;

3
T, = Tcos30°cos30° = ZT;

T, = Tcos60° = ;
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Ta cé hé phuong trinh:

X =X, + X~ T, =0 )
LY, =Y,-T,=0 2)
272.=Z,—P+T,+Z;=0 (3)
Ym, =2aZ,—aP+2aT,=0 4
Ym, =bP-2bT,=0 | (5)
Ym, = —2aXy=0 (6)

Giai cdc phuong trinh trén ta tim duoc:

Xp=0; Zg=0; T=P; XAzl/f—P; YA=%P; ZA=§-

Céc gid tri cha cdc phan luc lién két tinh dugc déu khong am vy chiéu cdc phan luc
lién két gia thiét la ding.

Vi di 6: Truc AB dugc giit nim ngang nh hai 6 d& A, B. Mot dia tron ban kinh r,
dugc gin vuodng goc vdi truc, cac siic cing 'ﬁ 'Fz song song véi truc y va T, = 2T,. Trén
truc cdn gén tru tron ban kinh r,. M6t sgi diy mém khéng gian cudén vio tru va vat qua
rong roc ¢6 dinh, ddu day budc vat trong lugng P. Day lam véi phuong ngang géc o = 30°
va nam trong mat phang vuéng géc véi truc x. BS qua trong luong clia két cau tim phén
luc lien két tai 2 6 d& A, B va cdc siic cing T,, T,. Biét a = 40cm, b = 60cm, r, = 20cm,
r, = 15¢m, P = 180N.

Hinh 2.14

Bai giai:
Xét can bang truc AB. Céc luc tac dung lén truc gém '—I"—,, "T";; stic cang T cia day;

phan luc & hai 8 truc A, B, Y. Z, ?B’, Zg.
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Pé AB can bang thi:

——r e e et ——r ——r

Day Ia hé luc khong gian ¢6 6 phuong trinh can béng:

Tir (3) suy ra:

Tir (4) ta co:

Tu (5) suy ra:

2 X, =0ty thod man.

Y, = Y, + Y+ T, +T, +Tcosa=0
37y=Z,+Zg—Tsina =0

Sm, =T ~Tn-Tp=0

Tm, =—(a+b).Zg +bTsina=0

Sm, =(a+b).Yg +bTcosa—a(T, +T,)=0

T,= -ilp= 135N = T, =2T,=270N
1

L= p.sina = 54N
a+b
= 3aT, —bPcosa 60N
a+b

(D
2
3

@)

(3)

Thay céc gid tri trén vao (1), (2) ta duge:

Y, =- Yy — 3T, — Tcosa = -630N;

Vidu7:

Z, = Psina — Z; = 36N

Tam hinh vuong déng chat ABCD trong lugng Q duge gilt nirm ngang nhd 6 thanh
khong trong lugng. Toan bo ket c&u lap thanh hinh lap phuong. Luc P tic dung doc

theo AD. Tim tng luc trong 6 thanh.

Bai gidi:

Xét can bang tdim ABCD. Céc lyc tic
dung lén tdm gom P,Q; cic phan luc lién
két thanh hudng doc theo thanh, chiéu gia
thi€t nhu hinh v&. Chon hé truc toa do Axyz
nhu hinh veé.

Goi « la géc lap gida S_4. va 3 canh clia

a 1
hinh lap phuong ta cé: cost = —==—F -
D pOnE B 3
Chd ¢ cdc thanh 2, 5 1am véi hai canh cla

hinh lap phuong goc 45°.

z |

Hinh 2.15
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D€ tam can bing thi: (P, Q. S,, S,. S,, S, .5.5,) ~0.

Day 14 hé luc khong gian ¢6 6 phuong trinh cin bing:
2 X, =S;c0845°—8, cos45°—-S, cosa =0 (1)
2Y, = P+S,cosa=0 (2)

$7, =S, -S,c0845°~S, —S, cos 0.~ S5 c0s45°-8, —-Q =0 (3)

m, = -aS, cos45" —asﬁ—% Q=0 4)
ZE;;=—aS3——aSG—aSS cos45°—%Q=O (3)
Zm_z =—aS;cos45°=0 (6)
N . B -p
Tu (6) suyra: S;=0. Tir (2) cé: S, = = —P\/g
cos QL
T (4) suyra: Sg=-— % Tit (5) co: S, =-5- %= 0
Q

Tir () suyra: S,= Pv2 T (3)cé: S =- =

S,, S., Ssc6 gid tri am nén cdc thanh 1, 4, 6 bi nén. S, > 0 nén thanh 2 chiu kéo.

S. = S; = 0 nén cic thanh 3, 5 khong chiu luc.
2.5, CAC BAI TOAN PAC BIET CUA TINH HOC

1. Bai toan don phang

a) Bai todn:

Pon phang 12 vat rin ¢6 thé quay quanh mot truc ¢§ dinh, chiu tdc dung cua hé luc
nim trong mat phang vudng géc véi truc quay.

Gia sir lic dau don phang dimg yén, bai todn dat ra
la tim diéu kién rang budc hé luc hoat dong
(F1,F2...Fa) dé sau khi tdc dung lén don, don vén
ding yén.

Don phing chi ¢6 thé quay quanh truc qua O nén
theo ¥ nghia co hoc mé men cla luc dai v6i mot diém,

F,

diéu kién dé don ditng vén la:
iu kién dé don ding yén la Hinh 2.16
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;rﬁu(ﬁho ' (2.21)

b) Vi du:

Réng roc 2 ting béan kinh 1 1, R; tdng trong duoc cudn day
vi treo vat nang A trong luong P, tAng ngoai ciing dugc cudn
day va treo vat B trong luong Q. Khi d6 P, Q phai thod man
diéu kién ndo dé rong roc ding yén?

Bai giai
Réng roc 1a mot don phing quay quanh O chiu tic dung A B
cla cdc Juc hoat dong P,Q . D€ rong roc can béng thi:
Zﬁa(,(ﬁk)=rP—RQ=0,Suyra: Q=%P j p Q
2. Bai toan vat lat Hinh 2.17

a) Bai todn:

Vit rén tua trén mat ¢d dinh tai 2 diém A, B chiu tic
dung ctia hé luc phéng (F.E,...,.F,). Néu c6 sy thay doi
cha céc luc (F,E,..,E,), vat ¢6 thé bj mat lien két 6 A
hoac B.

Gia sir mat lién két & B vat ¢6 thé bi lat quanh A, yéu

cdu ciia bai toan 1a fim diéu kién rang budc hé luc

A
(}.51, 2....§n ) dé vat khéng lat quanh A. Hinh 2.18

Phutong phdp gidi: D€ gidi bai todn ta tién hanh theo trinh tu sau:
- X4c dinh diém lat.
 Phan céc luc hoat dong E,,E, ... F, thanh hai loai:
+ Luc 1at 1a céc luc ¢ kh4 nang lam lat vat quanh diém lat di dugce xéc dinh.
+ Lue giit 12 cdc luc giif cho vét khong bi 1at quanh diém lat di dugc xdc dinh.
_Tinh téng tri s6 cta cdc mo men lyc giit d6i voi diém lat, goi 12 mo men gift, ky hiéu
2 M.,

_ Tinh téng tri s6 mo men cia cic luc 14t déi véi diém lat, goi Ia m6 men lat, ky hiéu
3 M, .
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- Diéu kién dé vat khong lat 1a: M, > M,

b) Vi du:

Can cau thdp tua trén hai dudng ray tai hai diém A, B. Trong luong chung cta d6i
trong va cn ciu 1a Q, trong Iugng ciia vt nang 1a P.

Tim diéu kién dé cin cdu khong bi lat.

Bai giai

Csc luc hoat dong tic dung lén can cdu 1a P, Q. Can cdu c6 thé bi 1at quanh diém B
i(hi P qua 16n. Nhu vay 6 12 luc giif, P la luc 1at. Diéu kién khong 14t la:

M,i;=Qa 2 Pb =M,

j<¥]

Dods: P< —Q

o

WAl il A A A A A

l.—a | b v P

Hinh 2.19 Hinh 2.20

3. Bai toan siéu tinh

Trong thuc t&€ k¥ thuat ta thudng gip phai cdc bai todn tinh hoc trong dé s& 4n s& [én
hon s& phuong trinh can bang tinh hoc: Ching han nhu mét vat dugc treo 1én tran bang 3
thanh khéng trong luong ndm trong ciing mat phing, cing di qua trong tam cita vat. Yéu
cau xac dinh ing luc trong cic thanh.

Bai todn ¢6 3 4n s6 nhung chi cé hai phuong trinh cin bing, dé 12 hai phuong trinh
hinh chi€u 1en hai truc X, y ciia hé luc ddng quy phang. Vi vay bai todn khong gidi duoc.

Nhiing bai todn nhut vay dugc goi 1a cic bai todn siéu tinh. D¢ giai dugc ta phai thém
vao céc phuong trinh bi€n dang. Mén Sic bén vit liu va Co hoc két cdu s& gidp ta giai
quyét nhitng bai toan dé.
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4. Bai toan can bing ciia hé vat rin chiu tic dung cia hé luc phing

a) Bai todn: Khi tinh todn cong trinh va co cdu may, ta thuong gap bai toan khao sat
cén bing va xac dinh phan luc lién két chia hé nhiéu vat rin c6 lién két v6i nhau va chiu
tdc dung clia mot hé luc phing.

b) Phdn tich bai todn: Dé giai bai todn nay ta cdn phan loai cic luc tdc dung lén hé
thanh néi luc va ngoai luc.

Noi luc 1a cdc luc tic dung twong hé gilta hai vat cia hé, theo tién dé tdc dung va
phan tic dung, ching la cdc luc cing dudng tic dung hudng ngugc chiéu, cling cudng
do, do d6 khi xét can bang cia ca hé thi khong ¢6 mat néi luc.

Ngoai luc 1a céc luc tir bén ngoai tdc dung 1én cic vat clia hé.

Gia sir hé ¢6 n vat, mbi vat can bing ¢6 3 phuong trinh cin bing doc lap, do dé cd hé
¢6 3n phuong trinh can bang doc 14p. Néu s& 4n s& ctia bai todn vuot qud 3n thi ta khong
giai duoc, d6 1a bai todn siéu tinh, s& dugc giai trong mon hoc Siic bén vit liéu va Co hoc
két cau.

¢) Phitong phdp gidi: C6 hai phuong phdp giai bai todn hé vat:

- Phuong phép hod ran két hop véi téch vat:

Ap dung tién dé hod ran, coi hé 12 mot vat ran can bang, viét duge 3 phuong trinh cén
bing, sau d6 xét can bing clia (n-1) vat riéng biét d€ c6 thém 3(n-1) phuong trinh. Cha ¥
khi hod rin, do tinh chat cta néi luc, hé [uc tdc dung 1én hé chi gém cdc ngoai lyc.

- Phuong phdp tich riéng timg vit:

Khao sét can bing timg vat clia hé, ta ¢ 3n phuong trinh d€ xéc dinh 3n an 6.

Khi xét can bing timg vat cin chii § dén tinh chat noi luc 1 timg cap ¢ cing dudng
tic dung nguoc chiéu nhau va cé cling cudng do.

Vidu I: Cdu gdm hai phan AC va CB dugc néi vGi nhau bang khép C va day xich EF.
Lién két & A 12 g6i tua ¢6 dinh cdn B 1a g6i tua con lan. Tai trong phan b déu trén mat
ciu 6 cudng do q = 2KN/m, trong luong ciia hai phan cau P, = P, = 10KN dat cach mép
cdu 1 doan bing 1m. Bd qua trong lugng cha day xich. Xdc dinh phén luc lién két & A,
B, C va siic cing clia day xich. Kich thuéc cho trén hinh v&.

Bui gidi: Hod rén xét can bing toan hé. Hop luc ca h¢ lyc phan b6 déu dat tai C:

Q=g/=82=16KN
Phin luc lién két ciia gi tra o6 dinh A gbm hai thanh phin Xa, Ya
Phan Iuc lién két goi tua con lan & B ¢6 mot thanh phan Ys.

Deé cdu can bing heé luc tdc dung lén ciu phai can bang.
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- = - - — -
(PI,PZ -,Q, XA3 YAaYB)~O

Chon cic truc x, y nhu hinh v ta ¢6 cdc phuong trinh:

Tir (3) suy ra:

Thay vao (2) ta dugc:

YA

22X =X,=0 (1)
Y, =Y, +Y,—P,-P,-Q=0 2)
Sm, (F,)=8Y,~7P,—4Q—-P =0 3)

Y,=P+ Q =10+E=18KN
2 2

Y,=P +P,+Q-Y,=18KN

A

Ly

C

Q

Hinh 2.21

- - nd
Xét can bing AC thay lién két khép C bing hai phan luc X, Y - Hop luc Q, cla tai
trong phan bd déu trén AC: Q, = q/, = 2.4 = 8kN. Day EF dugc thay bing sidc cang

- - = B
T chadaytacéd: (P1, Q;, Y, .T, Xc,Y:)~0

Tir (6) suy ra:

Thay vao (4) duoc:
Tu (5) ta co:
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XX, =T-Xc=0 . 4)
XY, =Y, P -Q, -Y.=0 (5)
Sm (F, )=2T+ 3P, +2Q,-4Y,=0 (6)

T= %(4YA—3P1—2Q1)=2YA— %p—QF 13KN

X.=T=13KN
Ye=Y,~P-Q,=18-10-8=0



Cdc két qua tinh duge déu khong am, vay chiéu céc
phan luc lién két gia thiét 1a dang véi chiéu thuc té.

Vidu2:

Dam déng chit AB trong lugng P, = 8KN duge giit
nim ngang nhd ban 1€ try A va thanh chéng CD.

Tdc dung [én AB ngdu luc ¢6 md men M = 6KNm.

Thanh CD déng chit trong luong P, = 8KN dugce
ngam vao tudng ¢ C. Biét AB = CD = 4m; Xac dinh
phan luc lién két & A, C va dp luc cua thanh AB 1én CD.

Bai gidi:
Xét can bang dam AB. Heé luc tdc dung 1én dam:
- S5 0 o
(P1,ngM, N, X,.Y,)~0
Pay 12 hé luc phang c6 3 phuong trinh cin bang:

X, =X,=0

ZYk:YA+ N _PI:O

Sm, (Fx)=2N -2P,-M =0

M
Tu (3) suy ra: N=P + ?: 11KN

Tir (2) ta 6 Y,=-N+P, =-3KN<0

>

Hinh 2.22

(1)
(2)
(3)

5 5 -
Xét can bing thanh CD. Dé CD cén bing ta ¢6: (P2, N', X, Y .ngMc) ~ 0. Trong

dé N’ cung phuong, ngugc chiéu véi N va N =N=11kN.
SY, =Y.~P,- N'=0

Yme = M — 2cos 60°. P, — 4cos60°. N°'=0

Tu (5) 6 Y.=P,+N'=8+11=19KN

Phuong trinh (6) cho: M. =P, + 2N =8 + 22 = 30KNm

Vidu3:

Cho két cau nhu hinh 2.23, bd qua trong luogng cua cdc thanh. Biet q = 1KN/m;

P = 10KN; M =7KNm.

Tim phan luc lién két tai ngam A, khdp B va g6i tua con lan C.



!
Lllillfe

lJE

3m

I

4m | 2m
| 1 |

Hinh 2.23

Bai giai:
- Xét can bang BC:

Thay thé lien két khop B bing hai phan luc lién két X, Yy , lién két tai C bingN¢

hinh (2.24). D& BC can bing thi:(P, X, , Yg . N , ngM) ~ 0.
Phan tich P, thanh hai thanh phin:
P, =Psina. = 10.—2— = 6KN; P, = Pcosa = 10%: 8KN
Chon hai truc toa d¢ x, y nhu hinh v& ta ¢6 cic phuong trinh can bang:
X, =Xz~ P, =0
Y, =Y+ Ne—-P, =0
Ymyg (F ) = 4N —2,5P-M =0

Tir (1) suy ra: Xz =P, =6KN
M+2,5P  7+25

Tit (3)tacd: Ne= = 8KN
(3) c 7 )
- Xé1 can bang AB:
Thay thé tai trong phin b6 bang cdc hop luc:
2qf, 2.
Q= —‘;-'-= 73=3KN; Q,=qh = 1.4 = 4KN

Céc luc tic dyng lén AB gom Q—l, Q—z, phan luc

lién két tai ngdm A: X,, Y,, ngM,, phan lyc lién két

wiB: Xo=- Xy, Yi=-Y5.

Hinh 2.24
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Pé AB can bang thi:

(Q. Qy . Xa» Yy, X5, Y. ngM)~0

q
E ~
g VY,
[an}
&
Hinh 2.25
Pay 12 hé luc phing c6 3 phuong trinh can bang:
X =X, +Q -Xp=0 4
2Y, =Y, - Q- Y5=0 (3)
Sm, (F)=M,-2Q,—2Q,+ 33X~ 4Y's=0 (6)
Chu y: X'y =X = 6KN; Y'e=Ye=0;
Tir (4) suy ra: X, =X3—-Q =6-3=3KN
Tir (5) ta cé: Y, =Q,+ Y'y=4KN
Tix (6) duoc: M, = 2(Q, + Q) — 3X5 + 4Y'; = 2(3 +4) ~3.6 =— 4KN.m

5. Bai toan dan

a) Dinh nghia: Dan 1a hé cic thanh thing khéng trong lugng lién két v6i nhau
bing khép & dau cac thanh, cac khdp néi goi 12 céc nit cla dan.

Dan chi chiu tac dung clia cdc lyc tai cdc nidt dan. Néu cdc thanh clia dan nam
trong ciing mot mat phang, dan dugc goi 1a dan phéng.

Vi cac gia thiét trén, cdc thanh ciia dan 1 lien két thanh, phén luc lién két hudng
doc theo céc thanh, got la luc doc hay tng lyc ciia thanh. Dé xac dinh tdng luc cua
céc thanh, ta c6 thé sir dung phuong phdp tch it hoac phuong phép mat cat.

b} Phutong phdp tdch nut:

DE xéc dinh Iuc doc cla cdc thanh bang phuong phdp tach nit ta can tién hanh cic
budc sau:
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- Hoa rén toan dan xdc dinh cic phan luc géi tra

- Tach niit nao cé hai thanh néu 12 dan phing hodc 3 thanh néu 12 dan khong gian, xét
can bing nit d6, ding cic phuong trinh cin bang cla hé luc déng quy dé xédc dinh cdc
phan luc lién két thanh.

- Xét can bing céc nit lar can c6 2 phan luc lién két thanh chua biét, néu la dan
phing, hodc 3 phan lyc lién két thanh chua biét, néu la dan khong gian.

Xét l4n lugt can bing clia cdc nit dan s& xdc dinh duogc tat ca cdc phan lyc lién két
thanh ctia dan.

Vi du I: Cho dan phang déi xting nhu hinh v€, x4c dinh ing luc trong céac thanh. Biét
a = 30" p = 60" P, = 20KN; P, = P,=10KN

Hinh 2.26

Bai gidi:
Do tinh chét d6i xing clia két ciu va tai trong nén phan luc lién két tai 2 goi tva A va H
bang nhau. R, = R,,, ting luc trong céc thanh d6i xing ciing bang nhau.
S$;=8; $,=Si5 $=8¢ S$5=55 8,=35,

y ) . - - - - -
Hod ran xét can bang toan hé: (Pi,P2 P, Ry, Ry)~0

Y, =R,+R;—-P-P,-P,=0 {H
Suy ra: R,=R, = %(P, + P, + P;) = 20KN .
Xét can bdng mit A: (Ii_; , g] , gz) ~0 RAI S,
2X,=S,+ S,c0s30°=0 ) Am X
TY, = R, + S,sin30° = 0 3) .. 2_8227
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Ry =-20.2=-40N ' >
sin 30"

& s

Tit (2) cé: S, =-S,cos30° = 40. =20 J3 =34,64KN

Tt (3) suy ra: S

- - .
Xét cdn bang it B: (S',, S3, 34 ) ~0 Hinh 2.28

Vi hai thanh 1 va 3 ciing ndm trén mot dudng thang nén néu viét phuong trinh hinh
chiéu lén truc vuéng gdéc véi hai thanh ta duge S, = 0.

Dodé: S,=8, =S8, =-40KN

X - - - —
Xét can bdng miit C: (P2,S'5, S'a, S's, S's)~0 y
Trong dé: S, = S, = 34,.64KN; S, =5,=0 S \ %
ZX, = S+ Sic0s60° ~ §,= 0 4 - \./J —
s, C S
TY, = S.cos30° - P, = 0 (5) b
Tu (5) suyra: S;= B__ 10 2. 11,55KN
yra os= c0s30” B Hinh 2.29

Thay vao (4) dugc:

S, =S, — S; cos60° = 34,64 — 11,55. %= 28,865 KN

Nhu vay céc thanh 1, 3 chiu nén, céc thanh 2, 5, 6 chiu kéo con thanh 4 khong chiu luc
tdc dung.

c) Phitong phdp mdt cdt:

Déi v6i dan phing, dé xac dinh lyc doc cia cc thanh ta ¢6 thé sir dung phuong phép
mat cit theo céc bude sau:

- Xét can bing toan dan, xac dinh cdc phan luc géi tya cla dan.

- Tudng tugng cit dan thanh hai phdn bang moét mat cét qua t6i da 3 thanh, thay thé
c4c thanh bing cdc phan Iuc lién ket thanh.

- Lap céc phucmg trinh can biing cha nita din sao cho trong mdi phuong trinh can
bing chi ¢c6 mot 4n s6. Mudn vay, viét phuong trinh can bing momen doi véi giao diém
duémg tic dung cha hai phan lyc thanh chua biét. Néu c6 hai thanh song song thi lap
phuong trinh hinh chiéu 1én truc vuéng gbc vai hai thanh nay.

Uu diém ciia phuong phép mit cit la c6 thé xac dinh duoc luc doc trong mot thanh
bat ki ma khéng can biét ng luc trong cic thanh khdc.

Vi du 2: Xéc dinh tng luc trong céc thanh clia dan nhu hinh 2.30.
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Hinh 2.30
Bai gidi:
Do tinh chét d&i xting cia két c&u va tdi trong nén phan luc lién két & hai g6i tua A, B
. 12P
bing nhau. R, =Ry = —=6P; i
2 P 2P 2p| , Matcat
2 l 3 Ey[ S L

-7

Ung luc trong cdc thanh déi xing ciing
bing nhau. S,, 7
Pé x4c dinh ting lyc trong céc thanh 8, 9
,10 ta tudng tuong cat dan bing mit cat qua 3
thanh 8, 9, 10 va thay th& cdc thanh nay bing
cdc phan lyc lién két thanh §8', S—g, S_lo.nhu' Hinh 2.31

hinh 2.31.

- -

Cht y S_; , STO qua diém J, con S; .S, quadiém L.

Xét can bing phan bén trai dan, viét phuong trinh mémen véi diém J va L:
Im,=-R,2a+P2a+2Pa—S.a=0,

Suy ra: 5;=-8P.
Ym, =P.3a—R,3a+2P2a+2Pa+S,a=0,

Suy ra: §,,=9P.

Pé xic dinh S, ta nhan thiy hai thanh 8 va 10 song song véi nhau, ta viét phuong
trinh hinh chiéu 1én truc Y vuéng géc véi hai thanh dé:

YY, =R,— 2P - 2P — P + S;c0s45° =0

2P
Suy ra: S, = ——
V2

Nhur vay cdc thanh 8, 9 chiu nén con thanh 10 chiu kéo.

Lam tuong tu ta c6 thé xédc dinh duge ing luc cla tat cic thanh.
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Chuong II1
MA SAT

3.1. MO PAU

Trong Chuong I khi nghién citu phan lyc lién két mat tua, dé don gian ta di gia thiét
ring mit tiép xdc giffa vat khao st va mat tya 1a hoan toan tron va ran, do d6 chiing chi
ti€p xtc nhau & mot di€m va tai 6 phan lyc lién két hudng theo phdp tuyén cuia mat tua.

Vi mo6 hinh d6 ta gidi quyét dugc nhiéu baj todn thyc t€. Tuy nhién trong mot s bai
todn khdc. mé hinh d6 to ra bat luc. Vi du v6i moé hinh dé ta khong thé giai thich tai sao
lai can mot luc kéo kha 16n méi kéo duoc vat nang trugt trén mat phang ngang, hodc méi
ddy duoc xe lan banh trén dudng thing ngang.

,
Hinh 3.1
Dé c6 co s& gidi quyét nhiing bai todn d6 ta phai nghién ciu bé sung mo hinh phan
luc lién két cia mat tua.
Trong thuc t& do bé mat ti€p xuc gila hai vat khong hoan toan tron nhén va khong
hoin toan rén, nén chiing tiép xiic v6i nhau & mot s6 diém. G mdi diém mat tya tac dung
Jén vat mot phan luc lién két. Thu hé lue nay vé& mét tam ta duge mot luc va ngiu luc.

Q

Hinh 3.2
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Phan tich luc theo hai phuong phép tuyén va tiép tuyén véi mat tya tai diém tiép xic:
thanh phan phap tuyén N ngin cdn dich chuyén cta vit theo phuong phdp tuyén, thanh
phan tiép tuyén F_, ngin can dich chuyén clia vat theo phuong ti€p tuyén goi Ia luc ma

st truot, con ngau M, ngin can chuyén dong lan cha vat goi 12 ngiu cén lan.

1. Dinh nghia

Hién tuong can chuyén déng hay xu huéng chuyén dong cia vat thé nay trén bé mat
vat thé khdc goi 1a hién tugng ma sét.

2. Phin loai ma sat

Ngudi ta thudng phan ma sat thanh céc loai:

- Ma sdt trugt va ma st 1an, tuy theo dich chuyén trugt hay dich chuyén lan cha vat
bi ngan can.

- Ma sat kho va ma sat nhét, tuy theo hai vat tiép xidc truc ti€p vdi nhau hay tiép xiic
v6i nhau qua moét 16p dau nhon.

- Ma sdt tinh va ma sat dong, tuy theo vat dilng yén hay chuyén dong so v6i mat tua.

Trong chuong nay ching ta chi nghién ctru ma st trugt va ma sat lan trong trudng
hop tinh va kho, khao sét tinh chat clia luc ma sét, ngu luc ma sdt va diéu kién can bang

cuia mot vat khi cé ma sat.
3.2. MA SAT TRUQT

i. Pinh nghia

Ma sat truot 1a hién tuong can xu huéng trugt hay chuyén dong truot clia vat thé ndy
lén bé mat vit thé khac.

2. Pinh luit Culong

Bang thuc nghiém Culdéng da phdt hién ra nhimg tinh chat N
sau diy clia ma sat trugt:

- Trong trudng hop ¢6 ma sét trugt, & chd tiép xtc giita vat
va mit tua, ngoai phan luc phdp tuyén mat tya con tdc dung  F =
lén vat phan luc ti€p tuyén huéng nguoc v6i xu hudng chuyén 777

dong ciia vat goi 1a Iuc ma sat truot F__ . Hinh 3-3
- Luc ma sat trugt 1a luc cé giéi han:
0<F_<F._ 3.1)
- Luc ma sat truot cuc dai tv 1€ v6i phan luc tiép tuyén N:
F_ =1{N (3.2)
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Hé s6 ty 1¢ f goi 1a hé s6 ma sat truot.

- Hé s6 ma sdt truot khong phu thuéc vao dién tich tiép xic gifta hai vat, ma chi phu
thuoc vao ban chit ciia vat (déng, chi...) va trang thdi bé mat cha vit (nhdm, nhan).

3. Goc ma sat

Trong trudng hop cé ma sit trugt, phan Iyc lién g
két mat tra gébm hai thanh phan, hgp hai thanh

phén nay ta dugc phan luc toan phan: B
ReN+F
=N +F,
Khi luc ma sét truot dat gid tri ey dai thiphan 1 . o
Iuc todn phén ciing dat gi4 tri cuc dai Romax - | Hinh 3-4

Pinh nghia: Géc 1ap giita Rumax va phdp tuyén mat tua tai di€m ti€p xic goi 1a géc
ma sat ki hiéu la: ¢_.
Géce ma sit co cdc tinh chét sau:

F fN

t = X — _  —f
EPrms N N

Khi vat cdn & trang théi can bing thi phan lyc toan phdn R con nédm trong géc ma sat.
Khi vat sip truot, ta néi vat & trang thai can bing gidi han thi R nim trén bién clia géc ma
sit. Mién AOB goi 12 mién can bing ctia vat. :

4, Diéu kién can bing cua vit khi cé ma sat truot

DE cho vat can bing, hé luc tic dung lén vat trong d6 ¢6 luc ma sét trugt phai can
bang. Ngoai ra, vi luc ma st truot 14 luc ¢ gi6i han nén né phai thod man di€u kién:

F_ <N (3.3)
Khi vat sdp truot (vat & trang thdi can bang giéi han):
FITIS = fN = Fmﬂx

N&u goi ¢ 1a géc lap boi phan luc toan phan R va N tacé:

F F
tgp = —I= < M =g hay ¢ < @,

N N
Vi vay, diéu kién (3.3) bén trén rang budc luc ma sét truot c6 thé thay bang diéu kién:
Q= Py (3.3)

Vi du I: Thanh AB déng chat ddu A tua lén tudng nhdn, ddu B tua 1én nén ngang
nhdm cé hé s& ma sét trugt f. Tim géc o 14p giita AB va nén dé thanh khong bi truot.
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Bai gidi:

Xét can bang thanh AB. Cdc lyc tic dung 1én AB gém trong lugng P cla thanh dat tai

gilta thanh, phan luc phap tuyén cla tudng N—A , phan luc lién két cta nén gbém phan luc

phap tuyén N—B , luc ma sat lﬂ huéng nguoc véi xu hudng truot ciia B. PE cho AB can

- -

- =
bing thi (P,N, ,Ng ,E,. ) ~0.

him duoc co cau. Xac dinh ing luc trong hai thanh OC, OD.
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Heé luc phing c6 3 phuong trinh can bang:

X, =N, -F, =0 (1)
2Y, =N;-P=0 (2)
Zm_B(Fk)zP.%Ecosoc—NAABsina:O ©)
Ngoai ra luc ma sat trugt phai thod mén di€u ki¢n: y
F_.<fNg 4)
N . A
T (3) ta cd: tgor = (5
(3) g N,

Chu y dén (1), @)y tacé: P=Ny; N, =F

Thay vao (5) va sit dung (4) ta cé: tgoL =

Vi o < 90° nén dé cho AB can béng thi o > arctg 5-1;

Vidu2:

O

Hinh 3.5

Tang quay B hai bac ¢é bdn kinh R, r, trong lugng Q, ¢6 thé quay quanh truc ndm
ngang qua O. Tang B dugc giit béi hai thanh khong trong Iugng OC, OD (hinh 3.6).

OC nim ngang, OD Iam vé6i phuong thiang ding géc B. Mot vat trong lugng P duge
budc vao day cudn quanh tang. D€ giit cho tang ding yén, tic dung vao can ham khong
trong luong O,A luc F tao véi phuong ngang géc . Bé qua kich thuéc md ham, biét
O.E = a, EA = b, hé 56 ma st truot gitta m4 ham va tang I1a f. Tim luc F nho nhat dé

Bai gidi:

- Xét can bing don phdng O,A:

O, A chiu tdc dung cda cic luc EN,F

ms *°

Piéu kién can bang clia don phang: 251:= (a + b)Fcosa —aN =0

Suy ra: 2

B {a+b)cosa

(1)



- Xét trang théi can béng gidi han ciia tang toi B (khi sdp bi trugt):

Cic lyc tic dung 1én tang gom P, Q, céc phan luc lién két thanh S¢,Sp, N'=-N,

F_m"z—i:;.Détanchanbﬁngthi:(ﬁ, Q. i,g, ﬁ;,F_m.')~0.

I

Hinh 3.6

Chon hé truc toa do nhu hinh vé ta ¢ cc phuong trinh can béng:

> X, =N+ S Spsinf =0 (2)
Y, = Speosp +F,,—Q-P=0 (3)
> m,=F, .R-Pr=0 4)

Khi sap truot F', = N nén tu (4) ta co: N'= éP =N

Th ao (1) duoc: F —-——ErP———
ay vao ( o ™" (a+b)fR cosa
1 P(R-r)+QR
) 5 = P+Q-fN)=——————
Tor (3) 6 > cosB( Q ) Rcosp
. ., P(R-H+QR r
Tir (2) tim duoc: Se=Ssinf - N'= -—(—I-{)——g—th—EP

3.3. MA SAT LAN

1. Pinh nghia
Ma sat 13n 11 hién tuong can xu huéng lan hay chuyén déng lan cia vat thé ndy trén
bé mat vat thé khéc.
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2. Cac tinh chat

Hinh 3.7

Khio sit mot banh xe ban kinh R, trong lugng P ndm yén trén nén ngang nhdm. Téc

dung vao truc bdnh xe luc Q nim ngang. O diém A s& xudt hién luc ma sat truot ngan
E _). ~
can chuyén dong trugt cua banh xe trén nén. Néu phan luc phdp tuyén N' cua nén cling
- -
dat tai A thi bianh xe s& bi ldn do tdc dung ctia ngau luc tao bdi luc Q va luc ma sat F_

N
du cho Q rat nhé.

-

> @
Thuc ¢ khong phai nhu vay. Phan luc N' khéng phai dat tai A ma tai diém B ngay
-
canh A va cling v6i luc P tao thanh ngdu can chuyén dong 1an clia banh xe. Néu dat tai
-

- — — g -
A ciip luc can bang N = -N" = N' thi hé phan luc tdc dung 1én vat (F_. ,N') ~ (N ,

- - = B - = , _ ‘
F . ng(N',N")). Ngau (N',N") can chuyén dong lan ctia banh xe, goi la ngau can

lan, ki hiéu 1a M,.

Nhu vay trong trudng hop ¢é ma sdt lan, phan luc lién két cta mdt tya gém 3

- —
thanh phan: phan luc phdp tuyén N, luc ma sét truotF_, va ngdu cin lan M, hudng
nguoc véi xu hudng 1an cia vat.

Mo men cla ngau can lan tang 1én theo sy tang cua Q, gid tri I6n nhit cla né dat
dugc khi bdnh xe bit ddu lan. Bang thuc nghiém ngudi ta xdc dinh duoc:

M, =kN (3.4)

H¢ s6 ty 1€ k goi 1a hé s6 ma sét 1an, don vi m, khong phu thudce vao dién tich tiép xic

giita hai vat ma phu thudc vao ban chat cua vat. Thong thuong k << f nén ngudi ta

thudmg bd qua ma sdt lan.

N
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3. Diéu kién can bing cla vat khi c6 ma sat lan

Trong trudng hop ¢6 ma sdt 1an, dé cho vat can bing thi hé lyc tdc dung lén vat, trong
d6 c6 luc ma sét trugt, ngiu cén lan, phai can bing. Ngoai ra lyc ma sat truot va ngau
can lan phii thoa man céc diéu kién:

0<F_<fN; M, <kN (3.5)

Vi du: Tru tron dong chat trong lwong Q, bén kinh R ndm trén mat phang nghiéng
mot géc o vSi mat phing ngang. Biét hé s6 ma sat truot va ma sat 1an cla try va mét
nghiéng lan luot 12 f, k. Tim géc o d€ try can bang trén
mat nghiéng (hinh 3.8).

Bai giai:

Xét can bang tru. Céc luc tdc dung lén tru gom trong

-
luong Q dat & trong tam O, phan luc phdp tuyén N, luc

—>
ma sat truot F__, ngau can lan M.

- = Ed .
Pé tru can bing thi: (Q,N,F,, ngM,) ~ 0. Hinh 3-8

Day 12 hé luc phing c6 3 phuong trinh cin béng:

22X, =F,.—Qsina=0 (1)
2Y, =N-Qcosa=0 (2)
>m, (Fx)=M, - QRsina =0 (3)
Ngoai ra: F.sIN (4)
M, < kN (3)
. N | S
Tixr (1) va (2) suy ra: tgo = —1’\"]—‘ < f theo (4)
M k
Tir (1) va (3) ta ¢o: te= —- < — theo (5
w(l)va(3)tacod g RN R (3)

. X . k
Vi % 1t nhé so v6i £ nén dé tru can bing (khong 1an, khéong truot) thi tga < N

Néu —ll% < tgo < ftiy tdn Khong truot.

57



Chuong IV
TRONG TAM

4.1. TAM CUA HE LUC SONG SONG

Dinh 1y:

Trong trudng hop hé huc song song cé hop luc, néu gift nguyén diém dit, cudng do va
quan hé song song chia cic luc, ma chi thay déi phuong chung cda ching mot cdch tuy ¢
thi hop luc cia hé luc luén di qua diém C ¢d dinh ¢6 véc to ban kinh dinh vi:

= k= 4.1)

Treng dé: E I3 hinh chiéu cha Fx lén phuong chung cta hé.

Hinh 4-1

Diém C d6 goi 1a tam ciia hé luc song song.
Chimg minh:

Cho he lyc song song (I—:; , I_:; ..., Fn). Gid sir 1—3; c6 diém dat M, dugc xac dinh bing

véc to ban kinh dinh vi E . Ta s& chitng minh rang hop luc Rcla hé luén di qua diém C.
That vay, vi hé luc ¢6 hgp luc nén theo dinh 1y VariNhong:

mc(R) = fjmc(ﬁ (1)

Go1 1 1a véc to don vi trén truc A song song véi cac luc va F, la hinh chi€u lén truc

A cia Fx tacé:

- - = no_ n .-
F=F i; R=>YF =YF.i
k=1 k=1
T hinh vE ta ¢6:
n _ N - r - - - n - - — n
gﬁlc(Fk) =2 a,x K= (-1)x K = Y (5xF) ~ 1 x>, F 2)
(= k=1 k=1 k=1 k=1
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x SF, Z_Z x B ; (3)

= k=1
Ey

1]
—_

- n ___
Theo (4.1): .x » F = k
k=1

e

- = - - - -
Thay (2), (3) vao (1) tacé: m, (R)= S x F— Y5 xF =0

Vi vay hop luc R cha heé tuon di qua diém C dugc xdc dinh bang cong thic (4.1).
Chiéu (4.1) kén 3 truc toa do PéCicvuong goc ta duge toa do diém C:

XC: k=1 ; yc= k=1 ; ZC": k=1 (4-1)1

4.2. TRONG TAM CUA VAT RAN

1. Pinh nghia va céng thic xac dinh trong tam vat ran

Cho vat (S) & gan trii dat. Chia vat (S) thanh n phén ti du
nho. Goi cdc phén tir d6 1a M,, Mz, ., M,. Cdc phan tr nay bi

trai dat hat véi cdc luc 1an luot la: P1 ,P2 ,...,Pn . Vi vat (S) o rat

<a tam trdi dit. Nen c6 thé xem he luc (PP ... P ) Ia hé luc

song song cling chiéu va do d6 ¢6 hop luc aP.
t
He luc nay c6 tinh chat dac bict 13: Néu thay déi vi trf ca vat Hinh 4.2

thi cdc luc van giff nguyén cuong do, vin song song cling chiéu
vi vin dat tai cic di€ém M, M,,... , M, thuoc vat (S). Do do theo dinh 1y trén hop luc

P cda hé luon di qua diém G c6 dinh. Goi G la trong tam gan diing cia vat ran. Theo

(4.1) cong thitc x4c dinh trong tam gin ding cla vat ran la:

n

N ZPkrk

PR

k=1

i (4.2)

1
I'G F

Chiéu (4.2) 1én céc truc toa do ta duoc cong thife xédc dinh toa do trong tam gan ding

cla vat ran:

1& 1 :
XG -_':_Z kak'.’ _ZPkyl\’ ZG :_Z szk (4-2)
Pk:l sz[

P
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Néu chia vat thé ngay cang nho, trong tim gin ding clia vat rin s& din t&i mot
diém xéc dinh. Goi diém dé 1a trong tam clia vat rin. Cho cong thitc (4.2) qua gidi han

khi s& phan tit chia n ra vo cing va P, tién t6i khong ta dugc cong thiic x4c dinh trong
tam vAat rin:

= R U B

ig = lim =Y B§ =— [rdP (4.3)
2 Zo Pict P )
% =0

Chiéu (4.3) 1én céc truc toa do ta dugc cong thitc x4c dinh toa do trong tam cira vat ran:

1 1
szl deP; VYo == IydP; Zg=— szP
P(P) P(P) "

Trong trudng hop vat rin dong chat cc cong thiic xac dinh trong tam (4.2), (4.3) co dang

(4.3)

nhu sau:

- Néu vat ran 1a duong déng chat dai L, goi v 1a trong luong riéng, s 1a 46 dai ta cé:
dP=vyds; P=vyL.

Do dé: o= = [rds (4.4)
L}
X —ljxdy ——I—Ide' zZ =ljzds (4.4)
6T . v Yo L; » 27T ; .
- Néu vat ran 13 mat déng chat ¢6 dién tich S ta ¢é: P=17S; dP = ydS.
—> 1 .
Tuong tu ta co: Ig=— f rdS 4.5)
(3)

Chiéu (4.5) Ién céc truc toa do ta duoc cong thic xdc dinh toa do trong tam cla vat ran:

1

1 1
Xg = xdS; =— |ydS; z5=—=|zdS 4.5)
s S(sj) Yo S(Sf)y G (SI) (4.5)
- Néu vat rén [a vat déng chat ¢6 thé tich V ta ¢6: P =vV; dP =vdV;
Tuong ty ta cé: Ig = L I rdV (4.6)
v vy

Chiéu (4.6) lén cic truc toa do ta dugc cong thitc x4c dinh toa d6 trong tam cla vat rin:

1
Xg =— I xdV;  vyg =i J. ydV;  zg =i _f zdV (4.6

v V) v v (V)
Vi du: Xac dinh trong tim cla cung tron déng chat.



Xét cung tron dong chat AB ¢6 ban kinh R, gbc & tam AOB = 2a. Do tinh chat doi
xiing, trong tam ctia AB ndm trén tryc x. Viviy ta chi cén tinh x,. Ldy mot cung phan t6
c6 do dai ds = Rde trén AB, toa do x cha né 1a x = R cosp. Do dai cung AB 1a L = 2Ra.

Thay céc gid tri ndy vao (4.4)’ ta c6:
1 sin o

¢

1 v
Xg= — j xds = j Rcos¢p.Rdo=R
L AB -u

- N N - T .
Néu cung AB la nira dudng tron o = 5; sino =1, ta cé:

Hinh 4-3

2. Cac phuoeng phap xdc dinh trong tam vat ran

Pé x4c dinh trong tam clia vat rén ta phai dung cdc cong thitc (4.2),..., (4.3)’. Tuy
nhién néu dua vao céc tinh chat dac biét ctia vat rin va véi cdch chon hé toa d6 hop 1y cé
thé nhanh chéng xéc dinh dugc trong tam vat ran.

a) Vit dong chdt doi ximg

Dinh Iy {: Néu vat dong chét cd tam, truc hay mat phang ddi xtng thi trong tim cla
vat nam ngay trén tam, truc hay mat phang déi xing do.

Chiing mink: ta chitng minh cho trudng hop vat déng chat c6 tam dei xing. Chia vat
thanh timg cap phén tir doi xing nhau qua tam d6i xing O va co trong lugng bing nhau
P’ =P, T =-T, doddtheo (4.2):

=1l & - .
g = -P—Z P, (%, +T, ) =0.Vay G tring v6i O
=

Né&u vt ¢6 truc hay mat phing doi xing, ta chia vat thanh timg cap phén tir doi xing
nhau qua truc hay mat d6, chon tryc hay mat dé 1am céc tryc hay mat phing toa do,dung
cic cong thic xdc dinh toa do trong tam s& ching minh dugc trong tam clia vt nam

ngay trén truc hay mat do.

~ - ~ /
S ,// ~ I
-~ - ~, ”
~e P ~, -’
~ - ~
sexl X
-
- -~ N
- . s ~,
<TG T ’G ™
- - s ~
- ~ Vs ~
Hinh 4.4

Hé qua:
_ Néu vat rin déng chat cé nhiu truc d6i xing thi trong tam cua vat niim & giao diém

cdc truc doi xung do.
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- Néu vat ran déng chat c6 nhiéu mat phéng déi xing thi trong tim clia vat nim trén
dudng giao clia cdc mit phang d6i xing dé.

Vi du I: Cic tam chit nhit, hinh vuéng, hinh tron déng chét ¢6 trong tam tring véi
tam do1 xtng hinh hoc, tuong tu cdc khéi hop chit nhat, khoi lap phuong, khoi cdu déng
chat ciing ¢é trong tdm tring vdi tdm d6i xing hinh hoc clia chiing.

Vi du 2: Xac dinh trong tam cla hinh quat tron dong chit.

Xét hinh quat trdon déng chdt OAB c6 ban kinh R, géc &
tam 2o Chia hinh quat thanh cdc hinh quat nhd, mdi hinh
quat nho ¢6 thé coi 12 mot tam gidc c6 trong tam nam céch O

2 + e 92 ~ -~ ]
mét doan gR. Nhu vy trong tam cla 1t ca cic hinh quat nho

. 2
nam trén cung tron CD c6 ban kinh 3 R. Hinh 4-5

Ap dung két qua ctia vi du tim trong tam cung trdn déng chat ta xac dinh dugc trong

R . 2 sina
tam cua hinh quat tron: x5 = —R .
3 o
PN s e e s T ) 4R
Néu hinh quat tron la nua tdm tron co: o. = 5 thisinoe =1 ta cé: x5 = Ev
11:

b) Vdt ghép

Dinh Iy 2: Néu trong tam cua cdc phdn ti cling nim trén mot truc hay mat phéng thi
trong tim clia vt cling nim trén truc hay mat phang dé.

Chiing minh: That vay, gia sir trong tim cla cdc phdn tir cing ndm trén truc x clia hé
toa d6 Dé Cic vudng géc oxyz, khi d6 goi toa do trong tam cla phin tir thit k 1a (x,, y,,
ztacdy, =z,=0do dé theo (4.2)"

1 1
Yo =5 2Pyi=0; z5= 5 2Py, =0

Vay trong tam G clia vat nim trén truc x.

Vi dy I: Xac dioh trong tam cia tdm tam gidc
ABC dong chat.

Chia tdm thanh nhilng dai hep B, C, song song voi
ddy BC. Trong tam cta B, C, nim tai diém gilta M,
clia nd, theo dinh 1y 2,trong tam cia tam gidc ABC

ndm trén trung tuyén AM. Lap luan tuong tu ta cé
trong tam cta né nim trén nam trén trung tuy&n BN.
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Vay trong tam clia tam gidc déng chdt nim trén giao diém cla céc dudng trung tuyén
cla tam giac:
GM_GN_Gl_1
AM BN CI 3
Bang phuong phap tuong ty ¢6 thé xé4c dinh trong tam cta tit dién déng chat ABCD la
giao diém cla cic duomg AA’, BB, CC’, DD’. Trong dé A”, B’, C’, D’ lin luot 1a trong
tam cua céc tam gidc ddy va mat bén. DE dang suy ra:

GA' _GB' _GC' _ GD'

1
AA' BB CC' DD 4
A

Hinh 4.7

Néu coi hinh nén la giéi han clia da dién khi s6 canh ddy tang lén vo han thi tir cong
thic trén ta c6 thé suy ra cong thic xdc dinb trong tam cta hinh nén la:

ca _1 trong d6 A' la trong tam clia ddy non.
AA’ 4 y
Néu vt ran phing déng chat c6 dién tich S duge ghép B D
tir n phin c6 dién tich S,, toa do trong 1am (X, i) thi o \
cong thiic (4.2) ta c6 cong thic x4c dinh toa d6 trong tam N
cla vat: £ \|/
G\/ -
1o NG
S k=1 4.7 a / \
4.7) G, x
1 o E / \\ [t
Yo =g 2 SwVk 3 o 17\
S k=1 Ry E
Vi du 2: Xac dinh trong tam clia tdm theép déng chat | 2m | 2m |
hinh chit L c6 kich thuée nhu hinh 4.8, T |
Hinh 4.8
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Bai giai:

Chia tdm thép thanh mot tdm chit nhit va mét tAim hinh vuong nhu hinh vé. Trong
tam G,, G, cla hai tdm déu & giao diém hai dudng chéo. Chon hé truc toa do Oxy nhu
hinh v& ta cé: _

X, =0;X,=2m; y, =2m; y, =0; S, =12m% §,=4m’.
S=5 +8§,=16m’

1 1 1
Theo (4.7): Xg ZE(SIX‘ +S2x2):.g(0+8):5m

1 1 3
yG :§(SIYI +SZY2) ='i€(24+0) :Em

¢) Vdt khuyét

Pé xdc dinh trong tam clia vat bi khuyé&t mot phan nao dé ta dp dung phuong phap
phan chia coi vat 1a hop cta hai phin: vat diy vdi trong lugng (dién tich) duong va vat
khuyét véi trong lugng (dién tich) am. Sau d6 sir dung cong thiic (4.7) dé tim trong tam.

Vi du: Xdc dinh trong tam cla tdm thép dong X
chat hinh vuéng canh a sau khi cat bo di mot
tam tron ban kinh r, tim ndm trén dudng chéo
hinh vuéng nhu hinh v& biét O,0,=h.

Coi tdm I3 hop clia tdAm hinh vudng diy cé

C
. s X P . 0
dién tich duong va tdm tron véi dién tich am. , .
Trong tam cua chung 1an luot 1a O, O, do dé // %
trong tam cda tdm kKhuyét ndm trén truc X qua

0,, O, goi toa do, trong lugng, dién tich cla 2 Hinh 4.9
phan lan luot 1a x,, x,, P, P,, S, S, va y 12 trong lugng riéng cla tim trén mot don vi dién

tich ta co:
X, =0;x,=h; S;=ya% S,=-yrr
Theo cong thic (4.7) ta cé:

S/ x, +5,x —nr’h
Xu"_' 1] 202 — 5 > <O
S, +S, a“ —mr

Viy trong tdm cla tam ndm bén trdi O,.

Ngoaj cdc phuong phip di néu trén, ngudi ta cdn diing phuong phép thuc nghiém dé

xdc dinh trong tam ciia vt ran.
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PHAN BAI TAP

A. HE LUC PONG QUY

1. Trén hai mit phing nghiéng nhin AB va BC vudng goéc véi nhau dét mét tru tron
dong chat trong lugng 60KN. Xac dinh 4p lyc cua tru 1én cac mat phing biét goc giita
mat phing BC va mit phing ndm ngang 12 60°.

PS: Np=52 KN, Ng= 30 KN.

60°
30 \

TR

Hinh bai 1 Hinh bai 2

2. Haj thanh AC vi BC ndi véi nhau va ndi vao tudng thang dimg bing cac ban 1&.
Tai ban 1& C treo mot vat trong luong P = 1000N. Bo qua trong luong cac thanh. Xac
dinh (g luc cua cac thanh, biét géc hop boi cac thanh va tuong 1a o = 30°, B = 60°.

DS: S,=866 N va Sg =500 N.

3. Mot vong nhan A ¢d thé truot khong ma sat theo soi ddy thép cong c6 dang dudng
trén, ndm trong mit phang thing dimg. Ngum ta treo vao vong A mot qua cin P va bude
vao @6 soi diy ABC ludn qua rong roc cb dinh B & diém cao nhét cia vong tron. Tai déu

C treo quéa can Q. Bo qua trong lugng cia vong A vi ma sat cia rong roc, tim géc ¢ tam ¢
ciia cung AB tai vi tri cén bing va chi ra didu kién cén bang.

bs: Sin& = 2—%- , (vi tri can bang thi nhét xay ra véi Q <2P).

¢, =7 (vitri can bang thir hai c6 thé xay ra véi P va Q batky).

Hinh bai 3 Hinh bai 4
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4, Poan diy CAEBD vit qua hai rong roc nhoé nim ngang A, B. Cho AB = a. Tai mut
C va D treo hai tai trong cung trong lugng Q, tai E treo tai trong P. BO qua ma sat & hai
réng roc. Tim khodng cach x tir E dén AB khi hé & vi tri cén bing.
Pa

2/4Q* - P*

5. Vit Q ¢o trong lugng 20 KN treo trén ¢in truc ABC nhd xich vét qua hai rong roc
A, D. B qua ma sat & A va D. Céc goc cho trén hinh v€. Trong luong cac thanh va xich
khong dang ké. Tim tmg luc trong thanh AB va AC.

bS: x=

PS: S, =0;S; =-34,6 KIN.

6. Tim tri sb tbi thidu coa luc ngang P dé nang con lan ning 40 KN, ban kinh 50cm

1én khéi nén gach cao 10cm.

bS: P=30KN.
D
Q P \A c fiso g
L 2m | Im
| tF
Hinh bai 5 Hinh bai 6 Hinh bai 7

7. X4 AB duoc gitr & vi tri nim ngang nhé thanh CD va ban 1¢ A. Tai B tac dung
luc thing ding xudng duéi F = 5 KN. Xac dinh phan luc & ban 1& A va tmg luc trong
thanh CD. Bd qua trong lugng xa va thanh, cho AC=2m, BC= 1Im.

PS: Ra =79 KN; Scp = 10,6 KN

8. Thanh ddng chit AB ning 2N duoc treo vio tudng nhd ban 1é A va day BC. Xac
dinh phan luc tai A.

PS: R, = IN; goc(Ra, AC) = 60°

9. Thanh AQ gin ban 18 tai A nghiéng géc 45° véi phuong ndm ngang va hai day
xich nim ngang BO, CO cling d0 dai cing d& tai trong Q = 100N.
Xéc dinh Ung luc S trong thanh va stic cang cla hai day.
PS: S=-14IN, T=71IN.
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C
Oul - 45
-~ —— e
- — o
45
A |
N B i
60° 30 1.45°
B
A Q
Hinh bai 8 Hinh bai 9

10. Mot dan khong gian gé)m sau thanh 1, 2, 3, 4, 5, 6 dugce ndi v&i nhau bing
khéop & A,B. Luc P = 10KN tac dung vao nut A va ndm trong mat phéng thang dang
CABD. Tam gisc FBM béng tam giac EAK. Céc géc tai dinh A, B, D cia cac tam
giac can EAK, FBM vi NDB la vudng. B qua trong lugng cdc thanh, xac dinh tmg
luc cta cac thanh.

PS:§;=8,=5KN, S;=Ss=5KN; 53 = -7.07 KN, S¢ =10 KN.

11. Hay xac dinh luc doc trong chc thanh AB, AC va luc T trong day cap AD cia cin
truc néu cho trude CBA =BCA =60°, EAD =30°. Vit nang co trong luong P = 3KN.
Mit phéng ABC ndm ngang. Céc thanh ghn ban 1é tai A, B, C.

DS: Tap = 6 kN; Sap = Sac = -3 kN.

12. Vat Q trong lugng 1 kN treo tai didm D gén véi céc thanh AD, DC, BD bing ban
3. Cho biét géc DAB =DBA =45°, DC 14p véi phuong y g6¢ 15°, DO lap véi phuong
y géc 30°. Xé4c dinh lue doc trong cac thanh.

PS: Rap = Rap = 2,64 kN; Rpc = 3,35 kN.
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Hinh bai 11 Hinh bai 12

13. Cho két cAu khung nhu hinh v&. Hiy xac P C
dinh phan luc cta cac gbi A va B khi khung can
bing duéi tac dung cha Iuc ngang P. Bé qua trong a
lugng cua khung,
A B
PJ_
BS:Ra=Rp= —— | a f a |
I ! L
Hinh bai 13

14. Khung ba nhip ¢4 cac kich thuée nhur trén
hinh v& Xéc dinh phéan luc tai cac gbi A, B, C, D néu luc tie dung vao khung theo
phuong nim ngang. Bo qua trong lugng cuia cdc thanh trong khung.

P2 P2

DS: RA_"Z— RB PRc—P RD———

P _ G E F

Hinh bai 14
B. HE LUC SONG SONG
15. Dam AB dai 10m ning 200 N nim trén hai gbi d5 C va D. Gi d& C cach dau mat A
2m, gbi d& D cach dau mit B 3m. Pdu mit A cia ddm duoc kéo thing 1én trén nhér tai
trong Q = 300N va soi day vat qua rong roc, tai trong P = 800N treo vao dim tai diém cach
diu mut A 3m. Xéc dinh phan hrc ctia céc gbi d&, bd qua ma sat cia rong roc.
DS: R, =300 N, Rp=400 N.
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A C D B
Q L 2m "%U‘J 2m | 2m ‘ﬁ} 3m J

P

Hinh bai 15
16. Mot dém ngang dong chat dai 4m ning 0,5 thn dat séu vao tudng c6 chidu day
0.5m sao cho dam tua tai hai diém A va B. X4c dinh phan luc tai nhimg diém nay néu ta
treo tai trong P = 4 tin vao dAu mat t do cta dam.
DS: Na=34T, Ng=29,5T

c A <7
— 1B
VAN
3,5m | 0,5m |

O

17. Truc truyén ddng AB mang ba puli ¢6 trong lugng Py =300 N, P, =500 N, P; = 200
N, cac kich thudc nhu trén hinh v&. Bo qua trong luong cta truc. Xac dinh khoang cach
x gifra puli c6 trong luong P> va 6 truc B, sao cho phan luc & 4 truc B biang phan luc & 6

Hinh bai 16

truc A.
bS: x=13%m.
A8 s i
/ ‘ P, E Pzé E P, /I//
_ /
300-x | X
95cm | 110cmi | 05cm
1 300cm |
Hinh bai 17

18. Mot cén truc dat trén ba banh xe ABC. Cho biét kich thude cta cin truc AD =
DB = 1m, CD = 1,5m, CM = 1m, KL = 4m. Cén truc cén béng nhd dbi trong F. Trong
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lwong ciia can truc va déi trong 1a P = 100 KN dat tai diém G nam trong mit phing
LKMF véi khoang cach GH = 0,5m. Cin truc nang vét ning Q = 30 KN. Tim ap luc cua
banh xe 1&én dudmg ray ting véi vi tri mit phing LMF song song véi AB.

1
DS: Ny = 8% KN,NB=-78§ KN,Nc= 435 KN

C ;o; Hinh bai 18

19. Chu hinh cung ¢6 gbi di dong A va gbi cb dinh B trong lugng P = 100KN dit
tai diém gitra. Ciu chiu hop luc ciia tai trong gié F = 20 KN cach mat ciu 4m, nhip cau
AB = 20m. Xac dinh phan luc tai hai gbi d& A va B.

PS:RA=62,4KN; Xp=-11,2KN; Yg =46 KN

C. HE LUC PHANG

A
Y 5m
4
2m D
g
e Q
P
1A __
DT
Hinh bai 19 Hinh bai 20

20. Can truc ABC dung trong xudng dic c6 truc quay thing dimg AB véi AB = 5m,
BC = 5m, trong lugng can truc bang 20 KN. Trong tdm D ctia cén truc cach truc quay
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2m. Tai trong ning 1én treo & C va nang 30 KN. Xac dinh cic phan luc & gbi A va
ngdng B.
DS: X =-38 KN; X4 =38 KN; Ya=50KN

D
q
S
45%
A M C
AN B
L 2m | 2m J P
Hinh bai 21

21. Thanh AC duoc giit nim ngang nho gbi twa ¢b dinh A va thanh treo BD. Dau C
duoc budc vao mdt soi diy vit qua rong roc ¢b dinh hoan toan tron nhén, dau kia cla si
day budc vao tai vat P. Tai trong phan bé déu tac dung lén BC c6 cudng 4 q = 2 KN/m.
Biét M = 8 KNm, P = 4 KN, AB = BC = 2m, BD lap véi phuong ngang goc 45°,. B4 qua
trong luong céc thanh. Tim phan luc & A va tmg luc trong thanh BD.

PS: Xs =2 KN; Ya=-2KN; S =242 KN.

22. Mét cira cbng hinh chit nhat rong b = 2m lién két véi day cong trinh bing ban 1€
tru nam ngang, con phia trén c6 moc giit chét. Chiéu siu ctia nudc phia trudce cura cbng
12 h; = 4m; phia sau cira cbng 13 hy = 2m.

Chébt ban 18 va moc chju tat ca ap luc phén bb cla nude 1én céng. Biét ap luc riéng
ciia nude 12 6 = 10KN/m?; HK = 0,5m. Xéc dinh phén lyc cia chét ban 1& B va phan luc
ciia moc H.

DS: Rg = 17,8KN; Ry = 22,2KN.

— H
05m

Hinh bai 22 Hinh bai 23
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23. Xa AB = 1= 3m; bo qua trong luong ban than. Xa duoc giit nim ngang bdi ban 18

A va con lan B, chiu tic dung luc phin bd déu q = 2KN/m va F = 4KN ¢6 phuong
nghiéng so véi xa gée a = 60°. Biét a = Im. Tinh phan luc tai A, B.

DS: XA =2,0KN; Y, =2,98KN; N = 2,48KN.

24. Xa AB =1 = 3m, bo qua trong luong ban than, dugce lién két ban 1é tai A con ddu B

twa trén con lan nghiéng so v&i phuong ngang géc a = 30°, chiu tac dung luc phan bd

déu q = 2KN/m trén doan a = 2m va mét ngau luc M = 3KN.m nhur hinh v&. Tinh phan

luc tai A, B.
BS: Xa=2,12KN; Ya = 0,33KN; Np=4,24KN.

S
v T B
d

A
-

T

Hinh bai 24
25. Mot xa ddng chit AB =1 =2,7m trong luong Q = 10N tua trén mdt tru tron nhin
ban kinh R = 0,6m tai D. Dau A bt ban 1& con déu B treo vit nang trong lwong P = 5N,

goc o= 60°. Xac dinh phan luc tai A, D.
PS: Xa =33,5N; Ya = 4,5N; Np = 39N.

Hinh bai 25 Hinh bai 26
26. Vit ning trong luong P treo & diu day cubn quanh vanh trong ban kinh r cda tang
quay O, vanh ngoai ban kinh R ¢6 réng 4n vio c6c him nim ngang AB khéng trong lugng.

Tinh phan luc & truc quay O va cla céc him AB.

r r
DS: Xo=-P—;Ya=P; Spp=P—.
o} R A AB R
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27. Cho két ciu dim n3m ngang, chiu lyc nhu hinh v&. B6 qua trong lugng ban than
dim.Biét P = 5KN; M = 4KN.m; q; = 2KN/m; ¢, = 4KN/m. Xéc dinh phén luc tai ngam O.

PS: Yo =13,7KN; Xp = 2,5KN; Mo =19,02KN.m

7]
2 3m 1 4,5m
Y .

301
Hinh bai 27
D. HE LUC KHONG GIAN

28. Nép ddng chét ABCD ciia hdp chir nhat lién két ban 1& tai A, B va dugc gift nho
thanh chéng DE. Niap nang 12N, AD = AE, goc DAE = 60°. Bé qua trong luong thanh.
Tim phan luc tai A, B va img luc trong thanh DE.

PS: X4=1,73N; Za= 3N; Xpg =0; Zg =6 N; S = 3,46N.

C
4
Az b g
| B~ E
|
I —
I 0l
A e E| - _3;(
Hinh bdi 28 Hinh bai 29

29. Gi4 d& hang ABCD clia mét toa xe ¢6 thé quay quanh truc AB nho hai ban 1¢ tru H,
K duoc gitt & vi tri ndim ngang béi thanh bd qua trong lugng ED. Trong lugng tdng cdng
trén tim 1a P = 80 N va dit tai tdm cua tAm. Kich thude nhu hinh vé (don vi la em). Xac
dinh phan lyc tai H, K va img luc trong thanh DE.

I
DS: Xy~ 135 N:Zg=50N; XK=66§N; Zxk =-10N; S=66§N.
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30. Nip chit nhat ddng chat ning 40N duoc mé so voi phuong ndm ngang mot
goc 60° nher @i trong Q. B6 qua ma sat & rong roc D trén duong thdng dung, Biét
AD = AC. Tim tri s6 luc Q va phan luc & ban 1& A, B.

PS:Q=T=104N; Xp=0;Zg=20N; Xo=10N; Z4,=173 N.

Hinh bai 30 Hinh bai 31

31. Tém chir nhat ddng chit ¢6 thé quay quanh truc nim ngang nhé hai ban 1& A
va B. Nh&r thanh chéng EC nim trong mit phéng thing ding qua BC ma canh cira
duoc gitr ndm ngang. Tim c6 trong lugng P = 200N. Bé qua trong luong thanh EC;
CEB = 45°. Tim tng luc cta thanh va phan luc & A, B.

DS: S =100~+2 N; X4 = 0; Za = 100N; X = -100N; Zg = 0.

32.T4m chit nhat déng chét trong lugng Q duoc giir nam ngang nhd hai ban 1€ A,
B va diy DE nam trong mit phing thing dimg qua AD. X4c dinh phan lyc tai A, B va
suc cang day DE.

DS:ZA=0;XA:~&;XB=O;ZB=% T =

Q
2J3 V3’

24

W

\\(__-—”
D T T~_C
A
“ Q
Hinh bai 32
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33. Canh cira hinh chit nhat ddng chit ABEC ndng 640 KN, chiéu 1éng AC = AD =
1,8m, chiéu cao AB = 2,4m, ¢6 truc quay thing dimg, md mét goc CAD = 60° va dugc
gift & vi tri @6 nhd hai soi day: CD vit qua rong roc va kéo cang boi tai trong P =320 N,
con diy EF song song véi truc Ax bude vao diém F cta san. Bo qua ma sat & rong roc.
X4c dinh stc cing T cha day EF va phan luc & A, B.

DS: T=320N: XA =69 N; YA=-280N; Xg =208 N; Yg =440 N; Zg = 640 N.

P

y

A

>
777
/éi
|
|
|
\LN

PHHETEEEETTEN TS

PHEEEETETTETTT ]

TT7T 7T rrirrry

w
ﬁ/

JHIHETEEr it

PETTTEET T
INESNIRNNS NNy,

"E
Hinh bai 33 Hinh bai 34

34. Tru thing dimg AB dugc do boi & ban 1€ A va cbi B mang theo banh xe C va roto
D. Téng trong luong banh xe va réto 12 Q =200 N.

Banh xe C ¢6 bén kinh 10 cm v6i hai nhanh dai truyén song song, st cang T, = 100
N va T, =50N.

Cac kich thude nhu hinh v&. Tim cac phan luc tai A, B v mdémen ngau luc (P, P9
cn c6 & roto D dé hé can bing.

PS: M =5Nm; Zg =200 N; Yg =30N; X5 = Xg=0; Ya=-180N.

35, Xa dong chit AB trong lugng P chidu dai ] = 4b gin vao tudmg béng ban 1 ciu A
va duge gilt vudng géc voi tuong bing céc diy DE ca CG. Day DE nam ngang, con day
CG tao vl mit phéng ngang géc o. Tai B treo vét M trong lugng Q. Xac dinh phan luc
tai A va sirc cing ddy. Cho biét AE=AD =DC =b, AF = 2b.

32

DS: Xa= %E—<P+2Q)ctga; Ya= —23(P+2Q)ctga S Za=-Q;

2
Toe = 2(P+2Q)ctga; Teg= i Q-

sina
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Hinh bai 35

I

36. Dim ngang OC ddng chit dai 2m, trong luong P = 1000N chiu tic dung cia ngau
e (Q,0%) ndm trong mat phing nim ngang. Cho Q = 100N, a = 30°, EF = 20cm.
Dim lién két v6i tudmg bing gbi cu O va duge gilt cin bing nhd hai diy IB va CK,
OB = 0,5m. X4c dinh phan lyc & O va sirc céing cia cac day.

DS: T; = 1000N; T> = 80N; Xo =40N; Yo = 5403 N; Zo = 500N
zh

Hinh bai 36

37. Truc nim ngang AB ¢6 hai pu-li C va D mang dai truyén c6 thé quay quanh truc .
Ban kinh pu-li Rc =20 ¢cm, Rp =25cm, a=b =50 cm, ¢ =100 cm.

Luc cing & pu-li C nim ngang T; = 2T = 500N, con & pu-li D thi tao v6i phuong
thing ding g(?c o = 30° va T3 = 2T,4. Xac dinh luc cidng T4 va cac phan luc & A, B
khi truc cén bang.

BS: T4 =200 N; X, =-637,5N; Zo, =130 N; Xpg=-412,5N; Zg =390 N.

Hinh bai 37
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38. Nho truc quay AB nhu hinh v& ma tai trong Q = 100 N duoc néng Ién. Biét R = 5cm,
KD = 40 cm, KA = 30 cm, AC = 40 cm, CB = 60 cm. Day tiép tuyén véi dia C va nghiéng
véi phuong ngang goc 60°. KD nim ngang. Tim tri s6 luc P va phin luc & A, B.

DS:P=12,5N; Xa=-30N; Za=-35,7N; Xpg=-20N; Zg = 384N

Hinh bai 38 Hinh bai 39

39. T4m vuong déng chat ABCD canh a, trong luong P dugce gilt nim ngang nhd sdu
thanh 1, 2, 3, 4, 5, 6. Chiéu dai thanh dimg 12 a. B6 qua trong luong cac thanh. Tim dng
lyc trong sau thanh.

bS: 31283284: S5=0; Sz=86=-P/2

40. Tam chit nhat déng chat ABCD trong lugng P kich thude nhv hinh v&, dugc gift
nim ngang nhd khép cdu A, thanh CN, CK va day BI. Tai B treo vat M c¢6 trong luong
Q. Bd qua trong lugng day va cdc thanh, cic thanh lién két ban I& & hai dau. Lap céc
phuong trinh d€ xdc dinh phan luc & khép cdu A, luc cang day BI va iing luc trong céc
thanh CN, CK.

zA
E
|
|
l
F* 6 Q
Al \b D/ ¥
N ///
a I\ -
[P N
'r’I\a
B 1 P 3c

Hinh bai 40 Hinh bai 41
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41. Tam chit nhat dong chit ABCD trong luong P dugc gilf ndm ngang nhd séu thanh
nhu hinh v&. Bd qua trong lugng céc thanh. T4m chiu téc dung ca luc Q huéng doc theo
CD va clia ngéu luc (F, F*). Biét AB = a; AD = b; chi¢u cao AK =c.

Lip céc phuong trinh dé xdc dinh tng luc trong 6 thanh.

E. BAI TOAN PON PHANG, VAT LAT

42. Thanh ddng chit AB nim ngang trong lugng 100N ¢6 thé quay quanh ban 1& A
¢b dinh. Piu B duoc gift nho qué ta P = 150N budc vo s¢i ddy khong gidn vét qua rong
roc khéng ma sat. Tai diém K treo vit nang Q = S00N, véi BK = 2m. Tim d6 dai AB dé
thanh can bing.

PS: AB =2,5m.

A K
{7 o
AN
Q

Hinh bai 42 Hinh bai 43

43. Thanh dng chit AB niing 2N ¢4 thé quay quanh ban 1& A. Mt B treo qua can C
nang IN. Mot day khac ludn qua rong roc D ¢6 budc qua ¢an nang 2N va cling bude vao
B. Biét AB = AD, bé qua ma sat & rong roc. Tim goc o khi thanh cén bang.

PS: o= 120°.

44. Thanh ddng chit AB trong luong P, ddu A gin ban
1& véi tuong, ddu B budc vao day khong gidn luén qua €
rong roc khéng ma sat C va budc vao tai trong Q. Cho
AB = AC. Tim g6c o khi thanh cén bang.

PS:a= 2arcsin%.

45. Thanh AB dbng chét trong lugng P, dédu A gin
ban 1é v6i tran cdn ddu B budce ddy khdng giin ludn qua
rong roc khdng ma sat C va treo tai trong cé trong luong
Q. Biét AB = AC. Xac dinh géc o khi thanh cin bing. Hinh bai 44

2
DSs: COS%=Q+_Q_:_F£

2P
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Hinh bai 45 Hinh bdi 46
46. Don bay ABC nang 80N c6 truc B ¢ dinh, canh tay ddon AB = 40cm, BC =
100cm, trong tdm don bay léch vé phia phai dudong dimg BD la 21,2cm. Tai A va C
budc dy vét qua hai rong roc bo qua ma sat E va F, c6 mang hai vat nang P, = 310N,
P, = 100N. Géc BAE = 135° khi don bay cén bing. Tinh géc © = BCF.

45°
bS: o= {1350

47. Trong luong can truc khéng cd déi trong 1a 50 kN dat cach banh xe A vé bén
phai mot khoang 1,5 m. Tai trong nang cia cAn voi 1a 25 kN. Tay don dai 10m ké tir
banh xe A. Xac dinh dbi trong bé nhat Q va khoang cach lon nhit x ké tir trong tam dbi
trong dén dudng thing dimg qua B dé cin truc khong bi lat dd khi can truc c6 tai trong

5
~

ciing nhu khi né khéng c6 tai trong. Bo qua trong luong cén véi.

DS: Q= 31—:1;kN; x=0,75m.

Q o
i —=
| 96
| B A l [:I 25KN
~ x| 3m |ism ‘ 8,5m
| | |
Hinh bai 47

48. Cin truc nang Q = 200 KN ¢ db dai tay don /= 5m, chiéu rong ciia ddy AB =a =
4m. P41 trong ¢6 hinh 14p phuong canh b = 2m nang P = 50KN. Trong tdm cua can truc

nim trén dudng trung truc cia AB. Tim tai trong Ién nhat cén truc co thé ning dugc ma

né khéng bi lat quanh A.
N bS: G=130 KN.
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Hinh bai 48

49. Bé chira nude hinh tru cao 6m dudng kinh déy 4m dugc dat trén 4 cot dbi ximg,

trong luong ca bé va cot 1a 80 KN. Ap luc ngang cla gid tc dung 1én miit cét doc cua

tru v&i cudmg d6 q = 1,25 KN/m®. Tim khoang cach can thiét gilra céc chan cot dé bé
khoi bi 14t.

DS: AB = 15m.
05,05,05, 2,5m :
1 9 T |
g 6m da A
O 1 1 1 1
RN 4m A
= ' Q
= P" | l
. 1
XA B T, ey /
A B
Hinh bai 49 Hinh bai 50

50. Cho cén truc chay trén dudng ray co trong lwong P, = 40 KN, déi trong 6 trong
luong P> = 20 KN. Tim trong lugng lon nhét ctia vat cdu mé cn truc c6 thé nhéc Ién
duge ma khong bi lat. Kich thudce cho nhu trén hinh veé.

bS: Q< 20 KN.

E. BAI TOAN HE VAT
51. Cho hé két cdu chiu hé lyc nhu hinh v&, bo qua trong Iwong cic thanh. Biét
P; = 10kN; P>=12kN; M =25kNm; q = 2kN/m; ot = 60°. X4c dinh phan luc tai A, B va C.
bS: XA=-7,39kN; Y =12,8 kN; Xg = 4,39 kN;
Yg=7,86kN; Xc=-439kN; Yc=4,14 kN.
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4m

Hinh bai 51 Hinh bai 52

52. Hai xa ddng chit dai nhu nhau ndi khép véi nhau tai didm C; tai cac diém A va B
chiing ciing dwoc gin khép voi b1 d5. Trong luong cia mdi xa bang P. Tai trong Q treo
vao diém C. Khoang cach AB = d; khoang cach tir diém C dén dudng thing nim ngang
AB bing b. Hay x4c dinh phan luc tai cac khép A va B.

bS: -Xa=Xg= i(P+Q); Ya=Yg= P+9—.
4b 2

53. Thanh ddng chit AB va AC cimg tira trén mdt san tron nim ngang tai diém A vatua
vao nhau trong mot mdt phéng tron thing dimg; ngoai ra ching cdn tua vao cac tudng tron
thing dumg tai cac diém B va C.

Hay x4c dinh khoang cach DE giiia cc biic trong dé céc thanh lGc tao vdi nhau goéc
90° s& & vi tri can bﬁng. Cho trude d0 dai AB = a; AC = b; trong luong cua thanh AB
bing Py, trong luong cia thanh AC béng P».

Hinh 53 Hinh 54

54. Ba éng nhu nhau ciing trong luong P = 120 KN dit nim nhu hinh vé&. Bé qua ma
sat. Hay xac dinh ap luc cua mbi éng nam dudi Ién dht va 18n céc tudng gilt chung.
PS: Ap luc lén dét bang 180 KN.
Ap luc 1én mdi tudng bang 34,6 KN.
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55. Hai tru tron ddng chit nhw nhau cing bén kinh r va
cimg trong lugng P nam trén nén ngang; dong th¥i tAm coa
chung duoe nbi voi nhau bing soi day khéng giin dai 2r.
Mot tru dong chét thir ba ban kinh R trong Iwong Q ddt ndm V4

yén [én hai tru trén. >

Hay xac dinh sirc cang cua day, ap luc cta cac try ién nén
va ap luc tuong hé gifta cac tru. B6 qua ma sat. Hinh boi 55
Q

PS: Ap luc ciia mdi tru nim dudi 1én nén bang P + ER

Ap It gitta tru trén v6i méi tru dudi bing — 2ot D).
p luc giira try tr . ——
24R? +21R

Qr

Sirc cang ctia diy bang —e———u.
24/R* +21R

56. Xa ddng chit AB c6 thé quay quanh truc nim ngang A va tua 1&n mat tru tron ban
kinh r. Tru ndm trén mat phing ngang tron va duogc giit bing diy khong gian AC. Xa
nang 16KN; d& dai AB = 3r; AC = 2r. Hiy xac dinh stc cing T cua diy va é&p luc cua
x4 1én khép A.

DS: T=6,9KN; X4 =-6 KN; Yao =-12,5KN.

Hinh bai 56 Hinh bai 57
57. Thanh déng chit AB chidu dai 2a trong lwong P ¢6 thé quay xung quanh truc ndm
ngang qua A & dau mut thanh. Thanh AB tua lén thanh ddng chit CD ciing ¢ chiéu dai
2a, thanh nay c¢é thé quay xung quanh truc ndm ngang di qua trung diém E cta né. Céc
diém A va E cing nam trén dudng thing dimg, AE = a. Tai D treo vt nidng Q =2P. Bo
qua ma sat.
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Xéc dinh goc @ hop béi thanh AB va phuong thing dimg khi h¢ can bang.
bS: o= arccos% =82"50".

58. Hai thanh ddng chit AC va BD c6 chiéu dai Q
béng nhau va co trong lugng Py = P2 =40 KN duogc

néi vi nhau bing ban 12 & D va gn vdi tuong thing

dimg bling ban 1& & A va B. Thanh AC ndm ngang

con thanh BD hop véi dudng thang dimg goc 60°.

Lue Q hop véi phuong ngang goc 45°. Biét Q = 100
KN. Xéc dinh phan luc lién két tai A v B.

DS: X, =-287KN; Yo =6 KN;

Xg =216 KN; Yg = 145 KN.

59. DAm AB chidu dai 4m trong luong 2000 N ¢ thé quay xung quanh truc nam

ngang A con dhu mut B tua 1én dam CD. Biét CD = 3m ning 1600N tia lén diém E va

ndi véi tudmg bing ban 18 D. Tai diém M va N dit cac vét ndng, trong luong mdi vat

S0ON. Biét AM = 3m, ED =2m, ND = Im. X4c dinh phan luc & cac gié tua.
PS: R, = 1200 N; Rg = 1600 N; Ng = 4000 N; Rp = 0.

Hinh bai 58

A B
3)1* O 7 E O ?(E
M & N
| 3m | 1m | 1m | Im | lm |
| | | 1 3 1
Hinh bai 59

60. Trén mit ngang nhan ngudi ta dung
mot thang kép gdm hai nita thang AB va
BC, ndi véi nhau bing ban 1& B va soi day
EF. Cac thanh déu dai 3m va nang P, = P2
— 120 N. Cho AE = CF = Im. Tai diém
D cach B doan 0,6m c6 mdt ngudi nang
Q = 720 N dimg. Xac dinh céc phan luc ¢
A, C, B va suc cang day EF. 7//////////////7/////////"/////////////////////A

DS: N, = 408N; N = 552N; X, =552N; Hinh bai 60

Y= 288N; T=522N

61. Mot chiéc ciu gdm hai phdn néi nhau bang ban I B. Géi cb dinh A, C. Trén toan
chidu dai cuia ciu tac dung tai trong phin bé déu q = 10 KN/m.
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Kich thuéc cho trén hinh v&. Tim phéan Iuc lién két & A, B, C.
DS: Xa=Xc=50KN; Yo =Yc =100 KN; Xg = 50 KN; Yg = 0.

2 a
ety by b by vy
A
,//A B
j M
Z
T e )
B 7 7 E
“
10m 2
J 2 60
A C .
L 10m _L 10m Z
Hinh bai 61 Hinh bdi 62

62. Ba thanh AB, CD va KE khéng trong lugng lién két véi nhau bang ban 1é E
va thanh khong trong lugng DB. Cho AB = CD =4m, AC=BD, ED = Im. Biét M =10
KN.m; g =2 KN/m; o = 60°. Xdc dinh phan luc tai A, C va ing luc trong céc thanh BD,
EK.

DS: XA=0; Ya=4KN; Xc=15KN;
Yc=4,7KN; Sgp=4 KN; Sk =173 KN.

63. Mt cn truc dat trén hé hai ddm nim ngang AC va CB ndi véi nhau bing ban 1é C,
bi ngam & A va duoc do bai gbi di dong B. Bé qua trong luong hai dim, biét trong lugng
can truc 1a Q = 50 KN tac dung trén dudng thing démg qua C, trong lugng vat duoc chu 1a
P =10 KN. Kich thudc nhu trén hinh v&. Tim phan luc 1ién két tai A, B, C.

PS: Xa=0; Ya=53,75KN; M, = 205KN.m;
Ng =6,25 KN; X¢c=0; Y =43,75 KN.

(a2

3

5
—ag
5

7m
4m Sm

Hinh bai 63
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64. Cho hé thanh c6 kich thude va chiu lyc nhu hinh v&. Biét P = 8 KN; ¢ =2 KN/m.
Xac dinh phan luc tai A, B, CvaD.
PSs: XA=XD=4KN;YA=YD=4KN;RB=RC=2OKN.

Hinh bai 64
65. Toi hai bic B treo vt D trong luong Q va ndi véi truc C ctia con lan A trong
lugng P nhu hinh vE. Néu hé cén bing, tim ap luc do A téc dung vao tudmg va goc o tao
b&i nhanh day ndi gitta hai vét A, B véi phuong ngang. Bo quama sat tai O va L.

PS: N= Qreosa ; sino =ﬂz-.
R Q

Hinh bai 65 Hinh bai 66

66. Cho co cau tay quay culit nhu hinh v&. X4c dinh mdmen M, ctia ngﬁu luc dat vao
AB dé cin bang voi md men cua ngau luc M, dit trén CD va phan lyc tai A, C khi
AC 1 AB. B0 qua ma sat va trong lugng céc thanh.

Msinao

DS: RA =RC = 4 M] = MSiI'IZO!..
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67. Thanh AB dugc gan ban 1é & Q. Tai diém C véi OC =/ ¢6 thanh CD twa lén. Dau
D ciia thanh CD duoc treo bdi ddy thing dimg DE. Trong lwong ctia thanh CD 14 P. X4c
dinh khoang cach tir O dén diém F treo vat ning trong lwong Q dé thanh AB cén bing
tai vi tri nim ngang. Boé qua trong lugng cta thanh AB.

ps: OF = L.
2Q

Hinh bai 67
68. Nguoi cdng nhin ¢6 trong Jwgng Q, dimg trén ddm ngang AB = L, tic dung mét
lue thing dimg vao tay quay Ol =/, & vi tri ndm ngang dé giit cho vt E ¢6 trong luong P,
duoc c4n bang. Tang quay D c6 ban hinh R va trong lwong Py. Ngudi cong nhén dimg
trén ddm tai vi tri cach ngam A mét doan béng a. B6 qua trong luong dam AB, trong
luong tay quay OL Tim phan luc tai A va O.
DS: Xs=0:Ya=Q+P, +Py; Mao=Qa+P,L+P{(L+R);

Xo=0; Yo=P +P2(1 +%)

D

N\
[
o
|

N

=
joe]

NN

Hinh bai 68
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69. Tim d6 16n cta luc ép 1én véit M trong may P

ép cho trén hinh v& khi tac dung luc P vudng goéc A
véi tay don OA ¢é truc O ¢b dinh. Tai vi tri dang /
xét ciia may ép, thanh kéo BC vubng géc vol
OB va chia déi goéc ECD, OA = a, OB =b va géc E
CED = CDE = . B6 qua trong lugng céc thanh va ¢ B
tay don OA.
D 0
PS: N = P.a TR .
2b.tga Hinh bai 69

70. Cho hé két cau chiu luc nhu hinh vé.
Biét: g =2 kN/m; P, = 10 kN;
P,=12kN; M =18 kN.m.
Bé qua trong luong ban than céc két cdu. Tim phan lyc lién kéttai A, B, C, D.
DS: Xa4=2KN; Y4 = 26,5KN; Y= 1,8KN;
Xe=0; Y =-6KN; Yp = 6KN.

P, m 3m ,
l. o——0
l q_u_) M /77%7”
2 ~3 p A
| - /2
Al —4A\ 60° B °B
3m 3m o
““““““ BRSNS NNNN SNALNANNANRANNNNNANAN
Hinh bai 70 Hinh bai 71

71. Khdi 1ap phuong A c¢é canh a, trong luong Q n3m trén mit phing ngang nhén.
Qua cu B c6 trong lwong P, ban kinh r dat trén mat phéng nghiéng nhin, ldp goc a voi
phuong ngang va tua vao mot phia vat A. Phia bén kia cia A tya vao g C. Tim gia tri
clia Q dé vat A khong bi db. Bo qua kich thuge cia C.

2 Pr tgactg[ﬁlSO - ‘;J

psS: Q=
a

72. Hai qua cAu dbng chit nhin C; va Cy, ban kinh tuong tng 12 Ry, R; va trong lugng
P,, P,. Hai qua cAu ciing treo vao diém A bing cac diy AB va AD. Cho biét AB =1,
AD = b; i+ R, = + Ry, gbc BAD = a. Hily xac dinh goc 8 ldp boi ddy AD v6i mat
phing ngang AE, luc cang T, va T; cta céc déy va ap luc twong hd gitra hai qua ciu.
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DS: tgb=- _
Psino
N = —P,cos0
cOs —
G. BAI TOAN DAN Hinh bai 72

73. Xac dinh phan hre lién két & cac gdi tua va luc doc trong céc thanh clia dan
phing gém 7 thanh gin khép véi nhau, chiu tac dung céc luc P, Q tai cac nit C va E
nhu hinh v&. B6 qua trong luong cac thanh. Biét géc ACF =DEF =0, CAF = 90",

PS: R = /(P +Q)? +Q%ctg’ar ; Rac = Q ctgan. Ty = (P+Q);

T;=Ts=0;T3=Ts= ; Te=T7=-Qctga;

Sinc

Hinh bai 73 , Hinh bai 74

74. Xéc dinh phan luc tai cdc gbi A , B va luc doc trong it ¢4 cac thanh cda dan phing
chiu tic dung ctia luc nhur hinh vE&.

BS: Xa=-1KN; Y,=3KN; Ng=1KN.

Chi sb thanh 1 2 3 4 5 6 7 8 9
Ung luc (KN) | -2 2 -1 1,41 2 424 | -4 | 141 | A1

75. Hai tai trong thing ding nhu nhau P = 10 tin d#t tai cac ntt C va D cha dan ciu
nhur hinh v&. Cdc thanh nghiéng déu 14p géc 45° véi phuong nim ngang.
Hay xac dinh tmg luc trong cac thanh 1, 2, 3, 4, 5, 6 do cic tai trong trén giy ra.
DS: §;=-14,1T; 8, =10T; S; = 14,1T; S4 = -20T; S5 =0; Sc = 20T.
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Hinh bai 75
76. Ba tai trong thing dung P = 10T dt tai cdc nut C, D va E cla dan cu nhur trén
hinh v&. Cac thanh nghiéng déu lap goc 45° véi phuong nam ngang. Hay tim img lyc
trong céac thanh 1,2, 3, 4, 5, 6,7, 8 va 9 do céc tai trong gy ra.
PS: 8, =-15T;8,=0;S;=21,2T,
S;=-15T;Ss=-5T; S = 15T}
S;=71T;S:=-20T; So=0.

Hinh bai 76

77. Hay x4c dinh phan lyc cia cac goi tua va img luc trong cac thanh cta dan chiu

luc nhu hinh v&.
DS:RA=3,25T; Rg=2,75T.

Chi sb thanh 1 2 3 4 5 6 7
Ung luc (T) 1,3 3,03 -3,5 2,5 2,6 1,73 | -1,73

o
D

I

T

Hinh bai 77
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78. Hay xac dinh bang phuong phép giai tich phan Iuc cta cac gbi tua va (mg luc
trong cac thanh cta mot két cAu chiu lwc nhu hinh vé.
PS:Xpa=-2T; Ya=14T; Ys=2,6T.

Chi sb thanh 1| 2 | 3 4 | s 6 7 8 | 9 |
Ung luc (T) 45 | 45| 2 |-244| 244 2 0 | 2,6 -1,4]

Hinh bai 78

79. Hay xac dinh phan lyc clia cic gdi tya va tmg luc trong cac thanh cua mdt dan
ciu chiu lue nhu trén hinh v&.
bS:Ya=21T; Xg=-2T:Yp=29T.

Chi sb thanh 1 2 3 4 5 6 7 8 9
Ung lue (T) 297 |21 (21| 21 1,5]09 0] -41 |09

45m | 45m | 45m |

Hinh bai 79 Hinh bai 80

80. Hay xac dinh phan luc cua céc géi tua va ung luc trong cac thanh cia mdt dan méa
hién chiu luc nhu hinh vE.
DS: XA=54T,YA=06T;Xp=-54T.

Chi s6 thanh | 1 2 3 4 5 6 7 8 9 | 10 |11
Unglue (T) | 5,4 | -3,6 | -1,8 12,06 (2,06 | 41 | -6 | 35| 3 |27 2
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81. Hily xac dinh phan lyc cia cac gbi tua va img luc trong cac thanh ctia mdt dan

ciu chiu luc nhu trén hinh v&.
DS YA=2,1T; Xg=-2T; Y= 2,9T.

Hinh bai 81
Chi sé thanh 1 2 3 4 5 6 7 8 9
Unglue (T) | -2,97 | 21 2,1 2.1 1,5 0,9 0 4.1 0,9

H. BAI TOAN MA SAT
82. Truc A trong luong Q dat trén mang truot nim ngang B tao boi hai mat phing

nghiéng hop véi nhau mdt goc o nhu hinh vé. Biét hé s ma sat truot 1a f. Tim luc

ngang P ¢co6 thé kéo truc A.

fQ

sinot /2

ps: Pz

Hinh bai 82

¢ nam ngang khong nhin c6 con chay A, trong luong P. Nhér sot ddy

83. Trén tru
€ s ma sat trugt

vong qua rong roc B con chay bi kéo boi vat ciing trong luong P. Biét hé
f = tgo. Tim géc nghiéng o cla doan day AB v6i dudmg thing ding khi cén bing
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M&o\‘l;
o

=}

P

Hinh bai 83 Hinh bai 84
84. Thanh ddng chit AB ¢6 trong lugng P, tua 1én nén khong nhin nim ngang & dau

A va duge gilt ¢an bang & vi tri nghiéng 45° nhé didy BC. Tim géc nghiéng o clia day
khi thanh & trang thai sip trugt.

DS: tga=2+%

85. M6t thang AB trong luong P tira 1én mét birc tudng nhin con mét ddu tya 16n san
khong nhin nim ngang. Luc ma sat tai du B khong 16n hon N trong d6 f la hé sb ma
sat trugt tinh con N 1a phan luc phap tuyén. Hoi phai dat thang nghiéng mét géc o bing
bao nhidu d& mdt ngudi ¢6 thé di tir B dén A néu trong lwgng ctia ngudi d6 13 Q.

2
DS: tgo = _P+2Q .
2f(P+Q)

86. Thang AB mét diu tua trén tudng thing ding co hé sb ma sat 14 £, d4u kia tua trén
nén ngang voi hé sb ma sat 1 f;. Trong hwong thang va ngudi dung trén thang 13 P dat tai C

.. AC - : s z X a A 13 s 1z .
vl C—=£ . Tim géc¢ omax gilta thang va tudmg dé thang van con can bang va phan luc tai
m
A va B khi do.
m+n)f P
BS:tgamax=w; Ny=—2—; Ng= F_
m —nf f, 1+fif, 1+ff,
y4 YA
A A:
2\\n
[od
7 C
4
I
o\ B
O "; O', B —>X
Hinh bai 85 Hinh bai 86
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7. Dim AB ddng chit dai 2a duoc tua vao g C cé dinh c6 d6 cao 1a h va mit dudi
clia né tua trén miat phing nam ngang tai A. Biét gid tri nho nhét cia géc a = OAC khi

dim con can bang 1& a,. Tim hé b ma sat f tai diém A. B6 qua ma sat tai C.

asin’ o, cos o,

DS: = - 5 —-
h—asino cos” O
. a
-
)
A
T ./F I Z B
7 | v
b g 7
73
|7 P
B
|
N
Hinh bai 87 Hinh bai 88

88. Gia d& AB trong lugng khong dang ké, ddu B treo vat néng P, d4u A 14 bng tru
chiéu dai b = 2cm truot doc ot thing dimg khong nhin. Biét hé sb6 ma sat trugt 1a £=0,1.
Xac dinh khoang céch a giifa truc cia cot 141 diém treo vat P dé gia d5 can bang?

PS:a=10cm.

9. Ném A co do nghiéng tgar = 0,05 duoc chdn xubng d6 sdu BB, boi luc ¢6 cudmg
d6 Q = 6kN. Xac dinh ap luc phap tuyén N 1én ma clia chén va cuong dd luc P cn thiét

d& kéo chen 18n néu hé s& ma sat £=0,1.
PS: N =20 kN; P=2kN.

an/a 77 G2
Hinh bai 89 Hinh bai 90

90. Hai vat A va B trong lugng P va Q nim trén hai mat phang nghiéng, nghiéng
cic gbc o va B so voi phuong ngang, dugc ndi voi nhau bing mot s¢i ddy duoc ludn
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qua mét rong roc ma sat khong dang ké. Biét goc ma sat gifra mat phing nghiéng véi

céc tai trong 13 ¢. X4c dinh tj s g khi hé can biing.

DS sin(f— ) < P < sin(B + ) '
sinfa+¢) Q sin{(e—o)
91. Trén hai mit AB va BC ctia khung tam gidc vudng can c6 hai vit G va H cing trong
luong néi véi nhau bang soi ddy vat qua rong roc B, ma sit khong dang ké. Hé s6 ma
sat gifra cac vat va cac mit déu 1a f. X4ac dinh goc nghiéng o ctia AC voi phuong ngang
khi G bt d4u trugt xudng,
bS:tga=1{.

Hinh bai 91 Hinh bai 92

92. Con lan A ddng chit ban kinh R, trong lugng P dugc dat trén mit phing ngang
va tua vio g& chin c6 dd cao h so véi mat dht. He s6 ma sét truot gifta vat A, go chin
va mit d4t déu bang f.

Tim gia tri mémen 1ém nhit cia nghu luc tac dung 1én vt A dé vat can biang.

RfP(f +cosa —fsina ) . R-h
= ; sinoL = .

bS: M >
(1+f)cosa

93. Thanh ddng chit AB ning P dit giita hai gbi B
d5 C va D. Hé sb ma sét truot gifta thanh va gbi 1a f.
Tim d% dai 2/ cua thanh d& né c6 thé can bing néu
goc gifra thanh va phuong ngang 1a a, CD = a; AC =
b. Bé qua bé day thanh.

Hinh bai 93

DS: />a+b; 2!22b+a+ffl—tga. A

94. Thanh déng chit AB trong luong Q tua tai
diém B 1én tudng thing dimg khong nhin. Hé s& ma sat giita thanh va tudng béng f. Diém
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Piém A cia thanh tua vao san ngang nhén. Thanh dugc gilr can bing nhe ddy AD vit
qua rong roc D. Pau cudi day treo vat nang trong lugng P.
Tim cc gi4 trj cuia trong luc P dé hé can béng.

PS: 1) Néu tgo>f: -L—SPS——&—.
2(tga +1) 2(tgo— 1)
2) Néu tga < f: PZ——Q—.
2(tga +1)
B
o

A D

P
Hinh bai 94 | Hinh bai 95

95, Vit A c6 trong lugng P dugc bude day quan vao vanh ngodi ban kinh R cua tang
quay hai bic C. Vanh trong ban kinh r lai dugc quan ddy budc vao vit B. Vat A nim trén
mat phing nghiéng khéng nhin ¢ hé sé ma sat 1a £ Tim trong heong Q cha vat B dé cho hé
cin bang. Cho biét R = 2r. |

PS: 2P(sino. — feoso) < Q < 2P(sino + fcosa).

96. Con lin trong lwong Q, tua trén hai géi tua A va B
¢6 vi tri dbi ximg dbi v6i duong thang dimg. Hé s6 ma sét
gitta cac diém tua véi con lan déu bing f.

Luc P dit vudng goc vdi dudmg kinh nim ngang va tiép
tuyén dudng tron cta con lan. Véi gia tri ndo cta P con lan
bat dau quay.

fQ

PSs: P= 5 .
(1+f)cosO-1f Hinh bai 96

97. Hai khéi lap phuong ddng chét A va B trong luong trong ing P va Q, khéi A dit
trén mit ngang khong phin véi hé s6 ma sat f, khbi B dit trén mat nghiéng nhan lap voi
phuong ngang goc «, canh cia B tya 1én mit bén cta A. Tim mdi quan hé gitta P va Q
khi hé can bing va khoang cach OK. Trong d6 K 1a diém dit cta phan luc mat tua, biét

cic canh clia lap phuong 12 a va b tuong img.
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DS: Pfctga > Q; OK = 3+QEP;—OL.
2 Pcos o

Ay

B

Hinh bai 97 Hinh bai 98
98. Thanh AB chidu dai 2a tua trén mit phing ngang khong nhn tai A va diém C
tira Ién gb tudng nhin thing dimg voi d§ cao a. Tim hé s6 ma sét nho nhit giita thanh
v&i san dé n6 can bing & vi tri goc o = 60°.

4
pS: £> COSG,ZSII] o =0,48.

1—cos” asina

99. Xe 6t6 trong luong P db trén mat phing nghiéng.
Chidu cao trong tim G ciia xe so voi dudng bing h, hé sb
ma sat gilta cdc banh xe v6i mat dudng 1a f. Khoang cach
giita cAc banh xe bang 2b. Tim gia tri cia goéc nghiéng o
tao boi mdt dudng véi phuong nim ngang sao cho xe A
trugt va 14t d6.

DS: Xe bj I3t d&: 2> tgo > b ik bai 99
Xe bi trirgt bén: %& tga > f.

100. Thanh CD ¢6 chiéu dai / va trong lugng P, d4u C tua vao dim ngang AB, diu D
tua vao tudng. Thanh CD cdn duge bude vao diy ndm ngang vit qua rong roc ban kinh
r va treo vat G trong luong Q. Hé sé ma sat truot gitta thanh DC véi dim AB va véi
tudng déu bang f. Bd qua trong luong cita ddy, rong roc va AB. Tim gia tri 1on nhit cia
Q dé thanh CD cén bang & vi tri tao goc o véi dam AB.

_ Pl(fzcosa + 2fsinc, — cosa )
2[l(fcosa +sina. )—1(/ +£2)]

BS: Qmax
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[
A acﬂr

C =

Hinh bai 100 Hinh bai 101
101. Hai thanh AC va BC ndi véi nhau bing ban 1& C, bai thanh dai nhu nhau vi ¢o
ciing trong luong. Cho biét h¢ s6 ma sat gilta thanh v6i san bing f. Xéc dinh goc dé cho
hé can bang.
bS: tgo = -1—
_ 2f
102. Cho co ciu may him phu hinh v&. X4c dinh gia tri nho nhét cha P dé vat C duoc
giit can bing trén mat nghiéng. Cho bibt hé s6 ma sat gifra vat C va mat phéng nghiéng
Ia f,; gitra ma ham va vanh xe 126, Ppdiyctamihimlae. Vat C c¢6 trong lugng Q.
r(a—ef, )(sinc — £, cos a)Q
Rf,(a+b)

bS: Pmin =

° N B e

|
il
!

Hinh bai 103

Hinh bai 102

103. Cho co cAu ham nhu hinh v&. Lyc F phai bing bao nhidu dé ham dugc baoh xe,
cho biét banh xe chiu tac dung cia md men quay M = 160Nm, hé sb ma sat gifta ma
ham va banh xe f =0,2. Biét 0,C=0;D=2a=0,4m; CA=DB=b=0,6m; R=0,2m;

0,0; = 0,4 m. Bé qua dd déy ma him.
PS: F> 800 N.
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104. Tang quay B hai tang trong luong G, ¢6 cic ban kinh R, r dugc giit béi hai thanh
KC, KD khéng trong luong. Tang dugc quén day treo vat ¢6 trong luong Q.

Dé giit can bang, du A cta cdn him chiju tic dung P
cha lyc P tao géc a véi phuong ngang. Cin him OA A,.é,a
thing ding vdi kich thude OF = a, EA =b.

Thanh KC ndm ngang va KD tao géc B vdi phuong
thing ditng. Cho biét hé s6 ma sét gita E va B1a f. B6
qua do ddy ctia m4 ham.Tim luc P, d& hé can bang
va xdc dinh Ung luc trong cic thanh KC va KD.

Qra

PS: Prjn= —————————;
i R.f(a + b)cosa.
QR -fr)+GR
SD = s
R.cosp
g.— Qa+byoso [PR—fr)+GR]sinp Hinh bai 104
¢ a RcospB '

105. Xac dinh tri s6 nhé nhét ciia lwc P dé hé c4n bing va phan Iuc tai ban 1& O, cho biét
hé sb ma sét gilta gudc hm va banh xe 1 f, trong luong vat treo 14 Q. Cac kich thude cho
trén hinh vé&. Bo qua trong luong cac thanh O,C, AB, 46 d?ly guéc ham.

r{b -1} T
bS:P. =—|—- s Xg=—=; Yy =—| ———+— )
min aR[f CJQ °oTTR v Yo R(af fJQ

Hinh bdi 105 Hinh bai 106

106. Hiy xac dinh d6 16n géc o sao cho con ldn trong lugng P, ban kinh R khéng lan
trén mit phang nghiéng khong nhin, biét hé sb ma sat lin bang k.

PbS: —2>tox.
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107. Tim tri sb luc P @ con lan ban kinh R = 30cm, nang Q = 300N lan déu trén mat
phing khong nhan vo6i hé s& ma sat 1an k = 0,5 cm va géc gitta luc P v6i phuong ngang
1a o = 30°.

PS:P=5,72N.

108. Trén mat nam ngang c6 banh xe ddng chét tam O ban kinh R, trong lwong P chiu
tac dung ngdu luc M va lyc Q nhu hinh v&. Biét hé sb ma sit truot 12 f, hé s6 ma sat lan 13 k.
Xac dinh trj sb momen M va trj s6 Q dé banh xe cén bing.

PS: Q< fP; QR—kP <M < QR+ kP.

A

‘ PPl B
Hinh bai 107 Hinh bai 108 Hinh bai 109

109. Con lan hinh tru tron ddng chdt A ¢6 trong luong P duoc dat trén mat phing nghiéng
géc o khong nhin, chiu tic dung cia nglu lyc ¢6 mémen M. Cho biét ban kinh ciia A 13 R,
hé sb ma sat trugt va hé & ma sat lan gifta vat A voi mat nghiéng la fvak Tim ga trl cia
gbc o dé vt A khong bi truot va tim gi4 tri cua moémen M dé cho vat A khong bi 1an.

DS: tgo < f; P(Rsina — k coso) SM < P(Rsina + k cosc).

RNNNNNN TR ETETETETETETEERRRRESENNSY
Hinh bai 110

110. Trén mit dudng ndm ngang c hai banh xe A va B dbng chit cing trong luong Q
ban kinh R ndi voi nhau bing than xe AB (xem nhu thanh ddng chit) trong lugng P. Hé sO
ma sat trugt va ma sat 1n giita banh xe va mat dudnglaf k.

X4c dinh luc S ndm ngang can dit vao than xe dé xe & trang thai sap lin khong truot.

PS: S= g(p +20Q) < f(P+2Q).
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111. San trong lugng P nam ngang trén hai banh xe A va B. Hai banh xe nay dong
chat cling ban kinh R, trong lwong Q, lin khéng trrot trén mat ndm ngang. Biét hé sé ma
st trugt va hé sb ma sat lan giita banh xe va mit duong, san lan luot 14 £, k. vi tri trong
tdm san cho trén hinh v& Xac dinh luc kéo nim ngang S dé xe & trang thai sép lan
khong truot.

DS:S=-II§—(P+Q)S fp

Hinh bai 111 Hinh bai 112
112. Thanh dé‘)ng chit OA =1¢6 trong lugng P, tua trén con lan déng chét B ¢6 ban
kinh R trong luong Q. B6 qua ma sat gifta QA va B. V4t B duoc dit trén mit phing
ngang khong nhin. Hé cin bing & vi tri nhu hinh v&, thanh OA tao géc o véi phuong
thing dimg, khoang cach tir O ¢én duong téc dung cia luc Q 13 a.
Hay tim phan luc tai O va gia tri 16n nhat P, ¢ B bit d4u lan néu biét hé sb ma sat
lan 14 k.
Plsin? a.cosa ] _ Plsin® o p 2kQ(a+rcosa)

bS: Xp=———; Yy=P- * Tmax T 2 :
2(a+rcosa) 2(a+rcoso) [sin” afrcosa —ksin o)

113. Con ldn A c6 trong lwong P va ban kinh R ndm trén mit phing nghiéng khong
nhan, lip géc o véi phuong ngang. Truc cia con lan
quin day vit qua rong roc, dau cudi day treo vt B ¢6
trong lwong Q. Hay xdc dinh Q dé hinh tru khdng lin
néu hé s6 ma sat lin bang k.

DS: —%Pcosa+Psina$QSPsima+kpcﬂ

Hinh 113
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K. TRONG TAM
114. Hay xé4c dinh trong tdm G cua di¢n tich gi6i han boi nira dudmg tron AOB ban
kinh R va hai doan thing AD vi DB dai bing nhau, trong d6 OD =3R.
3n+16
3n+12

bs: 0G = R=1,19R.
115. Hay xac dinh trong tdm G cia dién tich hinh vién phan (mot manh hinh tron)

ADB ban kinh AO =R = 30cm, géc AOB = 60°.
PS: OC=27,7cm

A
D G _ _og %0
B
Hinh bai 114 Hinh bai 115 Hinh bai 116

116. Hay xac dinh trong tdm G dia trdn dong chit co 16 yh
héng tron, cho trude ban kinh dia 12 r; = R, bén kinh 15 hong ’

2 e M . ” , I
bing r,, tm 16 hong nam cich tam dia khoang;‘.

2
no

PS: xg=— —*—-
2017 —13)

117. Hay xac dinh trong tdm G cua tiét dién ngang hinh
thude tho ¢ chidu OA = a, OB =b va dd day AC=BD =d.

a’+bd-d* vom b2 +ad-d>
2a+b-d)  ° 2Ab+a-d)’

118. Hay xac dinh khoang cach tir trong tim G cua tiét dién
ABCD hinh chit T dén canh AC, biét ring chiéu cao BD = h,
chidu rong cia canh AC = a, ¢ day canh bang d va do day
thanh bang b.

Hinh bai 118
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119. Hay xdc dinh trong tim G cta tiét dién hai chit T, kich thude nhu hinh va.

DS: X =9m
120. Hay x4c dinh trong tdm G ctia ban ddng chit nhu trong hinh v&.
Biét AK=2cm, IK = 1.0 cm, AB = 3cm, BC = [0cm, EF = 4c¢m, ED = 2cm.

10 10
PS:xg= Sgcm; vo=1—cm.

2 2
K ;}r_n 20cm cm y ] 2em 5
Zcm o
2 N // 1
7 K 4cm
G % f % F
20cm T 2 | Sem Jem / I /
. il L7 em
% B C
L G o 10cm
Hinh bai 119 Hinh bai 120

121. Trén mdt bang vudng déng chit ABCD c6 canh AB = 2m, ngudi ta cit mot 18
héng vuéng EFGH, canh cta n6 bang 0,7m va song song voi canh ctia ABCD. Hay xac
dinh trong tdm ciia phan bang con lai; biét ring OK = 0,K = 0,5 m. Trong d6 O va O, la
tém cua cac hinh vudng; OK va 0K song song véi canh tuong tng cua hinh vudng.

DS:x=y=-0,07cm

; YA a

g YA B Dlr/ T

7 AN, 7

///// éh <>O:F§ //
//7}}”,/9/ % G a
// K7

/// %c ) SRS

Hinh bai 121 Hink bai 122

122. Cho tdm hinh vudng ABCD canh a; hiy tim diém G bén trong hinh, sao cho né
12 trong tAim G ciia hinh vudng d3 bj cit di tam gidc can AGB.

DS: xg=0,53; ys=0,61a.
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