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Ji NOI PAU

Co hoc k§ thudr 13 mét mon hoc co s& trong chuong trinh dao tao sinh vién
& céc truong dai hoc k¥ thuat. Mon hoc nay & nude ta trong nhing nam vira qua
¢6 nhiéu tén goi khic nhau. Trudc day, tén mén hoc nay duoc goi theo cach goi
nhu & Lién X6 cii 1a Co hoc Iy thuyét. Tl nhiing nam 90 cia thé ky 20 tén mon
hoc nay & trudmg Pai hoc Bach khoa Ha Noi goi 1a Co hoc, Co hoc 1y thuyét
hoic Co hoc k¥ thudt, & ttudng Dai hoc Xay dung goi la Co hoc co s, & trudng
Dai hoc Bach khoa Thanh phé H6é Chi Minh goi la Co hoc 1y thuyét. 0 My,
Canada, Nhat ban, Singapore, Théi Lan,... mén hoc nay dugc goi la Co hoc k¥
thudt (Engineering Mechanics). (3 CHLB Dic, CH Ao,..., mon hoc nay ciing véi
phén co s& cta Stic bén vat ligu duge g1ang day trong cting mét gido trinh va
dugc goi 1a Co hoc kF thudr. Vily do da s6 cdc trudng dai hoc trén thé gidi déu
goi tén mon hoc nay 1a Co hoc k¥ thudt, va dé thuc hién "chd truong déi mdi co
béan, todn dién vi manh mé vé gido duc, phdn dau dén nam 2020 c6 mot nén
gido dyc tién ti€n, ddp ing yéu ciu cla su nghiép céng nghiép hod, hién dai hod
dat nudc trong bdi canh hoi nhap quéc t€” chia Chinh pha, Hoi chuyén nganh
Pong luc hoc va Diéu khién Viét Nam dé dé nghi goi tén mon hoc ndy ia Co
hoc k¥ thudr. Hién nay & trudng Pai hoc Béch khoa Ha Noi va mot vai trudng
Dai hoc khédc dd si dung thuat ngit Co hoc k7 thudt (Engineering Mechanics) dé
goi tén moén hoc quan trong nay.

Noi dung cba mon hoc Co hoc ky thudt gdém ba phdn: Tinh hoc vat ran,
Pong hoc vat ran, Pong luc hoc vat rin. Cuén gido trinh nay dugc bién soan
cho sinh vién cdc nganh Co khi, Co dién tl, Co hoc k¥ thuat, K§ thuat giao
thong,... v6i thdi luong 10 don vi hoc trinh. Khi gidng day cho sinh vién cdc
khoa Dién, Pién tir, Tin hoc, Luyén kim, Héa hoc,.. . v6i thovi luong 4 dén 6 don
vi hoc trinh, ta c6 thé bd chuong 5 phdn Dong hoc va cic chuong 5, 6, 7, 8 phan
Dong lyc hoc. Cac chuong nay 1a noi dung clia phin gidng day bé sung cho sinh
vién khoi Co khi va Co dién tit.

Cuén sich nay dugc viét trén co sd bai giang Co hoc k¥ thudt cia tdc gia cho
sinh vién trudng Dai hoc Béch khoa Ha Noi trong nhiéu nam va cho nhiéu nganh k¥
thuat khdc nhau. Téc gia c6 gang trinh bay nhiing vin dé co ban ciia Co hoc k¥
thuat theo quan 'diém hién dai, c6 géng dam béo tinh su pham va yéu cu chat luong
clia mot gido trinh bac daihoc, cé gang dé, gido rinh Co hoc k¥ thuat & Viét Nam
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¢6 chdt luong ngang bang véi chit luong ciia gido trinh twong tng & cdc nudc Khac .
Nhiing kién thdc trinh bay trong gido trinh nay 13 nhimg kién thiic t5i thiéu, cdn
thi€t dé sinh vién c6 thé hoc cdc mdn hoc ti€p theo cha cdc nganh Co khi, Co dién
tir, Giao thong van tai, Xay dung, Hang khong va Vii tru, Ty dong hod,... Céc thi du
trong cudn sich nay gém hai loai: Céc thi du nham clmg ¢6 kién thitc va cic thi du
ap dung giai mot s6 mo hinh co hoc trong k§ thuat. Néu chua cin thiét, ban doc c6
thé bd qua cic thi du khé.

Cudn sdch nay khong chi 14 tai lidu hoc tap cdn thiét cho sinh vién trudng Pai
hoc Bich khoa Ha Noi, ma con la taj lieu hoc tap b8 ich cho sinh vién tat ca céc
trudmg dai hoc k§ thuat trong toan quéc. Cudn sdch nay tac gia viét dé ting cic em
sinh vién cin cii hoc tap va ¢6 hoii bio nghién ciu va ing dung khoa hoc.

Cudn sdch nay duge xuat ban 1an thit nhdi nam 2003, 14n tht hai ndm 2005 ¢
Nha xuit ban Pai hoc Qudc gia Ha Noi, 14n thit ba nam 2009, 14n thif tr nim 2012
& Nha xuét ban Gido duc Viet Nam. Trong cdc 14n in tir nam 2009, ching t6i trinh
bay ngin gon va sing slla hon, déng thdi b6 sung thém nhiéu thi du trong cédc
chuong khé dé cho sinh vién dé ti€p thu bai gidng. Lin t4i ban nay ching t6i chi
slra mot s 161 in an.

Trong qua trinh bién soan ching t6i di nhan duge sy trg givp quy bau cha
nhiéu ban déng nghiép. Ching t6i xin cdm on PGS. Nguyén Nhat L&, PGS. 1.
Dodn Hoéng, GS. Phan Nguyén Di, GS. Dinh Van Phong, PGS. Vit Vin Khiém,
TS. Thai Manh CAau, PGS. Nguyén Phong Dién, TS. Nguyén Quang Hoang, TS.
Nguyén Minh Phuong, ThS. Nguyén Thi Van Hwong di gidp doc ban thao va c¢é
nhiéu dé nghi cai ti€én quy bdu. Ching toi cling xin chan thanh cim on Nha xuét
ban Gido dye Viét Nain tao diéu kién thuan lgi cho cudn sdch dugc xuét ban.

Trong qué trinh bién soan chic chin khéng tranh khoi thi€u sét, Nha xuit
ban Gido duc Viét Nam, tic giad mong mudn nhan dugc sy gép ¥ cha cdc ban
déng nghiép va clia cdc em sinh vién dé€ cé diéu kién sla chita, hoan thién hon
trong cdc 14n tdi ban sau. Céc ¥ kién déng gop xin giri vé: Cong ty 6 phin Sich
Pai hoc — Day nghé, Nha xust ban Gido duc Viét Nam, 25 Han Thuyén, Ha Noi
hoac tac gid theo dia chi: Bo mon Co hoc ting dung, Trudng Pai hoc Bach khoa
Ha Noi, s6 1 Pai C6 Viet, Ha Noi. ' '

Ha Noi, ngay 15 thdng 3 ndm 2012
GS. NGUYEN VAN KHANG




MmO PAU VE CO HOC K¥ THUAT

1. Ol TUONG NGHIEN CcUU

Co hoc 1a mot khoa hoc nghién citu chuyén dong va can bing cla cédc vat
thé. Trong dé Co hoc Newton nghién ctu chuyén dong va can bing cla céc vat
thé ¢6 kich thudc di 16n so véi kich thudc nguyén tir va cé van tée dil nho so véi
van toc anh sing.

Tuy theo timg quan diém, ngudi ta cé thé phan loai ¢o hoc thanh: Co hoc
1y thuyét va Co hoc tng dyng, Co hoc vat 1y va Co hoc k¥ thuat v.v... Co hoc
vat 1y 14 linh vyc ¢6 nhét va phat trién hoan thién nhét cha Vat 1y. Trong dé
chil y&u nghién cttu chuyén dong co hoc va can bang cha chat diém va hé céc
chat didm va clla mot vai mé hinh vat rin don gidn. Co hoc k§ thuat 1a mot
linh vuc khoa hoc nghién ctiu chuyén dong va can bang cua céc hé ky thuat.
D6 1a céc mdy, céc cong trinh xay dung, cdc phuong tién giao thong van tii,
v.v... C4c m6 hinh co hoc cla cdc hé k§ thuat cho dén gitta thé ky 20 thudng
12 mo6 hinh hé cdc chat diém vA cdc moé hinh dan héi don gian. Tir gitta the ky
20 dén nay, cdc mo hinh co hoc cla cdc he k¥ thuat thudng duge st dyng la
mo hinh hé cdc vat rin, hé cic phdn tir hitu han, hé cdc vat thé dan héi, h¢ cdc
moi truo‘ng lien tuc, v.v... Trong gido trinh ndy gidi han chl y&u xét mo hinh
vat rn va hé cdc vat ran phéng.

Gido trinh Co hoc k§ thuat duge chia thanh ba phﬁn Tinh hoc vdf rdn,
Péng hoc vdt ran va Pong luc hoc vdt rdn.

2. CO HOC VAT LY VA CG HOC KY THUAT

Dua trén su phan loai Co hoc thanh Co hoc vat 1§ va Co hoe k¥ thuat, & day
trinh bay vé su giéng nhau va kbdc nhau gifta hai linh vuc khoa hoc nay.

Su gidng nhau gifta Co hoc vdt Iy va Co hoc k¥ thudt. Ca hai linh vuc
khoa hoc nay déu nghién citu nhiing quy luat chuyén dong va can bing cla
cdc vat thé, déu dua vao he ba tien dé Newton. Nam 1687 Newton di cong
bd tic phdm ndi ti€ng "Cic nguyén 1y todn hoc ctia khoa hoc tu nhién".
Trong d6 c6 néu ra ba tién dé 1am co s& cho cdc nghién citu Co hoc c6 dién.

Tién dé& 1 néi ring: Khi khong €0 luc, tac, dunganot chat diém s& ding yén
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hogc chuyén dong thing déu. Tién dé 2 ndi rang: Pao ham theo thdi gian
dong lugng clia chét diém béng lyc tdc dyng 1én né. Tién dé 3 néi ring: Khi
hai chét diém tdc dung twong hd véi nhau thi cdc luc tuong tic giita chiing 1a
tryc d61 nhau va ndm trén dudng thing néi hai chat diém.

Sy khdac nhau giita Co hoc vagt Iy va Co hoc k¥ thudt: Giita chiing ¢6
nhiing diém khdc nhau hét sitc co ban.

Thit nhét, khdc nhau vé phuong phdp nghién cinu. Phuong phdp nghién
cttu ctia Co hoc vat 1y la pluswong phdp quy nap. Phuong phip nghién ctiu cla
Co hoc k¥ thuat 1a phitong phdp suy dién. Phuong phdp nghién citu cha Co
hoc vat 1y chi yéu la phuong phép thuc nghiém (quan sat, thi nghiém), tir d6
rit ra dinh luat vat 1y, cdc gia thi€t va cudi cing 1 dp dung vio gidi thich
cac hién tugng vat ly. Phuong phdp nghién ciu ciia Co hoc k¥ thuat la
phuong phdp tién dé va phuong phdp mé hinh. Phuong phép tién dé 1a
phuong phdp nghién cttu ca Co hoc k¥ thuat va clia ca Vat 1y 1§ thuyét. Con
phuong phdp mo hinh la phuong phédp dic trung cho Co hoc k¥ thuat. Cic
mo hinh co hoc clia cdc mé hinh thuc (cdc mdy, cdc cong trinh,...) dugc xay
dyng phai thod man ba diéu kién: tuong thich, don gidn va t6i wu.

Thit hai, khdc rhau vé déi tuong nghién ciiu. DGi tugng nghién cifu cia Co
hoc vat 1y 1a cic he vat 1y don gidn (hé cdc chat diém, cdc vat rin don gidn).
Nhi¢m vu chia Co hoc vat 1§ 14 gidi thich cdc hién tugng co hoc trong ty nhién.
D6i tugng nghién ctu clia Co hoc k¥ thuat 1a cdc he k¥ thuat (cdc mdy, cong
trinh v.v...). Nhiém vy cia Co hoc ki thuat la tinh todn cac hé k§ thuat vé
. phuong dién co hoc. Mudn nghién ciu, tinh todn chuyén dong clia cdc mdy, cdc
cong trinh xay dyng, trudc het ngudi ta phai xay dung cdc mo hinh co hge cho
cdc ddi tuong khdo sit. Cdc mo hinh co hoc ngay nay dang dugc s dyng 1a: hé
cac chat diém, hé céc vit rin, hé cdc phan 1 hitu han, hé céc vat thé bién dang,
hé cdc méi trudng lién tuc, cdc hé hén hop. Trong Co hoc vat 1§ do cdc doi
tugng nghién cdu 1a cdc hé vat 1y don gian, nén ngudi ta hau nhu khong quan
tam dén bai todn xay dung mo hinh. Tréi lai trong Co hoc k¥ thuat do déi tugng
nghién ciu 1 céc hé ky thuat (cdc 616, tau thuy, mady bay, cdc cdu treo, cdc toa
nha cao tang,...} nén ngudi ta rat quan tam dén bai todn xay dung mo hinh. Day
I& bai toan khé va cdc md hinh co hoc duge xay dung thudng 14 cidc mod hinh
gén ding.

3. PHUONG PHAP NGHIEN CUU

a) Phuong phdp suy dién (Phuong phdp tién dé). Noi dung cla phudng phép
tien dé& c6 thé trinh bay nhu so d6 dudi day (hinh 0.1).
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Thue t&, thue nghiém

Xay dung

h 4

Hé& thdng cac khai niém
Hé tién dé

Suy dién toan hoc

b4

Cac dinh Iy cd hoc
Céc phuong trinh chuyén déng

Ap dung
Y

Giai quyét cac bai toan thuc té

Hinh 0.1

b) Phuong phdp mé hirh. Noi dung cla phuong phdp mé hinh c¢6 thé trinh

bay nhu trén hinh 0.2,

Dai tugng khao sat

A

Ké&t qua
thue nghiém

¥
Xay dung cac mé hinh -
cd hoc

¥

Ap dung cac dinh luat cd hoc
xay dung cac md hinh toan hoc

Y

Két qua tinh toan

. Chua tét
So sanh .

Y

l Tét
Ap dung vao cac bai toan
thiét k& va céng nghé

Hinh.a.2
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Khi ket qué tinh todn chua phi hop véi ket qua thue nghiém thi nguyén
nhan thudng do mo hinh co hoc duge xay dung chua t6t, céc tham s0 cia mo
hinh xdc dinh cdon qué thé. Ta phai hoan thién viéc xay dung mo hinh sao
cho mé hinh co hoc dugce x4y dung phan dnh diing hon cdc tinh chat cla hé
k¥ thuat. Chd § rang, cing mot déi tuong khao sat c6 thé c¢é nhiéu moé hinh
co hoc khic nhau, tuy thudc vao yéu cu cla bai toan dait ra.

4. HAI BAI TOAN €O BAN CUA CO HOC KY THUAT

Bai todn co ban thit nhét cha Co hoc k¥ thuat 1a bdi todn xdy dung mé
hinh co hoc cho céc he k§ thuat. Trong gido trinh nay ta chi dwa ra mo hinh
vat rin va he vat rén trong viéc mo hinh hod cho cdc h¢ k§ thuat. Tuy vay,
day la bai todn rat khé. Cdc moé hinh co hoc dugc xay dung, thudng la céc
mo6 hinh gin ding. Trong gido trinh nay c6 gang gidp cho sinh vién lam
quen v&i mot s6 mé hinh co hoc clia cdc mdy va cic cong trinh. Viéc xay
dyng céc mé hinh méi chinh xdc hon la bai todn vuot ra ngoai chuong trinh
mon hoc.

Bai todn co ban thit hai cua Co hoc k¥ thuat 1a bai todn tinh todn trén
mé hinh, & day c6 thé sit dung cdc phuong phap giai tich hodc céc phuong
phap s& dé tinh todn. Ngay nay véi sy trg gitp cha may tinh va cac phéin
mém, ngay cang nhiéu bai toin co hoc cé thé giai quyét tuong d6i don gian.
Phin nay 14 ndi dung co ban ciia gido trinh.

5. VI TRi CUA MON HOC CO HOC KY THUAT

— Cung cﬁp nhiing kién thic co ban va téng quait vé chuyén dong va cén
bing clia vat rdn va hé vat ran phéng.

— Rén luyén mot s6 phuong phép tu duy khoa hoc cho ngudi k§ su tuong
lai. D6 1a phuong phdp tién dé va phuong phép mo hinh.

— Tao nhilng tiém nang ban déu cho sinh vién d€ ho c6 thé nghién citu giai
quyét cac bai toan k¥ thuat.

— Cung cdp céc kién thic co s de sinh vién hoc ti€p cdc mon hoc ti€p theo
nhu Sic bén vat liu, Phuong phép phén t& hitu han, Nguyén 1y mdy, Chi tiét
may, Co hoc két cdu, Thuy khi k¥ thuat, Dao dong k¥ thuét, Dong luc hoc may,
Pong hrc hoc cong trinh, Rébot cong nghiép, Mo hinh céc hé Co dién tl, Cong
nghé ché tao mdy, Nguyén 1y gia cong vat liéu,...
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PHAN 1. TINH HOC VAT RAN

MG DAU

Tinh hoc vat rin 1a phin thit nhit cla gido trinh Co hoc k¥ thuat. Trong dé,
chiing ta trinh bay hoc thuy&t vé lyc va sy can bang clia vat ran dudi téc dung
clia cdc huc. Chi ¥ rang 1§ thuyét hé lyc 1a mét phin quan trong ctia Co hoc. Néi-
dung chi yéu cla tinh hoc gém cdc van dé sau:

— Xay dung cdc khdi niém co ban: lyc, ngiu luc, moémen cla lyc doi véi
mot diém, momen clia ngiu luc, vat rin, can bing cha vat rén,...

— Xay dung hé tién dé tinh hoc.

— Thu gon hé lyc. Noi dung cla thu gon hé lyc 1a bién déi mot hé lyc tic
dung 1én vat rdn thanh mot hé luc khdc tuong duong, nhung don gidn hon.

- — Tim diéu kién can béng cha inf_‘)t vat rdn va hé nhiéu vat rin dudi tic
dung cia céc lyce. '

— Xéc dinh phan lyc lién két, ndi lyc & cdc mat cat clia vat rén.

— Tim diéu kién can biing cha vat rin khi ¢6 ma s4t.

— Xiéc dinh trong tam vat rin.

G day, chiing ta sir dung phuong phap tién dé va phuong phdp mé hinh dé
nghién cifu tinh hoc vat rén. Chd ¥ ring, khong nhat thiét phii sit dung phuong
phép tién dé, vin cé thé nghién ctu tinh hoc vat ran.

Mot trong cac khé khan khi hoc mon Co hoc k¥ thuét 1a sinh vién chua co
kinh nghiém xéc dinh phuong va chiéu clia cdc phén lyc lién két. Kho khan nay
chi c6 thé khic phuc duoc khi ching ta chiu khé gidi tuong d6i nhi€u cic dang
bai tap. Qua d6 ty rut ra cc kinh nghi¢m cén thiét.

- Cong cu toan hoc duge st dung trong phan tinh hoc 1a phép tinh véc to va
phép tinh ma tran. Ngay nay, ngudi ta thudng sir dung cdc phin mém da ning
nhu MAPLE, MATLAB, MATCAD MATHEMATICA,.. . dé giai céc bai todn
tinh hoc vat rén. Tuy nhién, can trinh viéc lam dung cdc phin mém nay.
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Chuong 1

CAC KHAI NIEM €O BAN
VA HE TIEN PE TINH HOC

Trong chuong nay ta dua ra ba khéi niém co ban 1a luc, vat ran tuyét doi,
can bing va mot s6 dinh nghia quy udc nhu dinh nghia hé lue, hé luc tuong
duong, ngau luc,... Sau d6 trinh bay hé nim tién dé tinh hoc ctia vat ran tu do.
Cu6i chuong trinh bay cdc khdi niém lién két, phan luc lién két, nguyén 1y giai
phéng lién két d€ c6 thé tinh todn can bing cic vat ran chiu lién két.

1. CAC KHAI NIEM CO BAN VA MOT SO DPINH NGHIA

1.1. Cac khai niém co ban
a) Luc. Lyc 1a mot khdi niém co ban clia co hoe. Tuy nhién, khéi niém nay
rat khé dinh nghia mot cdch chat ché, ma chi c6 thé giai thich qua céc thi du
cu thé. Hinh 1.1 va hinh 1.2 chi ra hai thi dy. Trén hinh 1.1, tay ngudi phai
tao ra mot luc dé gilt cho vat nang trong luc G khéng truot xudng. Trén hinh
1.2 16 xo phai dén ra, tao ra mot lyc can bing véi trong lyc G clia vit ning
treo vao 10 xo. Ta thira nhéan su tén tai cha trong luc va tdc dung ctia né. Tir
kinh nghiém hang ngay ta cé thé xem lyc 1a mot dai lugng, ma cé thé so
sanh véi tdc dung clia trong luc. '

Pinh nghia. Trong co hoc, lyc 1a mét dai lugng vat 1§, ma ¢6 thé so sénh
can bing v6i tic dung cla trong luc.

Z

Lo xo
Luc

G -

Hinh 1.2

Hinh 1.1 '
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Tir thue & théy ring, lyc duge xdc dinh béi ba yéu t6: D6 16n, hudng tic
dung vA diém dit. Vi vay, luc duoc biéu dién bing dai luong vée to buoc, ky
hieu 1a F. Ta quy dinh véc to luc c6 gdc tring véi didm dit clia luc, 6
phuong va chiéu tring véi phuong va chiéu tdc dung cla lye, ¢6 do dai ty 1&
vé&i do 16n ciia luc. Pudng thing mang vée to luc dugc goi 1a dudmg tac dung
cla luc.

Don vi cta lyc 1a Newton, ky hi¢u 1a: (N), IN = 1kgm/s’.
Chit 3. Trong hé toa do6 Descartes vuong géc (hinh 1.3) vécto luc F
duge bidu dién dudi dang
F:erx+Fyé‘y+FzEz (1.1)
Trong do é,, Ey , €,1& cdc véc to don vi trén cic truc toa do, F,, Fy , F,

la cdc hinh chiéu cla véc to luc Ftrén céc truc Ox, Oy va Oz. D6 16n cla
luyc 7 dugc xé4c dinh bdi dinh 1§ Pythagoras

F=F}+F!+F? (1.2)
Huéng clia lyc F duge xdc dinh bdi cdc cosin chi hudng

E
cosa=—2, cosfB=—2, cosy="% : 1.3
7 == Y= (1.3)
Vécta F viét dudi dang (1.1) duoc goi 14 véc to hinh hoc. Ba thanh phéin
F,,F,, F, clia véc to'hinh hoc F c6 thé vigt lai dudi dang mot ma tran cot

F

F=|F, (1.4)
F

z

Ma tran ¢4t (1.4) con duge goi la véc to dai s6. _
b) Vit rdn tuyét déi. Vat ran tuyét d6i la tap hop cdc chit diém, ma khodng
cich giita hai diém bat k¥ ciia né luén luén khong déi.

Nhu thé, dudi tic dung clia lyc, vat rén tuyét d6i khong bi bién dang. Day
1a mot sy 1y tudng hod vat ran. That ra, dudi tdc dyng cla lyc, vat ran it nhiéu
déu bi bi€n dang. Khi cdc bi€n dang cha vat rin di nhd, ta ¢6 thé bd qua va xem.
l& vat rin tuyét d6i. Trong gido trinh ndy dé don gian cach néi, ta quy udc goi
14t vat rin tuyét d6j 1a vat rén.

¢) Cdn bdng ‘
— H¢ quy chiéu. Mét-vat-thé-dvoe-chonlam mée dé theo dai chuyén
dong cua vat rin duge goila hé quy|chiEl. Trénglco hoc, ngudi ta thudng
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gén vao hé quy chi€u mot hé toa do. Hé toa do chi 1a phuong tién dé tinh
toan. Nhiéu khi d€ d& c6ng kénh, ngudi ta ding ngay hé toa d6 d6 thay cho
hé quy chiéu.

— Vit rdn cdn bdng. Mot vat rin duge goi 13 & trang thdi can bing déi
vdi mot he quy chi€u da chon, néu né duing yén (khong thay déi vi tr) trong
hé quy chi€u dé. Mot vat rén & trang théi can bang dugc goi tit 13 mot vat
rin can bing.

1.2. M6t s dinh nghia quy dinh
a) Hé lwe. Tap hop cdce luc tdc dung 1én mot vat ran ¢hinh 1.4) duge goi la
mot he luc. Ky hiéu hé lyc bdi (£, 5 ,..., E)).
b) Hai hé luc tuwong duwong. Hai hé Iluc =
(F Fy 'y Fy) VA (B, 6 0o @, ) tic dung lén F
cing mot vat rin 1a twong duong, néu ching ¢é
cling tic dung co hoc nhu nhau déi véi vat rin.
Cu thé 13 hai h¢ lyc twong duong khi tic dung -
riéng r& 1én vat rin s& giy nén trang thdi chuyén
dong (hay can béng) cta vat rdn nhu nhau. Ta Hinh 1.4
ding ddu " =" dé ky hiéu twong duong ‘

(ﬁ’F29 .y n)—(¢19¢25--1‘§m)
¢) Hop luc cita hé Iue. N&u hé luc (£, F ..., F,) tuong duong véi mot luc
R, thi Iuc d6 dugc goi 1a hop lue clia hé luc da cho

R = (ﬁl,ﬁé,...,ﬁ;).

Chit y: Khéng phai hé luc nao ciing ¢6 hop lyc.
d) Hé luc can bdng. H¢ lyc (F,F,...,F,) tic dung Ién mot vat rin, ma

khong 1am thay ddi trang thédi chuyén dong (hay can bang) clia vat ran dugc
goi 12 mot hé lyc can bang.

(F By F)) = 0.

- . ) . F'
d) Ngau luc*. Mot hé gom hai luc song . F /‘%f
song, ngugc chiéu cing d¢ 16n duge goi E
13 mét ngau luyc ¢hinh 1.5). Ky hiéu ngau Hinh 1.5
e (F,F7.

* Khat niém ngiu lyc do nha bie hoenguti Phdp, Lavis Poinsot (1777-1859) dwa ra nam 1804
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Khoang céch d giita hai dudng tdc dung ctia hai lyc thanh phén clia mot
ngiu lyc duge goi la cdnh tay don cla ngiu lyc, Mat phang E chia hai luc
clia nglu lu'c duoc g01 la mat phang tac dung clha ngéu luc.

¢) Vat rédn tu do va vit rdn chiu lién két. Vat rin tu-do 1a vat ran cé thé thuc
hién moi di chuyén nho tir vi tri dang xét sang cdc vi tri lan can clia né mét
cach tuy y. Ngudc lai, néu cé it nhat mot di chuyén nao dé ctia vat ran bi can
trd, thi vat rin dugc goi 14 vat rén chiu lién két.

) Hé nhiéu vit rdn cdn bang. Mot hé nhiéu vat rén duge goi 1a can bang
néu mdi vat ran thudc hé can béng.

2. HE TIEN PE TiNH HOC

Hé tién dé 1a mot tap hop cdc ménh dé duge cong nhan, khéng ching:
minh. Chiing phai doc lap nhau, khéng méau thuén nhau, it nhat vé s6 lugng
nhung dii &€ nghién citu déi tugng. DE nghién ciiu can bang clia vat ran ty
do, hé tién dé tinh hoc chi cén 5 tién dé. Sau dé xét can bing cha vat rén
chiu lién két, ta dua thém vao nguyén 1y giai phong lién két. Tuy nhién, néu
xét can bang clia vat ran chiu lién két, c6 thé dua nguyén 1y giai phéng lién
két vio thnh tién dé thit 6 va khi d6 hé tien dé tinh hoc s& g6m 6 tien dé.

2.1. Hé tién dé tinh hoc -+

He tién dé tinh hoc gdm 5 tién dé nhu sau.
a) Tién dé 1 (Tién dé vé su can bdng ciia vét rin)
Piéu kién cdn vh dii dé cho mot vat rén tu do
can bang dudi tdc dung cia hai lyc 12 hai luc nay
c¢é chung mot dudng tic dung, cung 46 16n va
nguoc chi¢u nhau (hinh 1.6).

Hinh 1.6

Y nghia cla tién dé 1: Quy dinh mot tiéu chudn can bing cia vat ran ty
» do dudi tdc dung ciia h¢ luc don gian nhat. '
b) Tién dé 2 (Tién dé vé thém vao hadc bot di mét cdp luc cdn bdng)

Tac dung clia mot hé lyc 1én vat ran tu do khong thay d6i néu ta thém vao
hodc bét di mot cap luc can bang.
._ Y nghia cha tién dé 2: Quy dirih mot phép bién déi tuong duong co ban

veé luc.

¢) Tién dé 3 (Tién dé hinh-binh-hanh-luc)

Hai lyc dét vao ciingmét dien (KT ¢4 hiop J4¢: ﬁlﬁﬁﬁbﬁfdﬁﬂmﬁ Gﬂ@ﬁ Hﬁﬁi
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diém d6ng quy dé va dwoc xdc dinh bang dudng
- chéo chia hinh binh hanh, ma hai canh ]a hai luc
thanh phan da cho (hinh 1.7).

Y nghia clia tién dé 3: Quy dinh mot phép
bién déi twong duong co ban vé luc.

Chii y: Tién d& 3 khong c¢6 phan dao. Bai todn
phan tich mét lyc thanh hai Iyc déng quy 12 bai =
todn cé vo s& 10 giai. e

Néu biét them gia thi€t (ching han phuong
chia hai Iyc thanh phén) thi bai todn mdi cé nghiém Hinh 1.8
duy nhat. '

d) Tién dé 4 (Tién dé tdc dung va phdn tdc dung) ‘

Luc tic dung twong hé gitra hai vat thé 13 hai luc ¢6 chung mot dudng
tdc dung, cing d6 16n, nhung nguge chiéu nhau (hinh 1.8).

Y nghia cla tién dé 4: La co s& dé khao st bai toan hé nhiéu vat ran.
Chii y: Hai luc F, va F trén hinh 1.8 khong tao thanh mot cip luc can
bang vi chiing tdc dung vio hai vat rin khic nhau.

d) Tién dé 5 (Tién dé hod rén)

Mot vat bién dang ty do & trang théi can bing dudi tdc dung cia mot he luc
nao d6, thi néu nhu vat dé rin lai né van & trang thdi can bang dudi tic dung cla
mot hé luyc dé. A

Y nghia clia tién d& 5: Quy dinh diéu kién cdn dé vat thé bién dang &
cén bing. P4 12 hé Iyc tic dung 1én né phai thoa mén cédc diéu kién can bang
clia vat ran tuyét déi.

Chii v: Tién dé 5 khong cé ménh dé dao.

2.2. Mdt sd hé qua
a) Pinh Iy truot luc. Tic dung cla lyc lén mot vat rin khong thay d4i khi ta
trugt luc trén dudng tic dung cla né.

Chitng minh. Gia sit lyc F, tic dung kn
vit rén tai diém A. Ta dit thém vao tai diém B
hai lyc F; va Fj ciing tri s6, nguge chiéu nhau
(hinh 1.9). Hai luc nay ciing tri s§ va cé chung
dudng téc dung véi luc F,. Theo tién dé 2 suy ra:
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FA = (F‘AsﬁBsF.;?) E(FB>FA=F1'3)EFB
Nhu the, lyc tdc dung lén vat rin dugc biéu dién bing véc to trugt, Chd ¥
ring, tinh chit nay chi ding khi lyc tic dung lén magt vat rin.

b) Pinh Iy ba luc cdn bdang. Mot hé ba luc can bang, néu trong dé cd hai luc
déng quy, thi lyc thit ba ciing phai di qua diém déng quy d6 va ca ba luc
phéi nim trén ciing mot mét phing. 7

Chiing minh. Theo gia thiét (F,F,,F)=0va
F, , Fy cit nhau tai diém O (hinh 1.10). Theo
tién dé 3 suy ra: £, E(E,Fz). Vay , F

(F, By, Fyy=(Fy, Fy) =0. Hinh 1.10
Theo tién dé 1 thi 5 v F, phii nim trén cing mot dudng thang. Do
dé dudng tic dung clia ba luc £, F,,F; phai gap nhau tai mot diém O. Do
luc F, =—F;, nén luc F; phai nim trong mat phing chifa hai luc F; v 5.
¢) Chit ¥. Trong s6 nam tién dé tinh hoc, cdc Tién dé€ 1, 2 va cdc hé qua

(dinh 1Y trugt lye, dinh 1y ba lyc can bing) lién quan tryc ti€p dén gia thiét
gin ding v& vat rdn tuyét d&i. Gia thiét vat ran tuyét doi 1a mot gia thiét gan

- diing, rat 1y twdng. Thyc t€ khong cé vat thé nao 1a rén tuyét d6i ca. Cdc tién

dé 3 va 4 khong lién quan truc ti€p dén gia thiét gin ding vé vat ran tuyét
dsi. Khi 4p dung cdc tién dé va cédc dinh 1§ cdn quan tam dén cdc chd ¥ nay.

3. LIEN KET VA PHAN LYC LIEN KET

3.1. Lién két

a) Pinh nghia. Lién két 12 nhitng diéu kién can trd di chuyén cha vat khao sét.
Nhu thé, mudn tao nén lién két thi trong nhiéu trudng hop phai c6 vat

gay lién két. Thi du mot quyén séch dit trén ban, néu chon quyén séch 1a vat

khio sét, thi cdi ban 1a vat gay lier ket. |

b) Chit y. Phan biét giita khai niém lién k&t va vat gay lién két. Trong thi dy

trén cdi ban la vat gay lién két chit khong phai 12 lién két.

3.2. Luc lién két va phan luc lién két

Khi khéo sdt mot he gdm nhitu vat rén; thy fue xut hién & chd ti€p xuc
- hodc néi ghép giita cdc vat tan dugc gorlalldd liehlket. Theo tién dé 4, cic
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lyc nay xudt hién timg cidp, c6 chung moét dudng tdc dung, cing tri s& nhung '
ngugc chiéu nhau.

Luc lién ket do vat gay lien két tdc dung len vat khio sit duoc goi I
phén luc lién két. '

3.3. Cac loai lién két thudng gip va cac phan luc lién két tuong img

Céc lyc tac dung. len mot vat rin hodc hé cdc vat rin duge phan thanh:
Luyc hoat dong va lyc lién két. .LI.IC hoat dong la lyc cho trudc tdc dung 1én
vat rin. Thi du nhu trong luc, luc ddy clia gié, v.v... Cdc luc lién két 14 cdc
Iuc xudt hién do cdc lién két gifia cdc vat, hodc do lién két g1ua vat khao sdt
va vat gay lién két,

Céc phan lyc lién két phu thudc vio céc lyc hoat dong tdc dung 1én vat rin
va phu thuoc vao két ciu cia cédc lién két. Trong tinh hoc ta giéi han chi khdo
sit céc loai lién k&t hinh thanh do su tiép xiic hinh hoc gifta cdc vat ran. Céc lién
két loai nay dugc goi 1a cdc lién két hinh hoc. '

Néi chung phan lyc lién két ¢6 huéng nguge chiéu véi hudng di chuyén ma
~ vat khdo sét bj lien két can trd, c6 do 1on phu thudc vao céc luc hoat dong tic
dung lén vat rin. Duéi day ta trinh by madt s6 quy tic thuc hanh tim phuong va
chiéu phan lyc lién két clia mét s6 lién két thudmg gip. Dé don gidn ta bd qua
ma sat tai cdc lién két . :
a) Lién két twa. Vat ran khio sat tua 1én vat gay lién két. Néu bd qua ma sét

thi phéan luc lién két tya c6 phuong vudng géc véi mit tya hodc dudng tua
nhwr hinh 1.11

TG

Hinh 1.11

b) Lién két ban Ié. Lien két ban 1é cho phép vat rin quay quanh mot dlem
hoac mot truc ¢d dinh. Ta c6 cdc dang sau:

. .
Hinh 1.12a 2 Hinh 1.12b * Hinh 1.12¢
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— Bdn Ié try (hinh 1.12a). Lién k&t cho phép vat rdn c6 thé quay quanh
truc Oz vuong géc v6i mat phing Oxy. Phan lyc lien keét R tai O chua biét
vé& phuong, chiéu va tri s6. Vi vay trong bai todn phéng luc nay dugc phan
thanh hai thanh phén X, ¥,vuéng gdc v6i nhau. '

— Bdn 1€ cdu (hinh 1.12b). Lién két cho phép vat rin cé thé quay quanh
diém O trong khong gian. Phin lyc lién két tai O c6 thé phan lam 3 thanh
phén chua bi&t vudéng géc v6i nhau R(X (.Y, 7Z0) '

— Bin Ié ¢6i (hinh 1.12¢). Lién két cho phép vat rin c6 thé quay quanh
truc Oz. Phan lyc lien k&t R, dat tai diém O dugc phan lam 3 thanh phan
chua bigt vudng géc v6i nhau (X,,%,Zo) hay R(Xy,¥.Zp). Khdc véi bén
18 céu & loai ban 1€ ¢6i Z, >0.

c) Lién két thanh khong trong lugng. Véi lién két thanh khong trong lugng
(gi4 thigt gan ddng) thi phan lyc Jién két s& hudng doc theo dudng ndi hai
ddu thanh (hinh 1.13a).

d) Lién két diy mém khong ddn, khong trong luong. Phan luc lién k&t hudng
doc theo day (hinh 1.13b). Phan lyc clia day tdc dung vao vat khao sat cdn
duge goi 12 siic cang cua day.

SA%
—

s, 7 T

a) Hinh 1.13 b)

e) Lién két ngam phdng. Trong truong V
hop ngam phing (hinh 1.14), vat gay A
A L
Z—jﬂ

A

=+ ]
£l

lien k&t va vat chiu lién két duge ndi
ciing véi nhau. Lién k&t ngam ngan cén
chuyén dong theo phuong x, phuong y
va ngan can chuyén dong xoay quanh A

Hinh 1.14

clia vat khdo sét. Vi vay phan lyc lien két gém X, ¥, va ngu lyc M , . Trong
trudng hop ngam khong gian céc phan lyc lién két phiic tap hon.
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3.4. Nguyén ly giai phéng lién két Lagrange’

. a) Nguyén Iy. Mot vat rin chiu lién két can bing c¢6 thé xem 13 mot vat rin
ty do can bing néu ta giai phong cac lién két, thay tdc dung cla céc lién két
dugc giai phéng bing cic phan luc lién két tuong tng.

b) Ch#t y. Nho nguyén 1y giai phéng lién két, ta c6 thé 4p dung 5 tién dé tinh
hoc phét biéu cho vat rin ty do vao vat rin chiu lién két. Khi d6 thay vat rdn
chiu lién két bing mot vat rén ty do chiu tdc dung cia hé luc gdm cic luc
hoat déng (cdc luc cho trude) va cdc phan lye lién két tuong ng véi cdc lién
k&t dugc giai phéng.

¢) Thi du. Cho dam chju lién két v chiu Iyc nhu hinh v& 1.15. Theo nguyén’
1y gidi phong lién két, thay lién k&t tai A va B bing cic phan lyc lién két
tuong dng. Khi d6 thanh AB can bing dudi tdc dung cia hé lyc:

'(YA, FA, "ﬁg, I_T.l, 1_“:2)50

fl 7 Fl /?
A l B X, A l B

{ | -

J
e A 7, w|

a) b)

Hinh 1.15

_* Joseph Louis Lagrange (1736-1813), nha co hoc vi toin hoc ngudi Phép.
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Chuong 2

HE WC PHHNG VA DIEU HIEN
cAAN BANG CUA VAT RAN PHHNG

He lyc gém céc luc cling nam trong mot mit phing duogc goi 1a hé luc
phéng. Tuy hé lyc phing chua phai 13-he lyc éng quét, nhung nhiéu bai toin
k§ thuat din dén khao sat hé lyc phang. V& phuong phdp luan, phuong phép
nghién cttu h¢ luc phing 1a kha dién hinh cho phuong phéip nghién ctu cac
hé luc bat ky. G day, s€ 1an lugt xét cdc bai todn: Thu gon hé luc phing vé
dang don gisn vA tim diéu kién can bing cha vat rin phing dudi tic dung
cfia hé lyc phéng.

1. HAI DAl LUONG BAC TRUNG CUA HE LUC PHANG
1.1. Vécto chinh ctia hé luc phiang

a) Pinh nghia 2.1. Vécto chinh cia hé lyc phing(F,F,... F, ), ky hiéu 1a

R', 12 téng hinh hoc cdc vécto lyc thanh phén cia h¢
-, |
R=F+F+.+F=YF ' (1.1)
=1 :

b) Cdch xdc dinh vécto chinh
Phuong phdp hinh chiéu: Chi€u lyc thanh

e . [~~~ T T
phin F, lén hai truc toa 4% vuong goc Ox va P /

= Fky . k E
Oy ta duge F,(F..Fy) 77 ' ,|
Fo—Fé +F.¢ g 1
F,=F.e +F.e,. ¥ ¢ ox
~ o
Tir (1.1) suy ra hinh chi€u cha R"trén hai & Fix
truc toa do la Hinh 2.1
n n -
R.=YFy, R,=D F, (1.2)
=1 k=1

Phitong phdp vé: C6 thé xdc dinh vécto chinh biing phuong phdp vé da
gidc luc.
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1.2. Mdmen chinh cha hé luc phang déi vdi mét diém
a) Dinh nghia 2.2 (Mémen ciia lyc F ddi véi diém O). Moémen dai s& clia
ye F d6i véi tam O, k¥ hiéu 1a 7o (F), 1a dai luong dai s6
iy (F)=+Fd S (1.3)
Trong (1.3) ta 14y déu cong (+) néu luc F quay quanh O nguoc chidu kim
ddng hé va 14y ddu trir () néu lyc F quay quanh O thuan chiéu kim déng hé".
Trong cong thitc (1.3) 4 1a khoang cich tir tam O dén dudng tdc dung cha
lyc F vaduge goi 1a canh tay don.

y . —
Fy _____ F
1
1
A \ 1
Ya[ 777" A
ycosa ¢ g
. 1o
0 I
. d",' ’K,}A x
XaSince e '
<> Hinh 2.3

b) Phuong phdp gidi tich xdc dinh momen cia luc F déi véi diém O
Trong hé toa d6 Oxy, luc F duogc biéu dién '
F=Fg +Fg,,
diém dit cha lyc c6 toa dd A(x,,y,). Ta cé cong thic tinh mémen nhu sau

X4 Va

= ()=
my(F) F, F,

=x,F, —y,F, ¢ ¥

Theo hinh 2.3 suy ra:
rﬁo(ﬁ):+Fd=F(xA sin — y,coscx)
=(Fsina)x, —{Fcosa)y, =x,F, - yF,

Cong thic gidi tich nay hay dugc ding khi ta si dung cong cu tin hoc.

* Khdi niém momen cha lyc doi véi mot tim da duge sir dung tir thoi Aristoteles (BC 384~
322) va Archimeches (BC 287-212). Tuy nhién ngudi ddu tién trinh bay twong d6i 18 rang
khdi niém nay la Leonado da Vinci (1452-1519). Sau dé nha bic hoc ngudi Y Giovanni
Batista Benedetti (1530-1590) d3 trinh bay 16 rang hon khii niém nay vio nam 1585.
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¢) Dinh nghia 2.3 (Mémen chink). Moémen chinh ciia hé Iuc phang (Fl, Fz,...,F,,)
déi véi diém O 13 mot dai Iugng dai s6 bing t6ng cdc momen dai s& ciia céc luc
thanh phén thuoc he 14y déi véi diém O d6
My = mg(F). (1.5)
k=1 ,
Thi dy 2.1. Cho he ba lyc (F,F, /) nim wén cing mot mit phing nh
hinh 2.4. Hay xéc dinh vée to chinh va mémen chinh cua hé lyc déi véi tam O.
Cho biét F =3(N), F,=2J2(N), /;=4(N). Toa do cic diém A(2,0) cm,

B(0,2) cm, C(4,4) cm. ¥ B
L&t gidi. Vécto chinh ciia hé luc [a 7 c 5
o 45° /1 |
R=F+FE+F _/i :
Tix d6 ta c6 B i Fooo
R.=0+2+4=6(N), R,=3+2=5(N) 4 ‘ !
’ r r p O l 1 } i 2
R = |R? + R? =61 =17,81025(N) a 5
Hinh 2.4

Momen chinh clia hé lyc déi véi tam O

M, = g (F) + i (Fy ) + ﬁo(ﬁg)=3.2—2ﬁ.\/§—4.4 = —14(Nem)

2. THU GON HE LUC PHANG

2.1. Thu gon hé lyc phiang déng quy

Pinh iy 2.1. Thu gon hé lyc phing
déng quy ta duge mét hop luc. Hop luc
dat tai diém déng quy vadugc biéu dién
béng vécto chinh cia hé luc da cho

fé:iﬁk (2.1)
k=1

Chiing minh. Cho hé luc (E,Fz,...,ﬁn)déng quy tai O. Ap dung lién tiép
tién dé 3 suy ra
(E:FZ)EEI, (}_é]sﬁz‘,)zjé2:--- > (R -2:Fn)5‘é
R =F+F, R=E+F+F,. .., R=R, =F +F +.+F,
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2.2. Thu gon hé ngéu lyc phiang

a) Mémen dai sé cia ngau luc
Dinh nghia 2.4. Momen dai s6 ciia ngiu lyc 12 mgt dai luong dai sG duoc
dinh nghia boi hé thic sau
m(F,Fy=+Fd (2.2)
Dau cong (+) 18y khi nglu luc quay
nguoc chiéu kim déng hé, diu trix (-) ldy
trong trudng hop nguoc lai.
Chit y. Tt dinh nghia 2.4 suy ra
A(F, F'y = iy (Fg) = g (Fy) (2.3)

A(F,F)| =28 papc = Fd 2.4
[7F, F| =2 wanc

¢ Hinh 2.6

b) Piéu kién tuong dwong cia hai ngdu luc trong ciing mot mdt phdng
Dinh 1y 2.2. Hai nghu lyc nam trong cling mot mit phang 14 twong duong

khi momen dai s& clia ching bang nhau

mi(F, By = m(Fy, Fyy = (F,F)=(F, F)

Chitng minh. Goi A, 1a dudng tic dung cla lyc 5, A, 1a dudng tic dyng
clia luc F,. Nhur thé c6 hai kha niang xay ra: hodc A, cit A, hodc A, //A,.

Truong hop 1. A cit A, &
O cdn A] cit A & 0. Ta trugt
lyc £ dén O (Fi=0A) va Iyc
F/ dén O'. Tt A k& AB// OO,
AC/IA,

Phan tich lyc F, thanh hai

thanh phan theo truc A, va f,

dudng thing 00" ta dugc I \ F; Y
F =(F,,F,). Phan tich lyc ¥/ A, h
theo hai thanh phin theo céc ' Fi A
truc A, vA 00 ta_ dugc Hinh 2.7 !
F/=(F;, F}) . Nhu the suy ra
(Fy F)=(F, B Fy, F)y= (B, F), Vi (F,,F)=0 (1)

Do |ﬁ(ﬁ,1’«iﬁ|=2swg=2SAOBO,=|ﬁ(ﬁ3,F;)\ va hai ngiu lyc (F,F) va

(F,,F)) cing chidu quay nén m(F,, F) = m(F;, ).
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Chii ¥ dén gia thiét suy ra m(F, F)) = m(F,, F;). Hai ngéu lyc (F,F3) va
(F,, Fy) ¢6 cling cénh tay don, cling chiéu quay nén '
F,=F,F=F : 2)
Tix (1) va (2) suy ra: (5, F)= (5, F)=(F,F).

hE F;.“ _;
R
Y "".-f"-—é.'
R | d
3 / A B
/—-f”
F;J //”é“ -
| 1r
// N .
F
Al A'l a4, A; Hinh 2.9
Hinh 2.8

Truemg hop 2: A, /i A,. K& hai dudng théng song song & va &' cit A, va
A,. Tuong ty nhu phdn trén ta ¢6 thé bién déi ngéu lye (F,FH vé ngu luc
(Fy, F{) ma my = i

Hai ngau lyc (17;3,,133') va (Fz,ﬁz’ )¢ momen i, =, . Theo trén ta ¢o
(Fy, F{)=(F, Fy). Do dé (F,F)= (¥, F}) . Dinh l§ dugc ching minh xong.

Tur dinh 1y 2.2 suy ra céc hé qua sau:

— Téc dung cha ngiu luc lén vat réin khong thay déi néu ta thay ddi canh
tay don va tri s clia lyc mién sao momen dai s6 cla ngiu Iyc khong thay déi.

—Ta c6 thé di chuyén tuy ¥ mot ngau kyc trong mat phing téc dung clia nd. '

— Téc dung cla ngiu Iyc lén vat rin dugc déc trung hoan toan bdi mémen
" dai 86 clia nd.
¢) Thu gon hé ngdu luc phing

Dinh Iy 2.3. Thu gon hé ngau luc phang ta dugc mot ngau lyc tdng hop.
Ngiu lyc téng hop ndm trong mit phing tdc dyng ctia cdc nglu lyc thanh
phdn vi cé momen dai sG bing téng cdc momen dai s6 cla cdc nglu lyc
thanh phéan.
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] .
M=) m, : : (2.5)

=1
Chitng minh. D€ don gian ta ching minh cho trudng hop n=2. Cho hai
ngiu lyc (E,F]’) ¢6 momen la iz va (FZ,FZ') ¢6 momen 13 #, cling nim
trén mot mat phing. Theo h¢ qua cla dinh 1y 2.2, 6 thé gia thiét hai ngu

lyc nay ¢ ciing cdnh tay don. Dé dinh ¥, gia sir ching cé cling chiéu quay.,
Tir hinh v& (2.9) suy ra

(F.F,FB.F)=(R.R)
véi R=F+F, R=F+F
m(R,R)=—Rd =—(F + F),d =-Fd - F,d = i +

Viéc mo rong chitng minh sang trudng hop n>2 hoan toan tuong tu .

2.3. Thu gon hé Iuc phang bat ky

a) Dinh Iy 2.4 (Dinh Iy doi lvc song song) Mot lyc F dat tai A twong duong-
v6i luc F'=F dat tai B va mot ngau lyc ¢6 mémen bing momen cla luc 7
ldy déi véi diém B.

© Chiing minh. Cho luc F dat tai A. Tai B dat mot ciip luc song song cung
tri s& va cling dudng tic dung F'va F”', ma F'=F suy ra:

Fa(F, B F)=(F,my ()

g (F)

Hinh 2.10

b) Pinh Iy 2.5 (Pinh Iy Poinsot vé thu gon hé lic). Thu gon hé luc phang bat.
ky {F.F,.. F, ) vé tam O tuy ¥ ta duge mot lyc va mot ngdu lyc. Luc dat tai
tam O v dugc biu didn bing vécto chinh cia h¢, ngiu lyc cé méomen bing
momen chinh ciia hé luc 18y d6i véi tam O.

Chimg minh. Ap dung dinh 1y doi luc song soflg ta c6 ¢hinh 2.11)

(Fo o By ) = (Rt st ) i ( ) ) = (R )
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Hinh 2.11
¢) Anh hudng ciia tdm thu gon

Thu gon hé lyc phing (F},Fz, ) vé hai tam thu gon O va A khéac nhau,
ta dugc

(Flana - ) (Ro Mo) véi Ry = > Feo My=2 g (F )
(ﬁi!ﬁZB"'SFH)Z(EAEMA) Vél ﬁ:{ =Zﬁ‘k’ MA =ZﬁA (ﬁ}()

Nhu thé vécto chinh R,, R, nhu nhau
va khong phu thude vao tam thu gon, cdn
cdc mémen chinh M, M, phy thudc vao
tam thu gon theo quy luat nhu sau.

Dinh Iy 2.6 (Dinh Iy bién thién mémen
chinh). M6 men chinh clia hé luc phing
(E,E,...,Fn) phu thudc vao tam thu gon

~  Hinh 2.12

theo quy luat
My = 4+ g (R ) (2.6)
Trong d6 M, M , 12 mémen chinh ciia he lyc d6i véi O v A, R, 1a vécto

chinh ciia hé Iyc dit tai A. =
Chiing minh. Theo cong thic (1.4) ta c6
Y (F)= 3 (%= %) Fy = (3~ va) F
Z( iy — Vi rx) xAZ +yAZF
:Z'ﬁo( i)_(xARJ'} —J’AR;)
My = Mg —itig(R'y) = Mo =M 4+ 75 (R'4)
Hé gud. Xhi véctorchinh elia-hé-lye-bing khong, momen chinh cua hé luc
khong phu thudc vao tam thu ‘gon.
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2.4. Cac dang chuin clia hé luc phing

a) Pinh nghia 2.5. Dang chuin ctia mot hé lyc 1a dang don g1an nhat ma hé lyc
c6 thé bién déi twong duong vé dugc.

b) Cdc dang chudn ciia hé luc phing

Thu gon hé lyc phing vé mot tam O bét ky ta duge mot hee R’ vh mot ngiu
lyc ;. Can ci vao vécto chinh R’ va momen chinh M, ta cé cic dang chudn
cla hé lyc phang nhy sau:

1. Néu R =0, M, zO:( 1,...,?‘,,)5 mét cap luc can bang

2. Néu R'=0, My #0:(,...F,) = mot ngau lyc i,
JF

3. Néu R' =0, M, =0:(]7“1, ) mét hop lyc dit tai O

4. Neu R 0, M, »0 dp dung dinh 1y doi Iuc song song, dua he (EO',MO)

vé mot luc R dit tai C va cdch tam O mét doan OC=|A7I0| / R|, sao cho
'ﬁo(ﬁc)zﬂo- _ R
Tém lgi: He luc phéng c6 3 dang chuin
(F.Fy,...Fy)=R khi R'20
— ~ Y # i C
(F,Fs..n By =M, khi R =0, M, =0 Hinh 2.13

(F.Fy,.. F,)=0 Khi R=0,i,=0-

¢) Pink Iy 2.7 (Dinh Iy Varignon' ). Khi hé luc phing ¢6 hop luc, mémen cia

hop hre d6i v6i mot tam O bat ky bing tdng mémen ciia céc lyc thanh phan d6si
vdi tam O dé

(Fo By )= R=> iy (R) =Y iy (). 2.7
k=1
Chiing minh. Goi R 12 hop lyc clia hé luc di cho. L&y mot diém O tuy ¥
va mot diém A trén dudng tic dung clia hop luc. Néu thu gon hé luc
(F.F,,...F,) vé& diém A, thi ta dugc mot hop lyc va M, =0. Ap dung dinh
1y bién thién moémen chinh suy ra

MO—MA+mO(RA) (R)

* Pierre Varignon (1640-1718) taniid bic hee,ngudi Phip.
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Hé qud. Khi tinh mémen cba lyc £ déi véi mot diém O, ¢6 thé phan tich
Juc F thanh hai thanh phan vuéng géc F = F, + F, va 4p dung (2.7)

o (F) =iy (F,) + it (F,,) (2.8)
2.5. Thi dy ap dung

Thi du 2.2 (Tim hop lyc cia hai liyc song song). Cho hai luc Fi va ﬁ‘z
song song va diat & hai diém A va B. Gia thiét F, = F,. Hay tim hop lyc cla
hai lyc dé6.

Loi gidi. Do R'=F +F, #0 nén he lyc (F,F,)c6 hop luc R=F +F,.

Gia st hgp luc nim trén dudng A. Goi giao diém clia A va AB 1a C. Ap
dung dinh 1y Varignon suy ra:

i (R)=me(F)+me (F)=0
Néu F va F, song song cling chiéu nhu hinh 2.14a ta ¢
(R )+mc(F)=FRCH-F,CK=0
K _CK _ cB

F, CH c4
Néu F va F;, song song ngugc chiéu nhu hinh 2.14b ta ¢é
e (F )+ (Fy)=-F.CH+F,CK =0

H _CK_CB
F, CH C4

2
H / H X ,
K B ';f
R

b} F

s )
'1-.._____‘_

a)

=l
]

Hinh 2.14

Thi du 2.3 (Tim hop luc ciia hé liic phan bd). Cho hé lyc phan b6 song song
cling chiéu nhu hinh 2.15, hiy tim hop luc cha hé luc do,
Léi gidi. D6 16n véctgchinh eha hélye dugg xég dinh béi cong thic
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I .
(x)
e = o T
° |
Momen:chinh ctlia hé luc d6i véi A At

!
M = Iq(x)xdx Y
0 Hinh 2.15
Gié sl hop luc dat tai C cich A mgt doan C4A=d . Theo dinh 1y Varignon
ta co: -

!
m(R)=Rd =M, = Iq(x)xdx s
0

! L F 9 a

Iq(x)xdx A 2 I B
T (1) va(2)suyra: d=4—— \

[atx)ax |

0

Hinh 2.16
Néu heé luc phan b6 theo quy luat hinh chit nhat nhu hinh 2.16 suy ra

I !
1
d0=g0. [adi=ql [ardc=—aql
0 1]

The vao (3) ta dugc d =%1 .

Néu hé luc phan bd theo quy luat tam gidc nhu hinh 2.17 ta ¢6

X
9‘(@—‘107 _ @
! ! x 1
x)dx = Zdy=—gq,l A
qu( ) quo e =—qq T il
1 I x2 1 L J R '
faorsax = fao-ds =< qol? !
0 0 "Hinh 2.17
) 2
Va d==1.
Ay 3

3. CAC DIEU KIEN CAN BANG CUA VAT RAN PHANG
3.1. Diéu kién can bing téng quat clia vat ran phang ty do

Thay cdc lién két bing phan lyc lién két, xét can bing cha vat rdn ty do
chiu tic dung ctia cdc Tuc i, to..... /. |




Pinh Iy 2.8. Diéu kién cdn va di dé cho vat rén phing tir do chiu tic
dung cua hé liuc (1_51,15'2,...,}7,,) can bing 1 vécio chinh clia hé luc tic dung

bing khéng vd momen chinh ciia he hyc tdc dung 14y d6i v6i mot diém O tuy
¥ bang khong.

-~

R’:fﬁk =0 (3.1

My =y (F)=0 32)

Chiing minh diéu kién cdn. Gia sit vat ran can bang nhung cdc diéu kién
(3.1) va (3.2) khoéng thoa man. Khi d6 hoiic hé luc tuvong duong véi mot Iyc
hodc hé lyc tuong duong véi mot ngiu tuc. D6 12 diéu vo 1y. Vay cdc diéu kién
(3.1) va (3.2) phai thod man.

Chitng minh diéu kién di. Khi R =0 va M, =0, theo bién luan vé dang
chuédn hé luc tu‘o‘ng duong v6i mot cap luc can bing tdc dung lén Vat ran Theo
tien dé 1, vat rin & can bang.

Hé qud. Diéu kién cin va da dé cho h¢ luc (F, F,,..., F), tic dung lén vit
rin phing tu do, can bing 14 vécto chinh clia hé dé bing khéng va moémen chinh
cia hé Iyc 14y d6i véi mot diém O tuy § bing khong.

3.2. Cac phuong trinh cén biing cla hé Iuc phing bat ky

Tir diéu kién can bing téng quit cia vat rin phing chiu tic dung ca hé luc
phing (£, F,...,.F,) dugc trinh bay trong dinh 1y 2.8 & trén, suy ra ba dang
phuong trinh c4n bing cta hé luc phing nhu sau:

a) Dang 1. Diu kién cin va dit dé h¢ lyc phéng (£, F;,... F, ) can bing 1a 1éng

hinh chi€u 1&n hai tryc toa d¢ vuéng géc va momen chinh ctia cic lyc 18y doi
véi tam O bat ky bing khong

(F. By F ) =00 Y F, =03 F =0, Aig(F)=0 - (3.3)

Su tuong duong gifta cac di€u kién (3.1) va (3.2) vdi cdc phuong trinh (3.3)
13 hién nhién. Hai phuong trinh ddu cta (3.3) I3 -hai phuong trinh hinh chigu cha
(3.1) cdn phuong trinh thit 3 cha (3.3) chinh 1a phuong trinh (3.2).

b) Dang 2. Diéu kién cin vi di dé hé luc phing (E,F’z,...,ﬁ

n

) can bang 1a téng

momen clia cdc luc thude hé ddi véi hai diém A, B bat k¥ bing khéng va idng
hinh chi€u cdc luc 1én truc xkhidng vuoag goc véi doan AB bang khéng.
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(B, By By ) =02 Y i, (Fe)=0.Y 5 (F)=0,3 F, =0 (3.4

Chiing minh. Diéu kién cdn 12 hién nhién, vi khi hé luc di can bang thi
tong hinh chi€u clia cdc luc 1én mét truc bat k¥ va tdng moémen cla cédc luc &y
déi v6i mot diém tuy ¥ déu bing khong. Phin chinh la phai chiing minh diéu
kién du.

Trudc hét, cin chiing minh vécto chinh cha hé lyc bing khong. G day, sé
ching minh bing phuong phap phén ching. Gid sit R'=> F, #0.Do > F, =0
nén vécto chinh R’ phii vuong g6c vdi truc x. Theo gia thiét truc x khong vuodng
goc v6i doan AB nén vécto chinh R’ khong song song véi vécto AB. ,

Mit khic do R'#0 nén he lyc c¢6 hgp Iluc. Theo gia thiét
> iy (Fk)= 0, g (Fk)z(}, nén theo dinh 1y Varignon dudmg tic dung ciia
hop lyc R phai di qua hai diém A va B. Do d6, phuong cila vécto chinh R’ song
song véi AB. Dieu nay mau thuin véi két lugn & trén. Mau thuin dé chiing t6
gid sit R' = 0 14 sai. Vay vécto chinh R =

Bay gio ta ching minh M, :Zn_aro (ﬁk)zo. Lay moét tam O tuy ¥. Do
véctd chinh ciia hé lyc R =0, nén moémen chinh cta hé luc khong phu thudc
vao tam thu gon. Do vay M, =M, = Zm 4 (P}‘ ) =0. Nhu thé, xudt phat tir cdc
phuong trinh (3.4) ta da chiing minh duge R'=0, MO =0 (véi tam O tuy y). Vay
hé lyc can bing.
¢) Dang 3. Diéu kién cdn va di dé hé luc phing (E,ﬁz,...,ﬁ‘n) cén bang 1a tdng

céc momen cua céc lyc thude hé doi véi 3 diém A, B, va C khong thang hang
trlet tiéu.

(B Fsenn Fy ) =0

e Ymy(F)=03 ms(F)=0,Y m(F,)=0 (3.5)

Chiimg minh. Diéu kién cén 1a hién nhién, vi khi he lyc da can bing thi téng

cdc momen cla cdc lyc d6i véi mot tam tuy § bang khong. Bay gid ta phai
ching minh diéu kién di theo phuong phép phan chiing.

Trudc hét, ching minh vécto chinh R' = F, bing khong. Gia sir ngugc
lai R"+0. He luc ¢6 hop luc R. Gia sit hop luc di qua diém O nao dé. Theo
dinh 1y bién thlen momen chinh ta cé
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My =My -+, (R )=, (Ry)=+AOR,sin(40,R, )=

vay sin(ﬁ,ﬁo ) =0. Tir d6 suy ra diém A phai nam trén dudng tdc dyng cia
hop lyc. _

Chilng minh tuong ty ta ¢6 di€m B va diém C clng nidm trén dudng tic
dung clia hop lyc. Vay 3 diém A, B, C thing hang. Didu ny mau thuin véi gia
thiét. Vay gid sit R’ =0 la sai. Vécto chinh R’ =

Bay gio, 14y O 1a mot diém bat k, phai chcmg minh i, =, (Fk )‘= 0.
Do vécta chinh R’ =0, nén momen chinh khong phu thudc vao tam thu gon.
Vay M, =M, =0.

3.3. Cac phuong trinh can bing cia cac hé lyc phing dic biét
a) Hé luc phing dong quy

Gia str he lyc déng quy tai A, ta c6 Y iy (ﬁk)so. Twr (3.3) suy ra hai
phuong trinh can bing clia hé luc déng quy phing

> F=0,> F,=0 | ' (3.6)

b) H¢ luc phdng song song |

Chon truc y song song ciing véi cdc luc F, . Ta c6 ZFM =0. Tu (3 3) suy
ra hai phuong trinh can bing cha hé lyc phing sofig song

> Fy =0, Y ip(F)=0 | ENER)
¢) Hé ngdu luc phdng

D6 v6i he nglu lyc phing ta ¢ ) F, =0, > Fy, =0. Tir (3.3) suy ra mot
phuong trinh can bing cho hé ngiu lyc phing

Zﬁk =0 (3.8)
E L

y EI ll - ¥y E

0 x o X
Hinh 2.18 Hinh 2.19
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4. CAC BAI TOAN cO BAN cUA TiNH HOC VAT RAN

Khi gidi mot bai todn tinh hoc thudng duge tién hanh theo ba bude nhir sau:

— Budc 1: Chon hé khao sit. Giai phéng lién két, thay lién két bang céc
phén lyc lién két trong img.

- Buge 2: Thiét 1ap cdc phurong trinh can bing cho hé lyc tic dung lén
vat ran khao sit.

— Bude 3: Giai cdc phuong trinh cén biing, X4c dinh c4c 4n cén tim.

4.1. Bai toan xac dinh phan luc lién két

Thi du 2.4. Dam AB dai I, chiu F
tdic dung cfia lyc F nghiéng véi /l’l _« B
phuong nim ngang mét géc a nhu A
hinh .2.20a. ?(ac dinh phan luc lién (. ?
k&t tai cdc goi do. < i N

Lot gidi. Khao sat can bang cha
dim AB chiu tic dung clia lec F va
bi lien két & hai dau. Giai phéng lien
két & A va B, thay bang cdc phan luc B|
lién két (hinh 2.20b). 3

Phuong trinh can bidng cla hé
luc nay cé dang b)

ZF,,Qc =X, +Fcosa=0

Nat!
=y
=

Hinh 2.20

> F, =Y, ~Fsina+Ng =0
> Ma(F)=—cFsing+INy =0

Giai hé phuong trinh trén suy ra . Sm |
X,=-Fcosa, Ny=(c¢/DFsina, ,%g_, X, C

Y, =[(l-c)/l]Fsine

Thi du 2.5. Cin truc ABC ¢6 truc quay 2 m
thiang dimg EG véi EG = BC = 5m (hinh 2.21).
Trong lugng ban than cin truc 14 P = 19,62kN A
dat tai diém D c4ch truc quay 2m. Vat dugc 1974 4]
cdu cé trong luong Q@ = 19,43kIN dat tai L X,
diém C. Xdc dinh phén lyc lien ket tai céc 6 E Dt
d& G va E. B6 qua ma-sét:

Sm
a1

" Hinh 2.21.
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Loi gidi. Khio st cdn tryc ABC can bang dudi tic dung cilia lyc hoat
dong P va O dat tai D vd C va cdc phan lyc lién két tai G va E. Do cdc lye
hoat dong tic dung trong mét phing cdn tryc nén cdc phan lyc tai G va E
cling ndm trong mit phing cén truc (hinh 2.21).

Cén truc can bing dudi tdc dung clia h¢ lyc phing

(ﬁséa‘fEsYE:XG)EO

Céc phuong trinh can b%mg c6 dang

S Fp=Xp+X5=0 : ' (1)
S Fy=Y;-P-Q0=0 S 2)
S ig(F)=—2P-50-5X5 =0 3)

Tir phuong trinh (2) ta cé:
Y. =P+ =39,05kN
Ti phuong trinh (3) suy ra:

X = —Q—%P =-27,278kN

Thé két qua trén vao (1) ta dugc:
Xg=—Xg=27,218kN
Diu trit trong K&t qua X; =—27,278kN ¢6 nghia la chiéu clia phan lyc
lien ket X, nguoc véi chidu vé trén hinh 2.21.

4.2. Bai toan tim diéu kién can bing

Trong bai todn nay, 4n 1 nhitng
dai lugng xéc dinh vi trf cha vat
rin (va mot s§ phan lyc). N&u chon
duge cdc phuong trinh thich hgp,
viéc giai bai todn loai nay s€ tuong
ddi nhanh gon.

Thi du 2.6. Treo vat ning P
vao chét clia rong roc nhod C va dat
rong roc 1én sgi day AB dai I, mot
ddu day buoc vio -diém A cla
tudng, ddu kia budc vao diém B
clia tran nha (hinh 2.22).-Cho biét

Hinh 2.22
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OA = a, OB = b, a* +b* <i*>. Tim vi tri can biing ctia rdng roc nhd C. Cho

biét day mém khong din, khong trong hugng. ‘
Lot gidi. Goi x 14 d¢ dai doan day AC. D6 dai doan day BC 1a [ -x Céc

lyc tdc dyng lén rong roc nhd C 1a P, T, T, (T; va T, 1a hai sitc cang cha hai

nhdnh day).
Ta ¢6 hai phuong trinh cén bang:
> me(F)=Tr-Tr=0 : (O
ZF,O‘ =-Tsinq; +I;sina; =0 (2)

Giai ra ta dugc:
I, =0,=T, sina; =sina, = ==

Tit hinh v& 2.22 ta c6:
CBcosa —CAcosa =(I —x)cosa —~xcosa =a (3)
CBsina + CAsina = (I —x)sina + xsing = b 4)

T (4) suy ra:

[ 2
sina=£ =  cosa= 1~-l—)2—:1 I?-p*
{ I I

T (3)ta ¢d: 2xcosa=/cosax—a. Do dd

x_lcosa—awl\/lzmbz —a I

- - L P
2cosa 2\/12 _p? 2 12 _p2

4.3. Bai toan vat lat
a) Thiét lap bai todn

Khao sdt vat rin phang (S) chiu
tic dung cia cic luc ., 5,...,F, va
chiu lién két khong gitt véi mat tua cd
dinh tai hai diém A va B (hinh 2.23).

Cac phan luc tai hai diém tua 1a N,

vid Nj. Hinh 2.23
Khi vat rin S can bing, ta ¢ hé Ilgc phing can béng
(E,}%,...,F",NA,NB)EO. Khi cac Iyc }7"1,]32,...,}7;, thay déi, cé thé xay ra su

mit lién kél tai mot treng-hai-diém-twa-A-hodc-B.-Gia-sit hé ¢6 thé bi mit lién
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két tai diém B. Khi d6 vat ¢6 thé bi lat quanh A. Do dic diém va vi trf dat
luc, phin cic luc K, F;,..., F, thanb hai tap: Tap céc luc c6 kha ning lam
vat rén lat quanh A goi Ia cdc luc lat va tap cdc luc gift. Ta goi téng moémen
clia cdc luc lat d6i v6i diém A 14 My, , téng moémen cla cdc lye gitr doi véi
diém A 1a M, .

Diéu kién dé vat rin khéng bi 1at quanh di€ém A 13 né vAn con can bing
va lién két tai B van con hoat dong. Cu thé la:

=1
Nhu the diéu kién dé vat S khong bi lat 1a: M, <M,

b) Thi du dp dung _
Thi du 2.7. Cin truc phang chiu lyc va c6 kich thuc nhu hinh 2.24.
Trong luong cin truc 13 G, d6i trong 1 P. Tim trong luong O 1én nhét ma cin
truc ¢6 thé cau lén dugc. '
Loi gidi. Khi cu hang ning
qua can truc ¢6 kha nang lat
quanh diém A. Trong thi du nay
G va P 1a cdc luc giit, con O 1a
luc lat.

Momen gilt va momen lat 1a N
Mgy, =(a+b)P +bG -

My =cQ G
Dbiéu kién khong lat 1a Y
cQ<(a+b)P+bG _'B'! -'!A
o< (a1 DP+G ¢

C

o

— =

R ey O
B T Y

Hinh 2.24

4.4, Bai toan siéu tinh

Khi s6 phuong trinh can béng tinh hoc bing s& 4n cdn tim, bai todn tinh
hoc c6 thé giai duge. Khi d6 bai toan tinh hoc dugc goi 1a bai todn xdc dinh
tinh hay goi tit 14 bai todn tinh dinh. Khi s& phuong trinh can bang finh hoc
nho hon s 4n cdn tim, bai todn tinh hoc khéng gidi dugc trong 1y thuyét can
bing vat rin tuyét d6i. [BAtoan tinh hoc duoe goi 13 bAi toan khong xac dinh
tinh hay goi tit 14 bai todnsiéu finhs Tréa-Hinh'Z 25 #d dua ra mot mo hinh don
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gian bai todn siéu tinh. P61 v6i mo hinh nay lip duge ba phurong trinh can
bang finh hoc, nhung cé b6n 4n cin tim.

Trong gido trinh ndy khong xét cdc bai toan siéu tinh. Bai todn siéu finh s&
dugc khio sdt trong gido trinh Sizc bén vdt-liéu.

F F
c>\ X, A c>\ B
c

. L
Zz I 1 Y, I L

= ]
a) b)
" Hinh 2.25

I

o<

5. CAN BANG HE VAT RAN PHANG
5.1. Cac phuong phap tinh

Tir dinh nghia hé vat rin can bing & chuwong 1, ngudi ta da dua ra
phuong phdp tdch cdu triic dé tinh todn can bang hé nhiéu vat ran. Theo
phuong phdp tdch cdu triic, tich hé p vat rén chiju lién két thanh p vit rin
riéng biét, hodic tdch hé p vat ran thanh cdc nhém nhd cdc vat rdn, hoic xem
ca hé nhu mot vat rin, sau d6 tach ra mot vai nhém (hodc mot vai vat rin).
Thay thé cdc lién két dugc giai phéng bang phin luc lién két tuong iing.
Thiét lap cic phuong trinh cin bing cho ting vat rin hoic tiing nhém cdc vat
rén, sao cho s& phuong trinh can bing tinh hoc ding bing s& an cin tim.
Chd ¢ ring, d&i véi mdi vat rin duge tdch ra (hodc ci hé xem nhu mot rén)
cé 101 da 3 phuong trinh can bing doc lap.

5.2. Cac thi du ap dung

Thi du 2.8. Cho mot ddm lién tuc gém hai nhip cé két cdu va chiu lyc
nhi hinh v& 2.26a. Cho biét a = 0,5m; ¢, = 60 kN/m; F = 80 kN; M, = 10
kNm. Hay x4c dinh cdc phan luc lién két tai A, B va lyc lién ket tai C.

Loi gidi: Tach dam lién tuc thanh hai ddm don nhu hinh v& 2.26b va
2.26c.

Xét can bing cta ddm DC, ta cé:

> m,(F,) :%a.qoa + My —a2qa+2a¥y, =0 (1)
> i (F) = ga.qoa +My~2aN, +a2qua=0 (2)
> Fr=—Xz=0 3
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_h "y
- + A f v ¥y v ¥ o y qﬂ Y %
D . A 4 c Bl
a) M, 7
2a 2a a a
t
aq, 2aq, F alp
Ye B
b) D [y A X C ™\ Mz
— 1 C
o )¢ % B} X,
Ml’) NA Yc
Hinh 2.26
2
Tir(l)tacod: Yo ='—q0a—%=10kN.
3 2a
T (2) suyra: N, :1q0a+ﬂ=80kN.
3 2a
Xét can bing clia ddm CB ta ¢6 céc phuong trinh can bang
> ing(F)=2aYc +aF + My =0 ' (4)
3 Fy=-Y:—F+Y3=0 (5)

Tix (4) suy ra:

My :Za[—§q0a+—ﬂ§£J—aF :—-;f—qoa2 + M, —aF =-50kNm
a

T (5) suy ra YB:%qoa—-Aj—O+F=9OKN.Tﬁ(6) suyra Xz =—Xc=0.
a

Thi du 2.9. M6t he dam c6 két cdu va chiv lyc nhu hinh v& 2.27. Cho
biét F, a va g. Hiy x4c dinh phan lyc lién k&t & A va C va noi luc lién ket
tai D.

Lot gidi. Dau tién xem ca hé ddm nhu mot vat rin. Ta c6 ba phuong
trinh cén bang

> F, =F,, —3aq+Fg =0 (2)
ZﬁA(Fk) = _af —%ana—aFCx taafc, =0 (3)
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Pé giai bai todn, con cin ba phuong trinh can bing nita. Tdch vat va dat lyc
nhu hinh v&. Xét can bang ciia dam DC, ta cé ba phuong trinh can bang nhu sau

> Fi =—Fpy + F =0

Y Fy =—Fp,—2aq+Fg, =0

> ip(F )y =—aq2a+2afFg, + aFe, =0
T cdc phuong trinh (3) va (6) suy ra

R LY Y I P
T AT
Thé& k&t qua trén vao cdc phuong trinh (1), (2), (4), (5) ta duge
2 7 F 17
F, =—ZF+-ga, F, =—"—+""ga
Ax 3 6q Ay 6 12q
Fp=————ga, F _E_ 2 a
D=y g Ty TR
A 4 Y¥-¥ Y ¥y v VY ‘fq
D

" C

Fey

> | s
AN
Q
S
]
©

Hinh 2.27

)

(3

(6)

Ngay nay, voi sy phat trién cla tin hoc, ngudi ta hay st dung cdc phéan
mém dé giai ¢dc bai todn tinh hoc phic tap. D€ hiéu duge ¥ tudng, viét lai

cdc phuong trinh (1)-+(6) dusi dang ma tran

42




1o 1 0 0 0
o1 0 1 0o 0
0 0 -a 4a¢ 0 0O
006 1 0 -1 0
00 0 1 0 -1
0 0 a 22 0 0 i

—-F
3ga
15
al +—qga
29‘
0

2ga
2

2ga

Str dung cdc phan mém nhu MATLAB, MAPLE, MATCAD,... d& dang tinh
todn cdc phan lyc lién két tai A, C, D. Sau d6 v& d6 thi céc thanh phin phan Ivc

lién két.

Thi dy 2.10. Treo hai qua cdu dong chat O, ¢6 trong lugng G, va O, c6
trong lugng G, bang hai s¢i ddy mém, nhe riéng biét nhau vao ciing diém O
(hinh 2.28). Cho bi¢t chi€u dai ciia cdc doan day treo 1a I, vA /,, bdn kinh
cia cdc qua cdu la r, va r,. B4 qua ma sat. Tim diéu kién can bing ca hé

vat rin nay.

Léi gidi: Xét hé vat rén can bing 12 hai
qua cdu treo vio diém O. Ngoai luc tdc
dung lén he 1a cdc trong luc G, va G,, céc
stc cang 7,,7,. Khi hé vat can bing thi tam
gidc 00,0, dugce xdc dinh vi ¢6 ba canh di
biét. Do d6 géc 0,00, =a xdc dinh. Ky
hi¢u @ 1a géc nghiéng cua canh 00, véi
dudng nim ngang thi géc nghiéng cta canh
00, v6i dudng ndm ngang 12 7 —(a+8).
Ap dung phuong phédp hoé rén, xem ca hé
nhu mot vat rdn & can béang, chiu téc dung
cla cdc ngoai luc G,,G,, T, T,. Tir didu kién

cin bang ta c6 Hinh 2.28
2 (F)=Gyd) = Gydy = 0
= . Gdy=Gyd, (D
Tir hinh v& 2.28 suy ra cédc quan hé hinh hoc
d, = +n)cos[zr ~(a + )=l +r)cos(a +6) . (2)
dy, =y TJT050 (3)
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Thé (2) va (3) vao (1) ta duge
~G () +n)cos(a+ N =G, (ly +1,) cosé? ‘ 4
Tir (4) suy ra diéu kién can bing clia hé vatrin 1a
Gy(l, +n)cos(a+0) + G, (I, + n)cos@ =0.

6. BAl TOAN XAC PINH NQI LUC TAI CAC MAT CAT NGANG CUA
DAM CUNG

6.1. Khai niém luc doc, luc cit va mémen udn

Dé don gian, trong doan nay gidi

han xét bai todn xdc dinh noi luc & 5 2 P
mot mit cit bt ky clia ddm théng, / / .
ching dugc sinh ra do tic dung cla ¢ < : x

ngoai Iyc. Xét dim théng can bing A —
dudi tdc dung clia cdc ngoai luc nhu 1’;‘«3\ ¢ ”/ : \_
hinh 2.29. | E E,

Pé c6 thé tinh todn xdc dinh ad
noi luc tai mit c—c cdch géc O mét |,

doan x, ta phai tim cdch lam xuat
hién chiing. Muén th€ ta tudng tugng
cét ddm thanh hai phdn A v B bdi mat cdt c—c. Tudng tugng vit bd phan
B va xét can bing cla phdn A. S& di phén A gilf dugc trang théi can bang la
nhé phdn B di tic dong 1én phdn A mot hé lyc phan b6 nhu hinh 2.30. He
luc @6 duoge goi [a hé noi Iyc cua vat thé tai mat cit c—c. Thu gon hé ndi luc

Hinh 2.29

vé diém giffa cfia mat cit dugc mot lue R va mot nghu luc M. Luc R ta
phan thanh lgc N va O nhu hinh 2.31. N&u xét can bing clia phin ddm B,
thi phdn A s& tdc dung 1én phin B mot h¢ lyc tuong ty nhung c6 chiéu
nguge lai.

\/ xﬁ/_
3 /i N\

Hinh 2.30
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A
< ho\g

Hinh 2.31

Pinh nghia 2.6. Luc N = N(x) dugc goi 1a luc doc (hay lyc phdp tuyén),
luc O=0(x) duge goi 1a lyc cit, con mdémen M = M(x) dugc goi 1A mémen
uén. Chiing 14 duong néu c6 chiéu nhu hinh 2.31a.

6.2. Cac thi du ap dung

Thi du 2.11. Cho ddm AB chiu lyc nhu hinh 2.32a. Hay xdc dinh phén
lyc lién két tai A va B. Sau dé x4c dinh noi luc tai mot mat cét bt k. Céc

kich thude cho trén hinh vE. B
Lo gidi. ' : O}{

Buworc 1: Xdc dinh phdn luc lién két A B
o . 5 . c ;
Tir cdc phuong trinh can bang - Y7 ; 1, 70

Y F=-X, +Fcosa=0 a) K l
ZFky :YA +YB—FSinaﬂ0
- F
> my(F)=Yp(h +L,)-Fsinah =0, X, «
] 18
suyra X, = Fcosa, : - "
] . }:4 A ¢ I, Y
Flisina Flysina
Ypgom———, Yy=—=—— p) )
ll + 12 l] +12 Hinh 2.32

Biée 2: Xdc dinh néi luc trén dogn AC (0<x <))
Tudng tugng cit ddm nhu hinh 2.33.

I B7
¥

i~
=Tl
<

a) H b)

Hinh 2.33

Tir hinh 2.33a ta c6 céc phuong trinh can bing
Y R, =N-X,=0_ N=Fcsa (1)
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S Fy=-0+%,=0 = 0=—2 Fsina | @
1+h

*h Fsina 3)

L+

S m(F)=-Yx+M=0 = M=

Buoc 3: Xac dinh noi luc trén doan CB (I, <x <] +1,)
Tudng tugng cit ddm nhu hinh 2.34. T hinh 2.34b ta ¢6 cdc phuong

trinh can bing (& =1/ +1, —x):

> Fu=—N=0 = N=0 )
S F=—0-Y3=0 = Q=—[lilesina (5)
S m(F)=-M+Y;£=0 = M=(ll+12—x)llj_112Fsina -~ (6)
K F 04 7,
A e I
M b)

a)

Buéc 4. Vé biéu do néi luc
Tix céc cong thic (1) dén (6) ta v& dugc biéu d6 ndi lyc nhu hinh 2.35.

Hinh 2.34

h
N Feosa
X
} >
_ L I+l
A i
Q I_Fsina
L+
1+l X
1 -E-«%——Fsina
i T2
M hi, :
e ——— F'sine
Lk+L
il “Ii] X
l L+l
Hinh 2.35
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6.3. Quan hé vi phan giira lyc cit, mdmen udn va tai trong phan b&
lién tuc

Trong doan nay gidi han xét cdc dam chiu tdc dung cia tai trong phan
b lién tuc nhu hinh 2.36a

dF = g(x)dx
p(x)dx E g(x)
l ~ » Q vl ]
NM+dM
(1)
m — —
e Q+dQ
Hinh 2.36a Hinh 2.36b

Tudng tuong tdch ra mot phan t6 nhd cfia dim dai dx. Cic ngoai luc va
ndi luc duge thé hién trén hinh 2.36b. mit cit x, cdc ndi luc O va M tdc
dung lén phan t6, ton & mét cit x+dx, cdc noi luc 58 1a O+dO vaM +dM .
T di€u ki¢n can bang ctia phan 6 nhé ta ¢6 cdc phuong trinh

D F=0-qdx—(Q+dQ)=0=gdx+d0 =0 (1)

ch(ﬁ;)=—M—de+qui£2’ﬁ+(M+dM)=0

= —Qdx +dM+%qu2 -0 o
Tir phuong trinh (1) suy ra o : ‘
do
e~ . 3
el (3)
Tir phuong trinh (2), bé qua vo ciing bé bac hai dx?, ta ¢6
dM
aM _ 4
2 (4)
Thé (4) vao (3) ta duge .
M
LI 5
rEa (3)

Cac phuong trinh vi phan (3) va (4) thub’ng duge diing dé kiém tra tinh
ding dan cla cdc d6 thi luc ¢it va clia mémen udn. Trong céc trudng hop
don gian cdc quan hé dé.nhu sau:
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q Q M
0 Hing s6 Tuyén tinh
Hing s6 Tuyén tinh Parabol bac 2
Tuyén tinh Parabol bac 2 Parabol bac 3

Thi du 2.12. Mot dim moét ddu bi ngam chat, mét dau ty do chiu tic
dung cia tai trong phan b6 tam gidc nhu hinh 2.37. Hay xac dinh lyc cit vi

moémen udn cta dam.
Loi gidi: Tit hinh v& suy ra quy luat phan b8 tuyén tinh cha tdi trong

phan bd
g0 ="2ox (1)
Tl cac cong thitc aQ =—q(x)= oy . a =0, ,suyra
dx I dx :
O(x) :—'%xz +C, , M(x)= —%f +Cx+C, (@)

Tir cac diéu kién Q(0) = 0, M(0) = 0 d& dang x4c dinh duge cdc hing s6
tich phan C, = 0, C, = 0. Vay cdc dai lugng lyc cit va mémen uén clia dam la

_ 1 (xY __ 1 a(xY
0(x) = 2%1[1], M(x) qul[l)

o M

/»/J/J/J/l/qf)§ 1 I . ‘
x S e
z- 6
Parabol bac 3

Parabol bac 2

a) b) c)
Hinh 2.37
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Chuong 3

HE LU'C KHONG GIAN VA PIEU KIEN
CiN BANG CUA VAT RAN KHONG GIAN

Hé lyc khong gian 13 hé Iuc, ma dudng tic dung cila ching khéng nim
trong cling mét mit phing. Trong chuong nay xét hai bai todn cd bén cia tinh

- hoc: Bién d6i hé lyc khong gian vé dang don gidn vA tim diéu kién can bing cla

vit rin khéng gian.

1. HAI PAI LUONG DAC TRUNG CUA HE LUC KHONG GIAN

rd ~ AT ~u n IA’ - ~ AT
1.1. Véc t6 mdémen cla luc ddi vdi mot diem va mdmen cha luc ddi
vdi mot truc ' '

a) Pinh nghia momen cia luc déi véi mot

diém. Momen clia luc F d6i v6i mot diém 1y (F)

0, k¥ hiéu my(F), 1a mot dai luong vécto - B
¢6 phuong vudbng géc véi mit phing chia -0 7 d AF‘
diém O va luc F, c6 chiéu sao cho nhin ti /
d4u mit cfia né xuéng mat phing nay, thay ~ Hinh 3.1

luc F quay quanh O nguge chiéu kim déng
hé, c6 tri s6 bang Fd.
Trong d6 d 12 khoang céch tir O dén dudng téc dung cia luc F.
Tt khai ni¢m tich cé hudng cia hai
véc 10 trong todn hoc ta cd cong thic
Fo(FY=FxF (1.1)
Biéu thirc gidi tich. N&u ky hiéu

F=Fe +Fe, +Feé.,

thi suy ra

Hinh 3.2
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1
i

€, €, ¢

w(Fy=FxF=|x y. =z

| F, F F
=(yF, - 2F,)é, +(zF, ~ xF,)&, + (xF, - yF,)Z, (1.2)

Néu sir dung khdi ni¢m ma tran doi xéng léch F ciia véc to 7 (hay con’
goi 1a todn tir séng 1)

0 -z vy
F=z 0 —x - (1.3)
-y x 0

thi cong thifc (1.2) c6 thé viét dudi dang ma tran nhu sau
0 -z y | F | |y, -zF,
m,(F)=FF=| z 0 -x||F,|=|zF —xF, (1.4
-y x O0F xE, — yF, '

Biéu thic (1.4) gidp ta tinh mémen cla luc d6i v6i mot diém trén céc
phin mém mdy tinh mot cdch thuan tién.
b) Pinh nghia mémen cia luc déi véi mét truc. Momen cia luc F d6i véi
truc A 12 momen dai s& ciia luc F' d6i v6i diém O
m (Fy=m(F)=+F'd" (1.5)

Trong dé F'la hinh chi€u cla luc F len
mit phing E vuéng géc vdi truc A, con O ha

Alx,y,2)

giao di€m cha truc A véi mat phing E, d' Ia
khodng cich tir O dén F'.

Chit y: Tt dinh nghia ta suy ra

m,(F)=0 khi F//A hoac khi F cit truc A. Hinh 3.3
¢) Pinh Iy. Momen cta luc F déi véi truc A bing hinh chi&u 1én truc A cha
vécto mdmen clia lyc F d6i véi diém O nam trén truc A

m, (F)=hc, [ﬁa(ﬁ)] (1.6)

Chitng minh. Chon truc z tring véi truc A, mat phing toa d6 Oxy 12 mat
phéng E. Goi A’ 1a hinh chi¢u diém dat A ciia lyc F trén mit phing Oxy. Khi
d6 18 €6 A(x,,7,1.2,0 A(ipa2 O F(EF ) FU(ELELOVGL F,=F!, F,=F,
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Theo biéu thitc (1.2) suy ra ,
hey [P |= 2, =3, F, )
Mit khac theo cong thifc ( 1.4) trong chuong 2 ta cé
My (F) = iy (F') = x ,F, =y F, = x,F, ~ y,F, (2)
Tir (1) va (2) suy ra '
iy (F) = hey | o (F) |
Chii y. Tix (2) ta ¢6 coéng thic giai tich tinh moémen cha mot luc d6i véi
mét truc,
1.2. Hai dai lugng dic trung cua hé luc khéng gian
a) Vécto chinh
Pinh nghia. Véc to chinh cha hé lyc khong gian (F,,F,,...F, )14 tdng

hinh hoc cdc véc (¢ thanh phan thudc hé
R'= Z F (1.7)
k=1

Cdch xdc dinh. Hinh chiéu clla &' cia trén cdc truc toa do 1a
R =YF,, R=YF, 6 R=>F, T (1.8)
b) Momen chinh
Dinh nghia. Momen chinh d6i v6i mét diém O cta hé luc khong gian 1a
téng hinh hoc cdc vécto mdmen clia cdc luc thanh phédn clia hé 14y d6i véi
diém O dé. -~
M, =) m,(F,) | (1.9)
k=1
Cdch xdc dinh. St dung cong thic (1.6) suy ra
My = m(F), My, => m,(F), My, => m(F,) (1.10)
Thi du 3.1. Hinh lang tru c¢é cac canh a, b va ¢ chiu tdc dung cua céc luc
~ 1t £ dén £, nhu hinh v& 3.4, Trong d6 b=a,c=2a, F,=F,=F, F,=F,=2F,
F,=F,=3F . Hiy xdc dinh véc to chinh R' va véc to momen chinh d6i véi
diém A va diém B.
Loi gidi. Véc to chinh clia hé luc
R'= R + il (1)
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Céc hinh chiéu trén céc truc toa do la Z “17"
R, =F +F=3F, R, =F+F,=6F, P I
2. ) ] 1
' 3 1 B! _ _{f‘s_-};
R =-F+F,=F ——
| R -
|[R|=V3*+6>+1* F=46 F . o A Ly
’1!- ————— -
Momen chinh cta hé luc d&i véi diém A . 4.
va diém B A i,
' F;
N 6 B . 6 _ X ! N
My =Y iy F), My=>Y ng(F) Hinh 3.4
s k=1 o '

Tir hinh vé ta c6
M, =bF) —cFs=-4aF, M, =aFy =aF, M, =aF;+aF; —bF; =4aF,

|#7,| =N 4* +1* + 4% aF =\33aF

Mg =bF, +ckFy =TaF, MBJ; =—cF —cF; +aFy =—4aF, M. =bF, =aF,

|82} =7* + 47 +1* aF = /66 aF

2. THU GON HE LUC KHONG GIAN

2.1. Thu gon hé lyc khdng gian déng quy

Pinh Iy. Thu gon h¢ lyc khong gian déng quy ta duge mot hop luc. Hop
luc dit tai diém déng quy ctia hé luc va duge biéu dién bing vécto chinh clia
hé luc.

R=YF, ' (2.1

Chitng minh. Cdch chiing minh hoan toan twong ty nhu chiing minh dinh
1¥ thu gon hé luc déng quy phing.

2.2. Thu gon hé ngau luc khdng gian

a) Véc to mémen ciia ngdu luc. Momen 'ﬁ‘]‘

cla ngau lyc 1a mot dai luong vecto, ky

hiéu m(F,F")(hodc @), cé phuong vuong 4 F
gée v6i mat phang tic dung cla ngiu lyc, 5 F d

¢6 chiéu tuin theo quy.tdc ngugc chiéu Kim_____ Hinh 3.5

+
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d6ng hé, c6 tri s6 |m|=Fd . Trong d6 d 1a canh tay don clia ngiu luc, F 1a do
16n cta luc F.
Chii y: Lién hé véi dinh nghia mémen cia lyc d6i v6i mot diém ta cé
(F,F') =ity (F') = g (F) (2.2)
Momen cta ngiu luc 1a mét véeto tu do.
b) Su tuong duwong cia hai ngdu luc trong khong gian
Dinh ly. Hai nglu lyc c6 vécto moémen bing nhau thi tuong duong.
Chitng minh. Dat vao giao diém hai dudng
chéo cha hinh binh hanh ABCD mét csip can
bing (¥, F)ma Fy=F
Do m(F,R)=m(F,,F) ma d, =d, nén

F=F,=F
Do (F.F)=(R.F), (F.F)=(F,F),
tacé (F.F)=(F,F,FF)=(K.F,FE)=(F,F)

Hinh 3.6

Hé qua:

— C6 thé di chuyén song song trong khong gian ngiu luc tic dung lén
vat ran. :
— Véc to moémen cia ngiu hyc dac trung cho tac dung cia ngiu luc lén
vat ran. '
c) Thu gon hé ngdu luc khong gian | _

Dinh Iy. Thu gon hé ngau lyc khong gian ta duge mét nglu lyc téng
hop. Véc to mémen clla ngdu lyc téng bing téng hinh hoc cdc vecto mémen
cua cac ngdu luc thanh phén.

=3, 23)
k=1

Chiing minh. D€ don gian chiing minh
theo trudng hgp n=2. Cho ngiu luc
(F,F)ndm trong mat phing E,, ngiu lyc

(Fy,F,)ndm trong mat phang E,. C6 hai

kha nang xay ra: E, song song véi E, hoac
E, cit E,. ‘

Hinh 3.7
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Néu E,//E,. Theo dinh 1§ trén dua hai ngéu lyc vé cling mot mat phéng,
dp dung dinh 1§ thu gon ngdu lyc phing 1 xong.
Néu E, cét E, theo mot dudng théng, dua hai ngiu lyc my,m, vé clng
canh tay don nhu hinh 3.7
(R, R, By, FB)=(F, B, B)=(RR).
Tu dotacod
m(R,R)= ABx R = ABx(F +F)=4BxF + ABx I

2.3. Thu gon hé luc khdng gian bat ky vé mat diém
a) Dinh Iy doi luc song song. Mot luc F dat tai diém A tuong duong véi luc
F'bing luc F dat tai B vA mot ngdu lyc ¢6 vécto médmen bing moémen cha
luc Fldy d6i v6i diém B

' F,=Fy va ig(F,). : (2.4)

Chitng minh. Chiing minh tuong tu nhu chiing minh trong trudng hdp hé
Iuc phing.

b) Khdi niém toéexo luc _

Dinh nghia. Mot hé gém mét luc va mot ngéu lyc (F,M,)dugc goi la
mot todexo luc.

Nhu th€ todexo luc (F,0)1a mét luc. Todexo luc (0, M,)la mot nglu
luc. Tobexo Iyc (0,0) ] mot hé hye can bing. Néu M,/ F, todexo lye
(F‘,MO) 12 mot hé luc xoén.
¢) Binh Iy Poinsot (Poanhxd). Thu gon he luc khong gian (F,F....F,) vé
diém O ta dugc mot todexo lie (B, My). Trong dé R 1a vécto chinh clia he
lyc, con M, 1a vécto momen chinh cia hé luc d6i véi diém O.

Chitng minh. Thu gon hé luc (E,FZ,...,FH)\!@ diém O dugc mot hé luc
déng quy (F,,F),... F,) va mét h¢ ngéu luc (g (F ),r'r'zo.(ﬁ'z Y-t (F)). Ti€p
tuc thu gon hé lyc déng quy ta duqe.m(f)t lyc R =Y F, =) F,, thu gon
‘hé ngiu luc duoc mot ngiu luc téng hop M, :Zﬁia (F}c) . Vay ta ¢6

(F;=F2=""Fn)E(R'09MO)‘
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dx.1
et

FH

d) Anh hudng ctia tdm thu gon

Thu gon hé lyc khong gian (F,Fz,...,ﬁ,,) vé hai tAm thu gon O va A khac
nhau, ta dugc
(B Bpen By ) ={ B Mo ) v6i Ry = 3 Fio Mo = 3 o (Fy)
(E,Fz,...,ﬁn)=(f€:4,ﬂ,4) véi R, :ZFk, M 4 :Zﬁ’iA (Fk)
" Nhu thé vécto chinh K}, R, nhu nhau va khong phy thudc vao tam thu

gon, con cac mémen chinh Mo, M4 phu thuoc vao tam thu gon theo quy luat

nhu sau.
Dinh Iy bién thién momen chinh. Véc td moémen chinh ciia h¢ luc khong gian
phu thudc vao tam thu gon theo quy luat

My =M+ (Ry) (2.5)
Chimg minh. Theo dinh nghia ta co

MA = Zﬁk x Fk (1)

My =) FxF, 2)

Tir hinh 3.9 suy ra 7
__ /0
Thé (3) vio (2) ta dugc '
My = 7 x F = (#, + Od)x Fyy = M, + iy (Ry)

Hé qud: He luc khoéng gian c6 hai bét bién d6i véi tam thu gon la véc to

chinh £ va tich vd hudng véc to chinh v&i mémen chinh R.M,.
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2.4. Cac dang chuan ctia hé lyc khéng gian
Theo dinh 1¥ Poinsot ta cé
(5, Fypee B ) = (R M)
Can et vao vécto chinh R va mémen chinh M, ta cé cic dang chuén sau
day cta h¢ Iyc khong gian. _
a)Néu R =0, My =0 thi (§,F,..F)=0 %
by Neu R =0, My #0 thi (F,F,.,F,)=M, A /
c)Néu R'#0, R"M, =0 thi (A, F,..F)=R Hinh 3.10
Thuc vay, néu M, =0thi (5,F,...F,)=mot hop luc dat tai O. Néu
"~ M, =0 thi M, LR'. Theo quy tic ngugc clia dinh Iy doi lyc song song, c6
thé thay thé todcxo lyc (R, M, =0) bdi mot lyc R=R' dat tai A.
d)Néu R 20, RM, =0 thi (F,F,....F,)=mét h¢ luc xodn.
Mot hé Iyc gém mét luc F va mot nglu lyc m mad i cing phuong voi
F duoc goi 1a mot he luc xodn. N&u Fva m cling chiu, thi goi la hé luc
xoédn thuan. Néu F va 7 ngugc chiéu nhau dugc goi 1a hé Iyc xoin nguoc.
Phan tich ngau lyc M, nhu hinh 3.11.
My = M, + My,
Vi My, va R vuéng géc véi nhau nén

thu v& mot luc R dat tai A. Luc R, va ngiu

lyc Mg tao thanh mét hé luc xoén.

Hinh 3.11

2.5. Pinh ly Varignon

Pinh 1¥. Khi hé luc ¢é hgp luc thi moémen cia hop luc ddi vdi moét
diém O bat k¥ bing téng hinh hoc m6émen cta cédc lyc thanh phéan d6i véi
diém O do.

Néu (F,Fy,...F)=R, thi ip(R) = o (Fy) (2.6)

Chitng minh tuong ty nhu trudng hop hé luc phing. Ngudi ta hay 4p
dung dinh 1y nay trong viéc tinh mémen cla lyc déi vé6i cic truc. -

56




Chii y: Khi tinh momen cla lyc F d6i v6i mot diém O, c6 thé phén tich

lyc F thanh ba thanh phin vuéng géc F=F + L+ F. i dp dung cong
thitc (2.6).

3. PIEU KIEN CAN BANG CUA VAT RAN KHONG GIAN

3.1. Piéu kién can biing tdng quat

Dinhk ly. Diéu kién cdn va di dé cho mot vat rin khong gian tr do céin
bang 1a hé lyc tic dung lén vat rin c6 vécto chinh bang khong va momen
chinh d6i véi mot tam O bat ky bang khong.

Chimg minh didu kién di. Do R =0vA M =0 nén he lyc (¥,F,,...F,)=
mot cip luc can bing. Theo tién dé 1 thi vat rdn can bing.

Chimg minh diéu kién cdn. Gia thiét vat rin can bing. Néu nhu diéu
kién R'=0va M=0bi vi pham thi theo bi¢n luan dang chudn & trén hé luc
(R, F,,.... ) s& khac khong. Do d6 vat rén sé khong can bing. Pé 1a diéu
may thuin véi gia thi€t. Vay diéu kieén R'=0va M =0 phai thoa man.

Chii y: Diéu kién cdn va di dé cho mot vat rin tr do can béing tuong
duong véi diéu kién cdn va dit d€ cho hé luc tac dung 1én vat rén dé triét tiéu.

3.2. Cac phuong trinh can béing clia hé luc khéng gian
a) Cdc phuong trinh cén bdng ciia cdc hé luc khong gian tong qudt
T diéu kién R'= F, =0vd M, =Y iny(F,)= 0 suy ra siu phuong trinh
can bing cta hé lyc khong gian: ,
D Fp=0,> F, =0, > F. =0 _— (3.1)
2mAF)=0, 3 my(F)=0, 3 m.(F)=0 (3.2)
b) Cdc phuong trinh can bdng cua cdc hé luc khong gian ddc biét

H¢ lyc khong gian déng quy. Goi O 1a diém déng quy, diéu kién M, =0
luén luén thoid man. Vi vy ta con ba phuong trinh cén bing

> F=0,> F,=0, S F =0 | (3.3)

Hé lyc khong gian song song. Gia sit chon truc z I truc song song véi céc
lyc. Khi d6 cdc phuong tinh R, =0; R, =0va» m_(F,)= 0 luén ty thod min.

Vay d6i véi hé luc khong giansong song ta ¢ ba phugng trinh can bing
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S E =0, Y m(F)=0, > m,(F)=0 (3.4)
Hé ngdu hyc khéng gian. Vécto chinh cta hé ngiu lyc khong gian luén

luén bing khoéng R =0. Vi vay d6i véi hé ngiu lyc khong gian ta cé ba
phuong trinh can bang

S m(F)=0, Y m (F)=0, Y m(F)=0.

3.3. Cac thi du ap dung

Thi dy 3.2. Mot tdm phing déng chdt chit nhat ABCD, trong luong P
duoc gitt can bing & vi tri ndm ngang nho ban 1& cdu A, ban 1€ try B va day
CE nghiéng mét géc 30°. Tim cdce phan lyc tai A va B va sifc cing cua day.

Loi gidi. Khao sét can bing tim ABCD ta ¢6 hé lyc can bang (hinh 3.12)

(XAD?ADZADX-;BEEBQTDP)EO

K¢ hiéu AB = b, AD = a. Chon hé truc toa d¢ Axyz nhu hinh v&. Ta c6 6
phuong trinh can bing:

S Fo =X+ X5 —To0s30°sin30° =0 (1)

Y F, =Y, —T'c0s30° cos30° =0 (2)

> F=Z,+Zy- P+Tsin30° =0 (3)

Znix(ﬁ'k):—}’% + Zgh+bTsin30° =0 (4)

Zm},(fk):}’gﬂaTsinBOc):O (5)

> m.(F)=—Xgh=0 (6) Hinh 3.12

Tir (6) 'suy ra Xp= 0. Tix (5) ta c6 T = P. The céc gia tri nay vao phucmg

trinh (1), (2), (3), (4) giai ra dugc
X, =1§P, Y, =%P, Z, =%P, Zy=0
Thi dy 3.3. Tém déng chét trong luong G chiu lye tdc dung F' va dugc
dd & vi tri nim ngang nhd 6 thanh (khong trong lugng) nhu hinh 3.13. Hay
xéc dinh dng luc cia cac thanh.
Loi gidi. Khao sat can bing clia tém ddéng chat. Thay cic lién két thanh
biing cdc phan luc lién két tuong tng (hinh 3.13) ta duoc hé lyc can bing

(F, 6.5 5, 50,80,55.5,) =0
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]

Hinh 3.13

Chon hé tryc toa d¢ nhu hinh v&. Cic phuong trinh cén bing tinh hoc

cd dang

> F, =0:-S3cos f~Sgcos =0 (1)
ZF@:O:S,lcosa—SscosanLF:O 7 2)
> F. =0:=5, -8, ~S;sin f-Sgsin f - Sysina—Sgsina =0 (3)
> m,(F,)=0:aS, —aS, +aSssin f—aS3sin f=0 - (4)
Zmy(ﬁk):O:g—G+bSl+sz+bS6sinﬂ+bS3sinﬂ:0 (5)
Zm_,(ﬁk):O:bF-i;aS3cosﬂ—aSﬁcos,6‘:0 (6)

Trong dé

‘cosa =sina =—— —ﬂ cosﬁ—uL— sinﬁ—#-a——
22 2 Va® + b Na* + b

Giai hai phuong trinh (1) va (6) ta dugc

2, .2
+b
5, =g, = Y L
: 2a 7
Thé cdc két qua trén vao hai phuong trinh (4) va (5) suy ra

G F G F
Sl=—--—o——--~—’ 2:—_+._.
4 2 4 2

Cudi cung tir hai phuong trinh (2) va (3) nhan duge
1 {G : 1 (G
Sy= el ~+F |, Ss=——=| = F
* \E(z J - J-E[z ]
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Thi dy 3.4. Mot hinh tru tron nim trén hai 6 43 A, B va mang dia C ¢
mot dau. Cho biét ban kinh clia dia 1a R, bén kinh truc Ia r, R = 6r. Quanh try
tron cuén day treo vat nang Q. Quanh dia qudn day c6 stic cang day P = 60 N.
Céc kich thuée cho trén hinh v&, géc a = 30° Tinh Q dé hé can bang va xdc
dinh cdc phan lyc & hai 6 45 A va B.

L&i gidi. Chon hinh try tron AB mang dia C & ddu lam vat rdn khao sat.
Thay thé lién két & A va B bang cdc phan luc lién két nhu hinh v& 3.14. Ta
c6 hé luc can bing

—f

o
Hinh 3.14

Pé vigt phuong trinh cin bang thuén tién, ta phan tich luc P theo cic
truc toa d6 P, = Pcosa, P, =—Psina . Céc phuong trinh can bing c6 dang:

> F,=0: X, +Xy+Pcosa=0 (1)
D F.=0:Z,+Zg—Psina-0=0 (2)
> m, (F)=0: 1,5Z; -1,00+0,5Psina =0 (3)
>im (F)=0: 6rP-rQ=0 4
st(ﬁ}‘)=0: ~1,5X5+0,5Pcosx =0 (5)

Tir (4) = Q=6P=360N, Ttr(5):>XB:PT\/§=IO\/§=17,3N,

T (3) = Z, =%—§=240—10:230N,
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P3

Tt (1) =X, =—X, ——_10J_ 3043 = 4043 = —69,3 N,

Tt (2) = Z,, =Q+—2——ZB =390-230=160N.

Thi dy 3.5. Cho hé hai truc nhu hinh v& 3.15. Truc thing diing ABO,

mang bédnh ring O,, chiv ngéu lyc M va duge 45 bdi 6 d& A va B; truc nim
ngang DO,CO, mang hai banh va dugc d& boi hai 8 C va D. Béanh rang O, an
khép véi banh rang O, lyc téc dung tuong ho & ring dn khdp ndm ngang
theo ti€p tuyén chung va hudng song song véi truc X. Banh O, ¢6 cuén day
trén vanh, ddu day ty do treo vat nang P sau khi vong qua rong roc nho E
(bd qua kich thudc), nhdnh diy gifta binh O, va rong roc nam trong mat
phing ctia banh va nghiéng véi tryc ndm ngang O;E mét géc a. Bé qua trong
luong céc banh. Cho biét ban kinh cdc bédnh 1a R, = R; = R; R, = r. Cic doan
AB = BO, = g, 0,C = CO,= 0,D = b. Xic dinh ngiu luc M dé hé can bang
va phén luc & céc & da.

Hinh 3.15

L&i gidi. Trude hét xét truc ABO, chiu hé lyc gém ngiu lyc M, cdc phan .
luc X,,¥,,Z, cia & d5 A (loai c6i), cdc phan lyc X, ¥, cha & d6 B (loai ban

18), luc an khép N (hudng vé phia sau) do banh O, tic dung vao (hinh 3.15).
Ta cé hé luc can bing:

(}A,?A,EA,YB,?B,R;,H) zOl

Tir hinh vé d€ dang tinh duge
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I'=P,T =Pcosa,T, =~Psina .
Céc phuong trinh can bing cla vat rin ABO, 1a
SF=X,+Xz-N=0, > F,=Y,+Y;=0, > F,=2Z,=0,
S (F) =—Ypa=0, S 4 (Fo)=Xpa-N2a=0,
> my (F,)=M-NR=0.
Giai ra ta duoc: .
Z,=Y, =Y, =0,N=%,XB :%,XA =—%.
Khao sdt can bing cla truc DO,CO, chiu tdc dung cua hé lyc gém: luc
P (ndm theo nhanh day nghiéng va c6 thé phan tich ra hai thanh phan Py
vaB,); luc an khép N'(hudng ra phia trudc); céc phan lyc X, Zc,%p, 7,
clia cdc 6 d& C va D. Ta c6 h¢ lyc can bing:
(fc,fc,f.o,zo,iﬁ) =0
Lap 5 phwong trinh can bing véi N =N' ta ¢6
ZFX =Xo+Xp+N +Pcosa=0
ZFZ =Ze+Zp—Psina=0
S g (F)=Zcb—Zpb=0
> my,, (F)=Pr—-NR=0
> g (F)=Xph—Xcb—N'2b=0
Giai ra
Zo=2Zp fgsina, N =P—:—{—,

3P
Xp =—£cosa -I-££ , Xe =—£cosa——f—
2 2R 2 2 R

So sdnh hai gid tri N vA N’ vira tim dugc, suyra M =Pr.
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Chuong 4

TRONG TAM VAT RAN

Trong tam Vit ran 1a mét trong nhiing bai todn dp dung quan trong cua 1y
thuyét he luc. Archimedes (th€ ky thit 3 trwéc cong nguyén) va Pappus (thé ky
thi 3 sau cong nguyén) 1a nhitng ngudi ddu tién da dua ra khéi niém trong tam
vat rin. Trong chuong nay truée hét dua ra dinh nghia va cong thic xic dinh
trong tam vat ran, sau dé trinh bay cic phuforng phép xéc dinh trong tam cla
vat rin déng chat d6i xing va trong tim cla cic vat ghep Cudi chuong néu
1én hai cong thitc Guldin xé4c dinh di¢n tich xung quanh va thé tich clia vat ran

tron xoay.

1. PINH NGHIA VA CONG THUC XAC PINH TRQNG TAM VAT RAN

1.1. Tam cda hé luc song song cling chidu
Cho hé luc song song cing chiéu (F, F ... E,) c¢6 véc to chinh
fé':ZFk # 0. Chon ¢ la vécto don vi trén truc A/l F, ,tacb
F,=Fé (k=1,2,..,n)
Do R'#0, R"M, =0, nén h¢ lyc song song (13,]32,...,17"")06 hop luc.
a) Pinh nghia. Diém hinh hoc C ma momen chinh d&i véi C ciia he luc song
song cling chiéu (ﬁ],ﬁz,...,ﬁn) Iuon bing khéng khi hudng cta hé lyc nay

thay déi, dugc goi 1a tam clia h¢ lyc song song (13',]32,...,15;,)

b) Céng thirc xdc dinh vi tri tdm ctua hé
luc song song ciung chiéu

Chon ¢é 14 vécto don vi song song
véi F,, tirhinh v& 4.1 ta 6 :

Mo = (i } 1) =2 = 7. )% Fio 7.0 ¢ Hinh 4.1
k=1 k=1
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F I
hay {EFkﬁcJXEZﬂC[Z kaE
Biéu thic nay ding véi moi phuong € nén tir cong thic trén ta suy ra
cong thic xdc dinh tam cta hé lyc song song

Rt | (1.1)

1.2. Pinh nghia va e¢dng thic xac dinh trong tdm vat ran

a) Pinh nghia. Khi vat rin gin trdi dét, trong tam cla vat rin [ tam clia he

trong luc ctia cdc phén tir tao thanh vat ran. '

b) Céng thirc xdc dinh trong tdam cia vdt rdn
Chia vat rdn thanh cdc phén tir nhod, theo B

cong thitc (1.1) ta c6 F

8]

—
—
o

1 dP C
. =—1;erP (1.2) 7
véi P 1a trong luong clia vat rin B. 0 4
Cong thic (1.2) 1a cong thic xdc dinh
trong tam vat ran. x Hinh 4.2
Tir (1.2) suy ra:
1 -1 1
xczg}}[xdf’, Yo :—};JydP, zC-=;BzdP (1.3)

D6i véi cdc vat rin déng chat, ky hiéu p 1a trong lugng riéng, V 1a thé

tich vat ran, ta ¢é dP = pdV , P = pV . Cdc cong thiic (1.2), (1.3) trong truong:

hop nay ¢6 dang
Fo==[Far (1.4)

1 1 1
X.=—xdV, yv.=—|ydV, z;=—|zdV (1.5)
<y J Yo v ,Jy <y ; ,
Né&u vat ran 1a mot mit déng chat ¢6 dién tich 1a §, tuong tu trén suy ra
1 .
F.o=— |FdS . (1.6
T | (1.6)
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1 1 1
x.=— |xdS, =—|ydS, zo=—|zdS (L.
©s $ ¢ Sé{ ‘ Ssj‘
Pic biét khi mat 1a mot t&m phéng dong chét cé dién tich la A, thi
1 1 N
xcz;l—jxd/i, Yo =2JydA (1.8)

Chit §. Céc dai lugng S, = yd4, S, = fxdd duoc goi 1a momen tinb clia
A A .

ti&t dien A d6i v6i cdc tryc x va y tuong ung.
Néu vat rén la mot dudmg ddng chat, chidu dai L, trong ty trén, ta co

1 -

¥.=— {rds 1.9

=7 (1.9)

o= - [xds —lj ds, z —lj'zds (1.10)
¢ LL , yc LLy | ‘ LL .

Thi du 4.1. Xéc dinh toa do trong tam cha mot tam gidc canh day b,
chiéu cao 1a h (hinh 4.3).
Loi gidi. Dién tich mt phan 16 nho nhu hinh vé 1a
dA = b(y)dy . ¥ ---'7'7 ------

Theo cong thic (1.8) suy ra N
g Y o _'4: dy

H
Ay, = [vdd= [yb()dy (1)
A 0

Tir hinh vé ta ¢6 m6i quan hé hinh hoc b |

by) h-y blh—y) Hinh 4.3
= b —_— 2 mn .
L=l =)= ) 7
Thé (2) vao (1) ta duge

bi*

b .
Ay = [0y =y )dy ==~
g

Do A:%bh, suy ra yc:g.

Thi du 4.2. Mot 1&m phing déng chét
¢6 hinh dang nhu trén hinh vé. Hay xéc
dinh dién tich tdm va toa do trong tam
X, Y, cha dm.

Tir hinh vé 4.4 ta ¢6 dién tich
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dA = ydx = (9 — x*)dx
A= f(9—x2)dx =18 m’
Vi tri trong tam phan t& dA
¥=x, §=9+»)/2=L10+x%)

Vi tri trong tAm cila tim

9

1
x(7.=IIJEdA =§——-1,125m, Yo = I}"/dA =—7=5,4m.

1
4

2. CAC PHUGONG PHAP XAC BINH VI TRi TRONG TAM VAT RAN

Pé xdc dinh vi tri clia trong tam vat rin, ta phai thuc hién cdc phép tinh tich
phan theo céc cong thic (1.2) dén (1.10) & doan trén. Né&u bi¢t chon mdt cdch
thich hop cdc hé toa do, cdc phdn i thé tich, dién tich, dudng, thi tinh todn ciing
kh4 don gian. Dudi day dua vao nhiing tinh chét ddc biét clia hinh thé vat ran, ta
¢6 thé xdc dinh trong tam ciia né mot cdch nhanh chéng va thuan tién.

2.1. Xac dinh vj tri trong tam clia vat rin déng chat déi xing

Dinh Iy 1. Néu vat ran déng chit cé mit phdng (tryc, tam) doi xing, thi
trong tam cia né nim trén mat phdng (truc, tam) déi ximg do.

Clutihg minh. Xét trudng hop hinh phéng c6 ¥
truc déi xiing nhu hinh 4.5. Céc trudng hop khac —x|x
chifng minh twong ta. Chon tryc déi xting 14 truc
y, cin phai chiing minh x_ = 0. Theo céng thic
(1.8)tacod

xC:iJ‘dizl J-di+ xdA
4, A4 A

A

Do tinh chat déi xing che nén dau ciia bién

x trong hai tich phan trén nguge nhau. Hinh 4.5
Vay xc =0,
Hé qua:

— Né&u vat rén ddng chit ¢é nhiéu mit phing d8i xing, thi trong tam cla
vat rin nim trén dudng giao clia cdc mit phing doi xing dé. '

— NEéu vat rin déng chat ¢é nhiéu truc déi xtng, thi trong tam cla vat ran
nim tai giao diém ciratrue-déixing dé:
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Thi dy 4.3. Xdc dinh vi tri trong tam
ctia cung tron déng chdt AB ¢6 bdn kinh
va g6c & tam AOB = 2a (hinh 4.6).

Loi giai. Lay mot cung dL nhod tng véi
goc dop. Ta cd

dL=rdp, x=rcosp, [ =2roa (1)

Hinh 4.6

Do tinh chit d6i xdng, ta ¢6 trong tam C clia cung trdn nim trén tryc X.

Tinh X, theo cong thifc (1.10)

o

1
o = E -[XdL - 2ro
-

Néu cung AB la ntra dudng tron, thi a =

Tu (2) suy ra:  x- =21
Fia

Thi dy 44. Xac dinh vi tri trong tam
cGa hinh quat trdon déng chat AOB tam O
bén kinh r, géc & tam AOB la 2« (hinh 4.7).

Loi gidi. Do hinh quat tron dong chét
déi xtng qua truc X nhu  hinh v€ nén
¥ =0, ta chi can tim x- ma théi. Ta chia
hinh quat trdon thanh vé s§ hinh quat nho,
mbi hinh quat nhdé xem gin ding la mot
hinh tam gidc, ¢6 trong tm nam & 2/3 bén
kinh.

Vay: x=§rcos¢

_L

1 2 2
dA=—rdopr=—rdp, A=r'a
5 @Qr > @

Ap dung cong thite (1.8) suy ra

o

i 1 %2 1P o
Yo =— |ydd=—— | =rcosp—rdp=— |cospdp=—r
¢ A;[y o £3 P 3a_£ 73

‘ 5 ar s T .
Neéu AOB la nua maét tron, o = Ethl tacod x- = 3

jrz cospdp=r

sing

(2)

T, . T
—,sinax =sin—=1,
2 2

(3)

A4

ﬂ'#/,}//%

4p

x
. £
\@/

b
Hinh 4.7

2 sina
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2.2. Xac dinh vi tri trong tam cla cac vat ghép

Pinh Iy 2. Néu mot vat ran phing duge ghép tir m phin, médi phin déng

chéi cé dién tich A, va cé vi tri trong tam C(x;, y;), thi trong tam cla toan
vat ran duge x4c dinh boi cong thic

_ inAi ZM

X~ = , 2.1
C ZAf ZAr ( )
Cliing minh. Theo céong thic (1.8) ta ¢o

¢ 2%;!‘3@4:?1; ijdm jdi+...+AJ’di (1)
| i
Cing theo cong thic (1.8)
j xdd =x,A4 (2)
4

Thé (2) vao (1) ta dugc cong thitc can ching minh

A
xC :%[x!Al + x2A2 +...+ x”An zixlil

Chit ¥: D&i v6i cac vat ghép khong gian, céc cong thiic (2.1) duge mo
rong thanh
P P, P,
ZJC Y Zy’ !, Zp = ZZ (22)
2h 2R XA

Thi du 4.5. Tim vi tri trong tam cta thiét dién déng chat hinh chit L. nhu
hinh 4.8.

Loi gidi. Chia thi€t dién hinh c¢hit L thanh hai ti€t dién hinh chix nhat.
Toa do cédc trong tam c0a hai hinh chit nhat con la

xy=lem; yy=3cm

— . — Y
Xy =3cm;y,=lcm 2
Dién tich cédc hinh chit nhat con 14 oo
A4 =20 em?;y Ay =4 cm® C,
- . < 10
Theo céng thic (ilita Zo orta 4 'C\,
A4+ 4 24 Y i > | >
<E>
yC:ylA[+y2A2=100+4:4,3 cm ‘
A+ Ay 24 Hinh 4.8
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Thi du 4.5. Tim trong tam cha moét thiét dién tron dong chét tam O, bén
kinh R, bi khoét di mot hinh tron tam A bén kinh r. Cho bi€t OA= @, a+r <R
(hinh 4.9).

L&i gidi. Xem thiét dién trén hinh 4.9 1a
két qua cia viéc ghép mét hinh tron tam
O(0,0) ban kinh R , dién tich 4, =7R*véi mot
hinh trdon tam A(a, 0), bdan kinh 7, dién tich

As = —zr?. Chon hé truc toa d6 nhu trén hinh

4.9, truc Ox 14 truc d6i xiing. Do d6 y- =0, chi
cdn tim xe.
Theo cong thic (2.1) ta cd

A +xd 0.zR? —anr? ar’

A+ 4 iR —mr R -

Xc

2.3. Cac cong thire Guldin

Paul Habakuk Guldin (1577-1643, ngudi Ao) dd trinh bay hai cong thic
tinh dién tich xung quanh va tinh thé tich clia vat thé tron xoay dya trén cc
khai niém trong tam dudng va trong tam mat.

Xét mot dudng cong phing AP, nim trén mat phéng xy, dai L, trong
tam cha né tai C. Cho dudng cong AP quay quanh truc x, nim trong cung
mot mat phing véi dudng cong va khong cét dudng cong, ta dugc mot mit
tron xoay (hinh 4.10). Nhu thé cung vi phén ds cila dudng cong phing, tao
thanh mot mat tron xoay vi phan ¢6 dién tich dS =2z yds '

ds
P
/i[‘\c_/ z
4
R ' Yo X
o | *e

Hinh 4.10
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Dién tich toan bo mat trdn xoay Ia  §= [dS = [27yds =27 [yds =2zycL .
’ ) L L

Cong thikc Guldin 1. Dién tich clia mit tron xoay sinh ra bdi dudng cong

‘phing BP, quay quanh mot truc déng phing x khong cét né, bing tich chidu

dai L cua dudng cong véi chiéu dai cla dudng tron tao ra bdi trong tam cila
dudng cong L quay quanh truc x ‘

S=2rxy-L. (2.3)

y

-----
. -t
.............

Hinh 4.11

Tuong tr xét mét hinh phing cé dién tich A ndm trén mat phing xy.
Trong tam ciia nd 1a C(x,,y.). Cho hinh phing quay quanh truc x, nim trong
ciing mo6t mat phang véi hinh phing va khong cit hinh phing dé, ta duge
mot vat thé tron xoay (hinh 4.11). Mot phan 6 dién tich dA cla hinh quay
quanh truc x, tao thanh mét thé tich phan t&

dV =2xydA
Thé tich toan thé ciia vat tron xoay 1a
V= [dV =2z [ydd=2mycA.
v A

Céng thitc Guldin 2. Thé tich V sinh ra béi hinh phing A quay quanh
truc x déng phing vi khong cit hinh phing, bang tich dién tich hinh phing
co s& A véi chiéu dai dudng tron tao ra bdi trong tam hinh phing quay
quanh truc x

V=2ry-4. (2.4)

Thi du 4.7. Xéc dinh dién tich xung quanh cila vat thé tron xoay ducc

bi¢u dién trén hinh 4.12.
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PN
-
y

o | DT

ye ] a+—

Hinh 4.12
Loi gidi. St dung céch xdc dinh trong tam cha cic vat ghép (& day la
nam doan dudng cong ghép bao gém 3 cung tron va 2 doan thing) ta cé
~ 3[7ra (a+ 2a/7r):| +2.aa 17,42a°
Yc = I3 = 1
Trong d6 L=3ar+2a.Theo (2.3) suyra
S =27yeL=109,48d*
Thi dy 4.8. Xéac dinh thé tich clia kh6i tron xoay sinh ra do quay mot
tam gidc quanh truc thang ding nhu hinh 4.13.

y

> |—>

Hinh 4.12

" L&i gidi. Tir hinh vE suy ra

Az—l—az, Xc :a+-1—a=—a
2 3 3

Theo cong thic (2.4) tinh dugc
! V LI A=
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Béang 4.1 sau day la cong thifc tinh dién tich va vi trf trong tam clia mot vai

hinh phing thuong gap
Hinh phéang Dién tich Vi tri frong tam
¥ 4 Tam gidc vudng
h — l P E . ~ = ﬁ
QC x A ah X 3 as Yo 3
a

Tam gidc thudng

a=1

(x2—x) (2 —»)
21

“(n-x){»mn-»)

|

X =§(x, +X; +X5)

1
Ye =§(.v1 +y;+ )

A=ah Ném & giao diém
cédc duding chéo
Hinh, thang " ) .
infy thang Biém C nam trén truc noi
Y _ (a+b)h hai trung diém canh a va b
2
C h’ . yo < lrat2b
- 3 a+b
L a |
Quat tron
yi' 2 2 sino
A=uor xc.:—j«r p ,
ye =0
y Hinh vién phan
r ,’]\_‘ 1 : ) . 4r sin’ o
o - A==r" (20 ~sin2a Xe = o————"
ot A’ x 2 3 20—sin2o
T V Ye=0
Hinh Parabol 3
¥ 2 X-==a
b A=§ab 5
Ce L 3!9
£ Ye=3g
| a |
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Chuong 5

MA SAT GIFA CAC VAT RAN

Ma sdt gifta cdc vat ran 1a mot trong céc bai todn phic tap cha ¢o hoc. Xuét
phat tir quan diém k¥ thuat, c¢6 thé phan biét hai hién tugng ma sét khic nhau.
Tht nhét 13 hién twong ngan can sy bit dau chuyén dong tuong doi gifta hai vat
thé ma nguyén nhan 1A sy ti€p xidc gitta ching. Th hai 12 s ngan can chuyén
dong tuong d6i gira hai vat thé ti€p xic nhau. Hig¢n tuong thi nhit dugc goi la
ma sét tinh. Hién tuong thit hai duge goi 1a ma sit dong. Hién tugng dinh — trugt
x4y ra khi c6 sy thay déi luan phién gilta ma sét tinh va ma st déng. Bai todn
ma sdt 12 mot trong nhiing bai todn ¢6é ¥ nghia éng dung 16n. Trong chuong nay
chi trinh bay mot s6 khai niém va két qua Gng dung co ban v ma sit.

1. DINH NGHIA VA PHAN LOAI MA SAT

3 cdc chuong trudc, Khi xét lién ket tua gifta hai vat ran, ngudi ta xem céc
vit ti€p xic nhau tai mot diém con cée mat tep xic col nhu 12 nhén tuyét doi.
Khi d6 phan luc lién két ndm theo phuong phép tuyén ciia mat tya. Thuc ra su
ti€p xtic gitta hai vat thé xdy ra trén mot dién tich nho va céc mat tya ti€p xic
nhau khong nhin. Do d6, ngoai thanh phin phan lyc nim theo phuong phap
tuyén codn xudt hién nhiing thanh phén phan lyc va ngéu lyc khéc.

Dé d& hinh dung ta xét vat rin A ndm trén mat ban B va chiu lyc kéo F
theo phuong nim ngang (hinh 5.1a). Dudi tic dung cha cac luc F va P, tai
viing tiép xtc gilta vat rdn A vh mit ban B xuét hién mot hé phan lyc lien ket
(cdc hinh 5.1b va 5.1¢). Thu gon h¢ phan lyc lién két vé hai luc dat tai mot
diém phu hinh 5.1d.

AN S

F F o
4 - - Py —
e s ddd 1 .
a Fulr.\' T N
a) b) c) d)
Hinh 5.1

Duéi tic dung cha luc Pva F ta thdy: Khi F cdn di nhod vat rdn A van
nim ngang. Tir cdc phugngtrinh cap bang tinh hoc ta ¢6
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Y Fa=0:F =F, Y F =0:N=P

Phan luc theo phuong nim ngang ' dugc goi 12 luc ma sdt trugt tinh
(hodc lyc ma sat dinh).

Dinh nghia. Ma sit giita hai vat the 1a hién tugng xuat hién cic luc va ngiu
luc & chd hai vat thé tiép xic nhau, ching c6 tdc dung can tr& chuyén dong hogc
xu hudng chuyén déng tuong dsi clia hai vat thé trén bé mit cia nhau.

Thoéng thudng ngudi ta phan loai ma sdt nhu sau:

1) Ma sat finh va ma sdat déng: Ma sat duge goi 1a tinh khi giita hai vat
thé méi chi xuat hién xu huéng chuyén dong tuong d6i nhung chiing vin &
trang théi can bing twong ddi. Ma sdt duge goi 1a ma sat dong khi hai vat thé
chuyén dong tuong doi voi nhau.

2) Ma sat triegt va ma sdt Idn: N&u xu hudng chuyén dong (hodc chuyén
dong xay ra) gifia hai vat 1a chuyén dong truot thi ma sat 13 ma sét truot.
Trudng hop xu huéng chuyén dong (hoac chuyén dong x4y ra) 1a lan ta cé
ma sat 13n.

3} Ma sdt kho (hay ma sdt Coulomb) va ma sdt nhot: Ma sat duge goi 1a
kho khi hai vat ti€p xudc tryc ti€p véi nhau va duge goi 1a nhét khi ching tiép
xuc véi nhau c6 mot 16p chét 1ong & gila.

Dén nay bai todn ma sat méi chi duge giai quyét mot cach gan ding trén co
s& cdc ket qua thuc nghiém. Dudi day winh bay mot s6 két qua vé ma st truot
va ma sdt lan tinh v dong. '

2. MA SAT TRUGT TiNH VA MA SAT TRUGT BONG

2.1. Binh luat Coulomb vé ma sat trugt tinh

Trude hét ta trinh bay dinh luat ma st trugt tinh (hay con goi la dinh luat
ma sit dinh). Trd lai hinh 5.1 thdy ring, khi d6 16n clia luc £ cdn nhd hon do I6n
clia luc F, (duoc goi 1a lue téi han), thi vat rin |

_ . R A . o= — . . goms . q))ns
van con ¢ can bidng, ta ¢6 £, =-F. Khi do Ién / :(\
cha lyc F biing do 16n clia luc F;,, vat rAn A bit R &
ddu chuyén dong truot. Qua nhiéu thi nghiém, nha .\ a T
vat 1y ngudi Phdp Charles Auguste de Coulomb i F
(1736-1806) da di dén két ludn, 12 & xap xi thi ol A *
nhat, luc ma sat trugt tinh (hay luc ma sét dinh) B S '
thoa man hé thic Hink 5.2
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Frus < tgN (2.1)
Trong d6, N 1a do 16n phén luc phdp tuyén, 1, dugc goi la h¢ s6 ma sét
truot finh hay hé s6 ma sat dinh (g = Fy / N). H¢ s6 ma st trugt tinh chi
phu thuéc vio tinh chét cha vat lieu va do nham clia bé mat ti¢p xic, khong
phu thudc vao dién tich clia bé mat tié€p xic, Trong thi dy nay luc ma sat
dinh Ta mot thanh phén phan Iyc lién két, khong phy thudc vao 4p luc P.
Ngudi ta c6 thé phat biéu dinh luat ma sat Coulomb (2.1) duéi dang
hinh hoc. Goi géc @, x4c dinh bdi cong thic tge,, = 4 la géc ma sit
(hinh 5.2). Ky hiéu o 1a géc giita lyc R= N + £, va phuwong phdp tuyén. Tix
hinh 5.2 ta ¢é |

i
ms

F,
S 180ms = (2.2)

g =

Tir d6 suy ra
P

Pinh lugt. Diéu kién dé vat rin can béng 1a phan lyc toan phan cla lién
k&t tua ¢é ma sat trugt ndm trong géc ma sat.

Chit y: Luc ma sdt trugt tinh 1a mot dang cla phan lyc lién két. Tuy
nhién giifa cdc phan luc lién k&t N va F,, c6 s khéc nhau. N 1a phén Iwe
lién két sinh ra do lién k&t hinh hoc, con 7/ 13 phan lyc lién két sinh ra do
lien két vai 1§. Do d6 N luon thing géc v6i mat B va hudng lén trén, con
hudng ciia F', phu thuéc vao xu huéng chuyén dong trugt cia vat A trén mat
phang B. '

2.2. Binh luat Coulomb vé ma st truct dong

Khi hai vat rin chuyén déng twong d6i v6i nhau, & chd ti€p xidc xuat
hién luc ma st trugt dong. Qua nhiéu thi nghi¢m, ngudi ta rdt ra dinh luat
Coulomb vé ma sit trugt dong

ped
Fe o= un. (2.3)

Trong d6, N 1a phan lyc phép tuyén, 4 1a hé sG ma sét trugt dong. He
s6 ma sdt truot dong g, mot cdch gin ding, khong phu thudc vao dién tich
bé mat i€p xic, phu thudc vao tinh chét clia vat litu va trang thdl bé mat
tiép xuc.
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0
Hinh 5.3. B4 thi hai loai dudng dic trung ma sat trugt déng
He s6 ma sat trugt dong cdn phu thudc vao tri 6 véan téc chuyén dong
tuong d&i clia hai vat thé. Hinh 5.3 trinh bay hai dang d6 thi dién hinh vé
dudng dac trung clia hé s6 ma sat trugt dong. Theo d6 thi ta thdy khi v tang
thi # gidm (dudng 1) hoic lic ddu p tang, dén khi v>v,thi 4 lai giam .
(dudng 2). D6 12 nguyén nhan gay nén hién tuong tu chéin trong mdy hoac
gay nén ti€ng rit khi vién phén viét trén bang.
Trong k¥ thuat, khi khéng cdn chinh xédc 1&m, ta thudng sir dung gid tri’
trung binh clia hé s6 ma sat truot dong x,. Trong cong thic (2.3) he sO u 1
viét tit clia 4.

Cén chd ¥ dén su khdc nhau co bin gura lyc ma sdt truot tinh va lyc ma
sat truot dong. Lyc ma sdt trugt tinh Ia phin luc lién két thy dong. Khi d&
- khing dinh vat rin & can bang luc nay duoc xdc dinh tit cic phuong trinh can
bing tinh hoc. Lyc ma sat truot dong 12 luc chi dong. Ta bit bugc phai cho
biét hé sG ma sat trugt dong u.

2.3. Cac thi du ap dung
Khi giai cdc bai tap ma sit trugt ngudi ta phan chia thanh ba trang thai
nhu sau:
_ Trang thdi dinh: Vat khao sdt vin & trang thdi can bang. Luc ma st 13 lyc
lién k&t va duge xdc dinh tir cdc dicu kién can bing tinh hoc. Ta c¢6 cong thifc
F::s = tuON
_ Trang thai t6i han: Vat khdo sét tuy van con & trang thii can bang,
nhung néu né bi kich dong nhe, do 4 < 4, né s& bit ddu chuyén dong. Ta
¢6 cong thic
max(F! Y=Fy =N .
— Trang thai trugt: Vat khdo sdt trugt trén mot vat thé khac Luyc ma sét
truot dong bay gio la lyc hoat déng

EZ = ulN

my
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Thi du 5.1. Mot thang dong chdt AB dai |/, ’trgng lurgng G tya trén nén
nidm ngang khong nhin Ox va tudng nhin thing ding Oy. Gia thiét tuong
thang dting nhin c6 thé bd qua ma sat dinh. Hiy xdc dinh luc ma sét dinh tai -
dau A, khi thang ding yén. Cho biét géc nghiéng a.

Lot gidi. Cac lyc tdc dung 1én thang la (G,Nz,X,,7,)=0. Trong dé
X ,=F!, . Cac phuong trinh can bdng c6 dang

Y Fy=Ny—X,=0 (D

> Fp=Y-G=0 (2)
ZmA (Fk):Gésina ~Nglcosa=0 (3)

Giai cac phuong trinh trén ta dugc:

Y,=G, Np :—;—Gtga, Xy =%G ga
Thanh phén phan lyc ndm ngang X schinh 12 luc ma sat dinh tai ddu A. Vay
Fi. :%G 1ga (4)
Thi du 5.2. Trong thi du 5.1 cho biét hé¢ s6 ma sét trugt tinh gifta nén
_ nhi va ddu thang A 13 g, = 0,4, trong lugng thang Ia G = 800 N. Hay xéc
. dinh luc ma sat truet tinh cuc dai va cdc gid trj F. khi @ =30"vakhia=15°.
Loi gidi. T cong thic (4) thdy rang khi géc a tang lén, thi lyc ma sat
truot tinh ciing tang cho dén lyc ma sat trugt finh cyc dai. Viy ta co
(Fhs) = po¥=0,4x800=320 (N).
max
Khi a=30%: F', =400x1g30° = 400N x 0,577 =231 (N).
Khi a=15%: F' =400x1g15" = 400N x 0,218 =107 (N).
Do F!, <Y, nén ta c6 cong thiic
%Gtga i G=tga<2u,=0,8
vay Cppax =38, 6
Qua hai thi du trén thay rang:
_ — Luyc ma sdt trugt tinh 12 mot dang phdn Iuc lién két duge xdc dinh tir
| hé cdc phuong trinh ¢in bang tinh hoc,
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— Khi ¢6 ma sat, ta ¢6 mot mién cdn bdng, thang vin con ¢ trang thai

can bang khi géc a <38,6°.

_ Pinh Juat ma sat dinh cho phép xéc dinh diéu kién can bang cta vat rén

trén mat tya c6 ma sat.

Thi du 5.3. Mot thang dong chat AB dai 1a [, Y4
trong lugng G tua trén nén nam ngang va tudng
khong nhdn, hé s¢ ma st trugt tinh la g, . Xac

kil
AN

=

dinh géc nghiéng & cla thang véi tuong dé thang
dung yén.

Loi gidi. Cac lyc tac dyng lén thang la
G, X,=F., .V,X, Y, =F,, O dayngoa 4 in

NELLLLLLMLLR SRR

X, Y, X, Y, concéanthi5lagoc a.Tacd5
4n nhung chi c6 3 phuong trinh can bang tinh hoc.
Day 1a bai todn siéu tinh. D€ don gian ta giai bai
to4n nay & trang thai gidi han.
Céc phuong trinh can bang tinh hoc 12
> F,=—X,+X,=0

> F,=Y,+Y,-G=0
ZrﬁA(ﬁ]‘):%Glsina*—YBlsina' — X, lcosa =0

Ngoai ra & trang théi gidi han ta c6 hai diéu kién dinh 1a

Xo=mY, Yy=mX,
Tir cdc phuong trinh trén gidi ra duge
G . 2
YA:—E—7= XB: a zﬂtga = #02
1+ 44y T+ g - 44y

Néu thay 4, =tg@ (trong d6é ¢ 1a goc ma sit) suy ra

. 2
tga :__tg?
1-tg" @

=tg2¢ = a =2¢.

Hinh 5.5

(1
(2)

(3)

4

Kinh nghiém cho thdy khi géc @ nho thi thang dé can bing. Vay diéu

kién cin bing cta thang la « <2¢.

Thi du 5.4. Mot mdy can kim loai gém hai truc can O, va 0, quay ngugc
chiéu nhau. Cho biét duding kinh méi truc cén 12 d, khoang cach gifta 2 tryc can
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la @, h¢ s6 ma sat trugt dong la
p=1g@. Tim bé day I6n nhit b d

cta nhiing tdm kim loai méa mdy c6 B O S &

thé can dugc (hinh 5.6). Cho biét d
= 50cm, a =0,5cm, p=0,1.

|

!

|

|

Lot gidi. Cac luc tdc dung lén !
|

tam thép la B :
|

(ﬁ*Nwﬁv/-ﬁNaN,#N) - “‘;}SZ‘/_
- 4]

Xét bai todn & trang thdi téi |
han. Ta ¢6 phuong trinh can bing Hinh 5.6a !

ZFL_;O = uNcosa—-Nsina=0 = tgaz%:y (1)

Tir hinh v& suy ra

b=a+2—62£(]—coso:) (2}
Do géc ¢ nho nén cé thé bd qua cac x&p xi bac cao khi khai trién cosa
cosamlf%;, a=tga=pu (3)
|
|
1
1
) 0,
/‘[N* **““‘_I ———-—1-
— 1
W S
b #N o N I d
| “N N !
I
= 1
NJ lP & 10,

Hinh 5.6b

“Thé (3) vio (2) suy ra bé day tdm thép ¢6 the cén duge 1a
b=avd| -1+ |=a+d S =avds (4)
2 2 2

Thay s6 vao (4) ta.dugc.b.<0,5+ % =0,75cm..
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3. MA SAT LAN

Xét md hinh mot hinh tru A ti€p xiic véi mot
mit phing B theo dudng sinh cia né. Hinh 5.7 1& mit
cit clia m6 hinh n2y trén mot mat phing vudng géc
vdi true cia hinh tru A. Trude hét ta dat 1én hinh tru
mot luc O di qua truc ctia né vh cé phuong vudng

g6c v6i mat phing B. Duéi tic dung cla lyc O s8

xuét hién mot phan luc phap tuyén N tir B tdc dung
vao A. Ta cé:

V=5
Bay gid dat ti€p 1én vat A mot luc P song song v6i mit phang B va cdch
mit phing B mot doan 13 A. Khi P con di nho, vat rin A & can bang. Do vat
rdn A & can bing nén tai diém ti€p xtic B phai c6 phan lyc ¥, vd mot ngau
luc, ky hieu 1a M! _, tic dung lén vat rdn A d€ can bing vdi tic dung cia lyc
P. Tix cac phuong trinh can béng tinh hoc dé dang xdc dinh dugc
F'.=P, M. =Ph
Khi ting d6 16n clia lyc P 1én dén mot gid tri nao do, thi tru A bét diu
lan nhung khoéng truot. N&u tang luc P lén nita, thi truc A s& vira lin vira
treot. Qua thuc nghiém xdc dinh dugc cong thitc ma sét 1an tinh
M, <kN 3.1)
Trong d6é k, dugc goi 14 hé s6 ma sat lan tinh.
Khi tru A da lan thi ngiu luc ma sét lan duge goi 1a ngiu lyc ma sat lan
déng va xdc dinh duge cong thitc thyc nghiém
M4, =kN (3.2)
Trong d6 k duoc goi Ia he s6 ma sdt lan
dong. Thong thudng ky >k .
Thi du 5.5. Mot banh xe tron ban kinh 7,

chiu tdc dung cta cdc lyc 0, P va nghu lyc c6

T
mémen M nhu hinh 5.8. Tim diéu kién dé banh o jj
Xe ¢an bing. Cho biét hé s§ ma st trugt tinh Ja My [N
1, hé sO ma sat lan tinh 13 k. Hinh 5.8
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Loi gidi. T cdc phuong trinh can bang tinh hoc ta c6

DB =0: P=F, =0 - (1)

> F,=0: N-Q=0 (2)

jinhU§)=0:-44—Pp+mﬁ”=0 (3)
Tix cdc phuong trinh (1), (2), (3) suy ra

N=Q, F =P, M, =M+Pr €Y

C4c diéu kién d€ banh xe khong trugt va khong lan 1a
Fl <4”0N’ Mms—kON (5)

My —

Tir (4) va (5) suy ra: Diéu kién dé cho bénh xe can bing 1a lyc P va
ngau luc M phai thoa mén cdc dicu kién sau
P< Q. M<kyQ—Pr ' (6)

4. MOT SO BAI TOAN AP DUNG CUA MA SAT TRONG MAY

Cic baj todn ma sdt 12 céc bai todn hay va c¢6 ¥ nghia trong ky thuat.
Tuy nhién, trong pham vi gi4o trinh co hoc k¥ thuat, gidi han chi trinh bay
mot vai bai todn 4p dung quan trong.

4.1. Ma sat dinh tréen mat ph%ng nghiéng, hién tudgng tu ham

Bai todn. Xét mot vat rén A trong lugng G nim trén mat phang nham B,
nghiéng vdi phuong ngang mot géc . Cho bi¢t hé s& ma sdt dinh (ma sét
tryot tinh) gilta vat ran A v mit phang nghiéng la z4. Tac dung vao vat rin

A mot lyc P nhu hinh 5.9a. Tim khoéng xdc dinh d¢ 16n cha luc P dg cho
vat A nim can bing trén mat phing nghiéng B.

ms / ms

KK

G

b) c)
Hinh 5.9

Loi gidi. Khi luc P-dilén(Trudng hop. 1), vat rin A c6 xu hudng trugt 1én
" trén. Luc ma sat truot tinhtfong irudngrhgp nay hyéng xudng dudi (hinh 5.9b)
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Cac phuong trinh can bing tinh hoc ¢6 dang
ZFM:P#GSiHa_F" :03E513=P—Gsina (0

ZFky:N—Gcosa_:O:>N=Gcosa (2)
Diéu kién dé vat A khéng trugt 1a

Ely < pgN 3
The (1) va (2) vao (3) ta dugc

P-Gsina g gyGeosa

Tir d6 suy ra

P <G(pycosa +sina) ' (4)
Néu sir dung khai niém géc ma sit p, =ige,, , tf (4) suy ra
P<G(sina +1g@,, cosa):w (5)
Cosq).ﬁﬂs

Khi lyc P dit nhod (Triong hop 2), vat rin A c¢é xu hudng trugt xudng.
Luc ma sdt trugt tinh hudng lén phia trén nhu hinh 5.9c. Trong trudng hop
niy ta ¢é cdc phuong trinh can bing

> F=P-Gsina+Fy, =0=>F =Gsina—P. (6)
ZFky:N—Gcosaz(}:}N:Gcosa (D
Thé (6) va (7) vao diéu kién (3) suy ra
Gsing— P < pyGeosa ' (8)
Neéu sit dung khdi niém goc ma sat u, =1g¢,, , th (8) ta ¢
PZG(sina—chosa)zg;M (9
COS Dy

K&t hop cdc bat phuong trinh (5) va (9) tim dwge mién xéc dinh clia lyc
P dé cho vat rn A nim yen trén mit phing nghiéng B
GSID(CX _¢,ms) <P< GSln(a + @m.s) (10)
COS @, COS @ g

Pé tinh todn bing s&, chon g, = 0,15 (hé s6 ma sdt trugt tinh gida thép va
thép). Khi dé ¢, = arctg0,15=0,149rad.
N&u chon giéc nghiéng o = 10° ~ 0,175 rad, thi tir (10) suy ra

Gsin(0,175-0,149) <p< Gsin(0,175+0,149)
cos0,149 e cos0,149
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Tinh todn bing s ta dugc
0,026G < P<0,32G .

Trong thi du bing s& nay thay ring, khi & =10° ~0,175 rad n&u P 14y gid

tri gifta 3% va 30% ciia trong lugng G chia vat rdn A thi né niim yén trén mét
phing nghiéng B.
- Hién tugng tw ham. Xét trudng hop lyc P=0. Néu chon a <g,,, thi tir
hinh v& 5.9a ta thiy luc G (di1 rét 16n) vin nim trong goc ma sat. Do do, vat
ndng A van ding yén. Nhu th€ géc nghiéng « la bién phép gilt cho vat ning
A diing yén. Hién tuong dudi tdc dung ciia trong luong G (di 1a rat 16n) vat
ning A vin ding yén trén mat phing nghiéng nhu trén dugc goi 13 hién
tugng ty hdm. Hién tugng ty ham duge st dung nhiéu trong k§ thuat.

4.2. Ma sat trugt tinh va ma sat trugt déng cta day

Bai toan. Xét mo hinh trén hinh vé 5.10a. M6 hinh gdém mot tru trdn 6
dinh (thudng hay goi 1a puli). Trén tru tron ¢6 mic mot day dai det mém tiép
xtic v&i vanh tru tron trén mot cung {ing véi géc o & tam, dugc goi la goc
6m. Tai ddu day bén trdi ta dat luc S,, con & dau day bén phai ta dat lyc §).
Gia sit S, > §,. Tim quan hé gitta luc cang & hat ddu day. Cho biét hé s6 ma
sétdinh I g, . '

Lot giai. Xét mot cung nho cia ting véi géc de nhu hinh 5.10b. Céc
phuong trinh can bing lyc ctia phan t6 diy nay cé dang

Hinh 5.10

ZFRI=0: dH—(S+dS)_cosd—2¢+Scosﬁd2£=0 (1)
ZFky =0: dN—(S+dS)Sind?§0—Ssin%=0 (2)
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Tir cdc phuong trinh (1) va (2) suy ra

dH:dScosd—f, szzssin%‘f. ' 3)
Do géc % nho, ta cé xap xi cosd—gazl , sind—fzd—; . (4)
Thay (4) vao (3) suy ra

dN = Sdyp; dH = dS . (5

Chi ¥ dén cédc dinh luat Coulomb vé ma sat trugt tinh, ta ¢é
dH < pydN  (khidinh), dH = uydN (truong hop gidi han).
Xét trudng hop t6i han dH = p,dN . Chit ¥ dén (5) suy ra

dH = pu,Sdop =dS = i;— =t do
Cho goc ¢ bién thién tir 0 dén ¢, chii ¥ rdng S dufdng‘, ta cé:

Sa2 o

as S

I?zﬂo Idgo = ln;zzyoa = 8§, =S5, (4.1)
5 0 1

Cong thic (6) ding khi §, > S;.
Né&u S, <S5, sy phan bd luc ma sdt trén day dai s€ ¢6 hudng nguoc lai.
Tinh toan tuong ty suy ra

Sl = Szeﬂoa ha_y S2 :Sle_#oa ' (4.2)
Két hop (4.1) va (4.2) ta duoc hé thic
S)eH% < 8, < §e0” (4.3)

Khi S, <S¢ day trugt vé bén phéi, khi S, > ;" day trugt vé bén tréi.

Thi du 5.6. Tdc dung mot ngiu luc M 1én truc hinh tru. Hinh tra dugc
giit & trang théi can bing nhd hé théng day va don nhu hinh 5.11a. Cho bigt
hé s6 ma sét dinh la g,. Hiy xdc dinh d6 16n nho nhat cia lyc F dé truc &
can bang.

Loi gidi. Ta tudng tugng cdt doi day va dit luc nhu hinh 5.11b. Phuong
trinh can bing mémen d6i véi diém A cha céc lyc tic dung lén don

{
IF-2rS =0=58 =—F (1)
2r
Phuong trinh can bing mémen déi véi diém B clla cdc luc tdc dung Ién tru
‘ M
M:f+(S1_Sz)r=0:>S1=SZ _7d (2)
-
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Do momen M, quay vé bén trai, nén tir diéu kién can bing trén ta suy

ra S, > S,. Trong thi dy nay géc om o =7 nén tir cong thic (4.1) suy ra

S, = 5,e* 3)
Thé (3) vao (2) ta duoc _
M
s —sewr —Mig . M @
¥ r{e’* -1}
Tir (1) suy ra cong thitc xac dinh lyc F t6i thiu
F= ESI = Qﬁ_lw_ (5)
/ [ e -1
/

| ' , ¥

Dp

Hinh 5.11



PHAN 2. DONG HOC VAT RAN

MG bAU

Dong hoc vat rén 1a phdn thi hai cfla gido trinh Co hoc k¥ thudt. Trong
dé, ching ta nghién ciiu chuyén dong co hoc clia cdc vat thé vé& mat hinh
hoc, khong quan tam dén nguyén nhédn gay ra chuyén dong ciing nhu nguyén
nhan gay nén sy bién déi chuyén déng cha chiing.

Hai m6 hinh cla vat thé 1a diém va vat rdn dugc nghién citu trong phan
nay. Tuy nhién mo hinh vat rdn 12 mo6 hinh chii dao ciia gido trinh Co hoc k§
thudt. Nhu trong phén tinh hoc vat rdn da trinh bay, vat rin la tap hop nhiéu
di€m ma khoéng cach gilta hai diém b4t k¥ ciia né luon luon khong déi. Chd
y rang, n€u cdc kich thude noi tai clia vat thé cé thé bd qua khi khéo sat
chuyén déng chia nd, thi c6 thé sir dyng mo hinh diém dé nghién ciu chuyén
dong ciia vat thé. Mot vat thé, ma moé hinh co hoc clia né 13 mot diém
chuyén déng, duoc goi [a vat diém.

Chuyén dong cla cdc vat thé xdy ra wong khéng gian va thoi gian.
Khong gian va thdi gian Ia hai dang t6n tai clia vat chat cho nén néi chung
ching phu thué¢c vao lugng vat chat va chuyén dong cla vat thé. Trong Co
hoc k§ thuat ciing nhu trong Co hoc cé dién, dé€ don gidn ching ta xem
khong gian va thoi gian khong phu thudc vao chuyén déng cia cic vat khio
sat va goi la khong gian tuyét déi, thdi gian tuyét ddi. Khong gian tuyét d6i
dugc quan ni¢m la khong gian Euclid ba chiéu, khong phu thudc vao thai
gian va céc vat thé chuyén dong trong né. Thoi gian tuyét d6i duge quan
ni¢m la thoi gian tré6i déu tir qud khit qua hién tai dén twong lai, khong phu
thudc vao hé quy chidu khéo sdt chuyén dong cling nhu khong phu thudc vio
chuyén déng ctia cdc vat thé.

Chuyén dong xdy ra trong khéng gian, nhung hoan toin cé tinh chat
twong doi, phu thudc vao vat I8y 1am méc dé theo d&i chuyén dong. Thi du,
mot chi€e 6 16 dang chay ddi véi mot géc cay nao dé diing bén dudng nhung
ding yén véi ngudi ngoi.trong.6.t6.dd. Nhur vay,.mudn mo ta chuyén dong
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clia vat thé, ta phai chi rd vat 1dy 1am méc da chon. Vat 14y 1am méc dé theo
dai vi tri clia vat thé chuyén dong duge goi 1a hé quy chigu. Viéc chon hé
quy chiéu hoan toan tuy §, nhdm tao diéu kién thuan igi cho viéc khao sit
chuyén dong cha d6i tuong. Dé thuan tién cho viée tinh todn c¢é khi ngudi ta
gén vao he quy chi€u mot hé toa do. Nhiéu khi, dé cho d& céng kénh, ngudi
ta diing ngay hé toa do dé thay cho hé quy chiéu da chon.

D& tinh thai gian trong qué trinh chuyén dong, chon mot thoi diém tuy §
Iam thdi diém gdc. Thong thudng, ngudi ta 14y thoi diém lic bat ddu khao
sat chuyén dong ciia vat thé 1am thoi diém gdéc va ky hiéu 1a 7,= 0. Nhiing
thoi diém sau sé& duge kv hiéu 1a ¢,, ,,... D6 12 nhitng khoang thoi gian tinh
tlr thoi diém goc dén thoi diém dang xét.

Khao sdt dong hoc chuyén déng clia diém hodc vat ran trudc hét la tim
cdch xac dinh cdc dai luong dong hoc dic trung clia ching. Hai dic trung co
ban clia dong hoc diém la van t6c va gia tdc. Con doi véi vat ran, hai dai
luong dong hoc dic trung co ban 12 vat t8c gée, gia tdc goc.

Trong phdn nay, vé mat 1§ thuyét, chi khdo sét dong hoc diém va dong
hoc vat ran. Tuy nhién, trong cdc bai todn &p dung ching ta phéi tinh todn
dong hoc clia hé gém nhiéu vat rén 6 cdc lién két hinh hoc (lién két ban 1€,
lien két tya, lien két day mém khong dén, v.v...). D€ xdc dinh chuyén dong
cia ching, dua vao khdi niém toa d¢ suy rong va khdi niém s6 bac ty do.
Cic thong s6 dinh vi cla vat rdn hodc h¢ cdc vat rin trong mot hé quy chiéu
xdc dinh duge goi 13 céc toa do suy rong cla chiing. Ky hi¢u cac toa do suy
rong 14 ¢,.... g, Thong thudng céc toa do suy rong 1a cdc do dai, géc quay.
Tuy nhién, theo dinh nghia thi ban chét vat 1§ clia toa dg suy rong la tuy y.
S6 bac tu do ciia vat ran hodc cha hé cdc vat ran chiu cdc lién két hinh hoc 1a
s6 thong s6 doc lap di dé xdc dinh vi trf cha ching d6i véi mét he quy chiéu
x4c dinh. Trong phin doéng luc hoc, ching ta s& dua ra dinh nghia téng quat
hon vé khdi niém quan trong nay.
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Chuong 1

PONG HOC PIEM

Trong chuong nay ching ta khao sit chuyén dong ctia vat thé dudi dang
mo hinh vat diém (hay ciing goi 1a diém) d6i v6i mot hé quy chi€u da chon
trudc. Van tdc chia diém va gia téc cha diém 13 hai dai lugng dac trung co ban
cho dong hoc diém. Trong mét s6 trudng hop dé xédc dinh hai dai lugng nay
ngudi ta cdn phai biét phuong trinh chuyén déng clla diém. Tuy nhién, trong
thue t€ nhiéu khi lai biét gia tdc cha diém trude. Tir d6 cdn phdi tim van tdc,
phuong trinh chuyén dong cla di€m.

1. HAI DAI LUGNG PAC TRUNG CO BAN CUA BONG HOC PIEM

Van téc chia diém (velocity of the particle) va gia téc cha diém
(acceleration. of the particle) 1a hai dai lugng dac trung co ban cho dong hoc
diém. Dua trén khdi niém véc to xdc dinh vi tif clia diém chuyén dong,
ching ta dua ra dinh nghia chinh xdc vé hai dai luong dic trung nay. Tuy
nhién, trong cédc bai todn k¥ thuat, khéng nhat thiét phai biét véc to dinh vi
vin cé nhiéu cdch x4c dinh van t8c va gia téc clia diém.

1.1. Phudng trinh chuyén déng va quy dao chuyén dong clia diém

a) Phuong trinh chuyén déng. Mo hinh 4 £

chuyén déng ciia diém P d&i véi mot he
quy chi€u R cho trén hinh 1.1. Vj tri clia
diém P duoc xdc dinh bdi véc to dinh vi z
#=0P . Do diém P di chuyén, nén # thay

déi theo thoi gian é,
=F(1) (1.1) x Hinh 1.1

=l

(C)

hY)

Trong hé toa do Descartes” ky hi¢u &,,€,,é, 1a cdc véc to don Vi trén cdc

truc Ox, Oy, Oz va x, y, z 12 toa d¢ cha diém P, tir phuong trinh (1.1) suy ra

* René Descartes sinh nam 1596 & Lahaye (Phép), mat nam 1650 & Stockholm (Thuy Pién).
Khi & Thuy Dién ong 13y biit danh 12 Renatus Cartesius nén hé toa do Descartes con dugc
£01 13 hé toa do Cartesius,
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F=x(t)e, + y(0)é, +z(1)e, . (1.2)

Phuong trinh (1.1) hodc (1.2) dugc goi 1a phuang trinh chuyén déng cia
diém P.
b) Quy dao chuyén dgng. Tap hop céc vi trf cta diém P & trong khong gian
dugc goi la quy dao chuyén déng cla diém P. N&éu quy dao chuyén dong cla
diém P 13 mot dudng thing, thi chuyén dong duge goi 1a chuyén dong thing.
Néu qui dao chuyén dong la dudng cong, thi chuyén dong dugc goi 1a chuyén
dong cong.

1.2. Van t8c cla diém

. ~ . 2 .2 -~ 21 P P .
a) Pinh nghia. Van t6c clia dicm 1a dao A7 1
ham theo th&i gian & trong hé quy chiéu F(2) "
R={0xyz} cha véc to dinh vi ¥ cta nd. 20+ A
Tt +
_ Ft+ A —F (D) -
y=lim ——
At—0 At R Y
- (1.3) (3 g
- lim AF_TdE x -
A As ar Hinh 1.2

b) Biéu thitc tinh. Trong hé toa do Descartes vuong géc chd ¥ dén cong thic
(1.2), biéu thiic {1.3) c6 dang

. Rdp _ .
¥ = Tk—[x(t)ex + Y(0E, + x(1), |

Lodx dy, dz
h — + = 1.4
By E A e T (-9
Tir 46 suy ra
dx . dy . dz .
WEG TR T T Tt (-

y=[#]= 52 +37 + 22 | (L6)

Theo ¥ nghia cia dao ham, van tdc v cia diém P nim trén tié€p tuyén
véi quy dao tai diém P va huéng vé phia chuyén dong.

1.3. Gia toc cha didm

a) Pinh nghia. Gia toc ciia diém P 13 dao ham theo thdi gian vécto van toc
clia nd & trong hé quy chi€éu R

R = R 32
o v _TdF 1.7
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b) Biéu thitc tinh. Trong hé toa d6 Descartes, thé bidu thic (1.4) vao (1.7)
ta dugc

R R 3 5 .
- d|dx . dy_ d ~ d*x . d* y~ d’z
a + = . .
dt ‘:dt dr &+ dt Z:I drl ex + dr? €y + dr? €, (1.8)
Tu do suy ra
d’x d’y d*z
x T T TXdy = ="saz= =z 1.9
dr? Yooat Y dr? (1.9)
a=lal= &t + 3+ 27 (L.10)

1.4. Nhan xét
Khi diém P chuyén dong trén duding thdng vécto van t6c ¥ va vécto gia

t6c¢ dclia né ludn cling phuong doc theo dudng thing. Khi diém P chuyén
dong trén dudng cong, vécto van tdc ¥ néi chung thay déi c vé hudng va vé
tri s8. Do dé cédc vécto v va d néi chung khong cling phuong. Tir d6 ta cé
tiéu chudn nhan xét:

¥ x d=0: chuyén dong thing,

¥ xa #0: chuyén dong cong.

2. CHUYEN DONG THf\NG cUA DIEM

Chuyén dong thing clia diém 14 chuyén déng ma qu§ dao chuyén dong
ciia né 13 mot dudng thing.

2.1. Phuang trinh chuyén déng, van téc, gia téc ctia diém
Vi trf thc thoi cha diém P dugc xdc dinh bdi vécto dinh vi 7(£) = x(0)2,
(hinh 1.3). Trong d6 &, 1a vécto don vj trén tryc Ox. Tir hinh v& 1.3 ‘dé dang

xdc dinh dugce
Phuong trinh chuyén cia diém P

x=x(t) (2.1)
Vian téc diém P:
Wty = 5 =Z 2.2) Z, Pox
dt T ’
Gia t6c diém P: , :: () ::
a(t)y=3x() = - | Hinh 1.3
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Trong k¥ thuat, nhiéu khi chi biét gia t6c hojc van e clia diém P chuyén
dong thing. Khi d6 cdn phai gidi bai toan ngugc

Wty =vo + [a(d)de (2.4)

)

X(1) = x5 + j v(£)dt : (2.5)

0}

Trong d6 vy =v(y), %y = x{tg)-

2.2. Chuy&n dong thang déu va chuyén déng thang bién dai déu

a) Chuyén dong thdng déu. Chuyén dong thing cia di€ém ma van tdc cla né
¢6 tri s6 khong déi dugc goi 1a chuyén dong thing déu. Do v =y, =const,
suy ra

a=v=0

1
X=X+ Jvodtzxo +v(t—ty) (2.6)

fy
b) Chuyén dong thdng bién déi déu. Chuyén dong thing ctia diém ma gia
t6c chia 06 cb tri s khong ddi duge goi la chuyén dong thang bi€n déi déu.
Do a=a, =const, suy ra

f
V= VO + Iaodt = V{) -+ a'o (t —to) (2-7)

ip

f .
.)C:xO+ IV(t)dt:xO +vO(t—t0)+%a0(t—fo)2 (2.8)
ty )
N&u tai thoi diém diu 1, =0 ta ¢6 x, =0 va v =0, thi tir céc phuong trinh
(2.7) va (2.8) suy ra

V=aot
1, =>v=q2apx (2.9)
X = ant

2.3. Cac thi duy ap dung

Thi du 1.1. Mot 616 dang chay trén doan dudng thing & thdi diém £,=0
c6 van td¢ v,= 40 m/s. & itheidiém do, 616 chay VoI gia téc giam dén tuyén
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tinh tir gid tri ban dau a, = 5 m/s cho dén khi a = 0 trong thdi gian 6 s. Tiép
d6 6t6 chuyén dong déu trén doan dudng s,= 550 m. Sau d6 do him phanh
6t6 chuyén déng cham dan véi gia tdc a,= 11 m/s® cho dén khi dimg hin.
Hay xdc dinh khoang th&i gian 6t6 chay trén dudng va quang dudng di dugc.

Lot gidi. Chuyén dong cua 616 '
dugc phan thanh ba giai doan. Giai
doan mot, 616 chuyén déng cé gia téc
dwong (0<f <y ) giai doan hai 016

chuyén dong déu (0<¢, <, ), giai doan
ba 6t6 bi hdm phanh, chuyén dong Hinh 1.4
cham ddn déu (0 <t <4).

* Giai dogn 1: 610 chuyén dong c6 gia t6c duong (0 <7 <7 ). Trong giai
doan nay gia toc ¢6 dang
a®=a,1-Ly  véi £ =6(s)
tl ’
Chi ¥ dén cdc diéu kién dau x,(t; = 0) = 0, v,(¢,= 0) = v,,, tlr cdc cong thiic
(2.4), (2.5) ta ¢6

f 2

T E
v,=v0+_|-a0 1-Fdr=vy+ay| {1 ——=
0 ) 24

! 2 B
1 1
x = |wdr=vwt +ay| ——
0I o 2 6y

Tir d6 dé dang xdc dinh duge van t6c va quing dudng di duoc & cudbi
giai doan mot (¢ = t,* =65)
vl* =%+ +a0%=40+5.3=55m/s,
® * t*z 62
X =Vt +ay-—=40.6+5.—=300m
2 3
* Giai doan 2: 6t6 chuyén dong déu (0<y, < t; ). Trong giai doan nay 6t
chuyén déng déu véi van t6c v, =v; =55 m/s. Thdi gian 6t6 chuyén dong
trong giai doan nay 13
G JEED)
v, 55

=10 ¢

92




Theo cong thic (2.6) phuong trinh chuyén dong ctia 616 c6 dang
Xy =X + Vot
Vay quing duong 6td di duge trong hai giai doan la
X, =X + Wty =300+55.10=850 m
* Giai doan 3: 616 chuyén dong cham dén déu (0<# <g). Cic gid tri ddu
clia giai doan ba chinh 1a cdc gid tri cudi cla giai doan hai. Theo coéng thiic
2.7, (2.8)tach
Vy = v; — syl
. 2
Xy =Xy +Voly —03%
Thai gian chuyén déng clia 616 trong giai doan 3 1a

v 55

* * ®

a3
Théi gian téng cong 6t6 chuyén dong cho dén khi dimg
=t +6+5=6+10+5=21s
Quing dudng 6t di duge
t*z 52
S=Xy =X + Vit _ayé{ =850+55.5-11.2-=987.5 m

Thi du 1.2. Mot chét diém roi ty do tix do cao A =100 m véi gia t&c trong
trudmng g = 9,81 m/s*. Bo qua sic cdn cua khong khi. 0

- Xdc dinh quy luat chuyén dong, van t8c cla chat .
diém khi cham d4t va thoi gian roi.
— V& dé thi clia gia t6c, van t6c va quy luat chuyén
dong cha chat diém.
L& gidi. Chon vi tri bat du roi 1am géc toa do. D& x
dang xac dinh duoc cdc diéu kién ddu '
ty =0, xg = x(0}=0,v, =v(0)=0. Hinh 1.5

Chuyén dong rai tu do ¢6 gia t6¢ a = g =const (chuyén dong nhanh din
déu). Theo (2.7), (2.8) suy ra

Quan hé gilta van-tfe-v-va-quing-dudng-roi-x-thco céng thic (2.9)
¢t dang
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v=./2gx
Tir @6 dé dang tinh duge van tdc chit diém khi cham dat
Vv, =+J2gh =+J2.9,81.100 =44,3 m/s

Théi gian roi la

v, 44,3
p == ———

g 9,81
Hinh 1.6 13 d6 thi gia tSc, van t6c vh quy luat chuyén dong cha chat
diém roi tu do.

=4,52s.

a

0 t,

Hinh 1.6

3. CHUYEN PONG CONG CUA DIEM

Khi xdc dinh cdc dai lugng van téc, gia tdc cda diém cdn phai tim hiéu xem
qu¥ dao chuyén dong ciia diém d3 biét wudc hay chua. Néu chua biét quy dao
chuyén dong cha diém nén sit dung cdc cong thitc x4c dinh van tdc, gia ¢
trong hé toa do Descartes vuong géc (1.5) va (1.9). Néu da bi€t duge quy dao
chuyén dong chia diém, thi nén sit dung phuong phép toa do tu nhién. Khi dé
viéc tinh todn s& don gian hon nhiéu.

3.1. Mt sé kién thirc cla hinh hoc vi phan

a) Mat phdng mdt tiép. Trude hét ching
ta dua ra cdch x4c dinh mat phing mat ti€p
(osculating plane) véi qu§ dao tai diém P
clla né. Nguoi ta phan ra hai trudng hop:

— Qu¥ dao cla diém 1& mot dudng
cong phing. Khi dé6 mat phing chia quy
dao 12 mat phing mat ti€p tai moi diém
cuia quy dao.

— Qu¥ dao clia diém la mot dudng cong khong gian. Tai P dung ti€p tuyén
Pt va 14y mot diém P, bdt ky wén quy dao, ké tiép tuyén P,t, ¢hinh 1.7). Tai P
ké Pr,” song song v6i Pyr Ky hiewmarphing chta PrviPr,’ 12 mit phing E,.

Hinh 1.7
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Khi d6 mat phing mat tiép véi dudng cong tai diém P, ky hiéu 12 E* dugc xéc
dinh bi hé thiic

E* = lim E,
R—-r

Trong thuc hanh ching ta c6 thé xdc dinh mat phing mat ti€p tai mot
diém P bat ky cia dudng cong khong gian mot cich gén ding nhu sau. Lay
mot cung réat bé ds = PP trén dudng cong, c6 chifa diém P. Vi cung ds 1t bé
nén cé thé thay né bing mot cung phing c6 cling diém déu P va diém cudi
P’. Mat phing chiia cung phang nay s& dugc xem mot cich gin dding la mat
phéing mat tiép véi quy dao tai diém P.

b) Pé cong ciia duong cong. D& ding nhin thay
dudng tron c¢é ban kinh cang nhd thi tiép tuyén tai
cdc diém trén dudng tron déi huéng cang nhanh.
Vi vay, ngudi ta dua ra khadi niém do cong cia
dudng cong nhu sau. Dung Pz 14 1i€p tuyén vdi quy
dao tai diém P, dgng P71, 14 ti€p vdi quy dao tai

. P _
diém P,. Ké Pr, song song Az . Hinh 1.8

Dinh nghia. Do cong clia dudng cong tai diém P clia né duge dinh nghia
béi cong thitc sau
Ag

As

49
ds

k= lim
As—0

(3.1)

Dai luong p= I/ dugc goi la ban kinh cong tai diém P clia dudng cong.
g i duoc g

Dé minh hoa, xét qu§ dao la duding tron bin kinh R. Khi d6 As=RAg@.
Ta co

as RPTR

Nhur thé ban kinh cong tai cdc diém cla
dudmg tron bang ban kinh ctia dudng tron.

¢) Pao ham theo thoi gian ctia vécto don vi

ciia hé quy chiéu dong. Cho

R = {Ox,¥,} 12 hé quy chi€u c¢6 dinh. Vécta

don vi trén cdc truc 1a &, &%. Cho

R,= {Ox,y,} 14 céc hé quy chi€u dong, céc
vécto don vi trén céc truc 1a &, &" (hinh

Hinh 1.9

1.9). Tir hinh v& suy ra
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= cosqo-é(o’ +sing- Eéo’

s LV ~(0)
€ =-sing-é

e—](n
+cos(p-é’2(0)
Pao ham cdc vécto trén theo thdi gian & trong hé quy chi€u c6 dinh
Ro={Oxgyo! ta duge
Ro gz (1)

y =(—-sinq93 +cos¢e(0))¢7 gae(”
! (3.2)

Rp dé’(l)
7 2 (cosgoa‘m +s1n¢ve(m)go —g'aé’f”
T

3.2. Phudng trinh chuyén déng, van t8c, gia téc cua diém

a) Phuong trinh chuyén déng. Chon mot diém tuy ¥ O 0 trén quy dao lam
diém gdc (thudng chon diém bit ddu xuit phat Jam diém gdc) va dinh chiéu

duong trén quy dao (hinh 1.10). Vi tri o (o)
cta diém P duoe x4c dinh bang do dai N s P
dai s6 cung op = 5. Piém P chuyén dong S~
nén s thay déi theo thoi gian. Do d6 Hinh 1.10
s = 5(1) (3.3)

Phuong trinh (3.3) duoc goi la phuong trinh chuyén dong cia diém P trén
quy dao cong (C).

b) Vin téc ciia diém. Dé tinh van t6c cua diém P, gan vao diém P mot hé toa
do vuong géc nhu hinh 1.11:

_ Trong mat phing mat tiép v6i dudng cong tai di€m P ta ké tiép tuyén Pt
va phdp tuyén Pn huéng vé phia 16m clia quy dao. Phép tuy€n Pn nim (rong mat
phing mat ti€p dwoc 12 phép tuyén chinh.

— Ké phdp tuyén Pb vudng géc
v6i mat phang mat tiép tai P sao
cho Ptnb tao thanh mdt hé quy
chiéu thuan. Phép tuyén nay dugc
goi Ja trung phdp tuyén. Heé toa
vudng géc Ptnb dugc goi 1a he toa
dé tu nhién. Cac véc to don vi én
cdc truc nay la &, €,.¢,. Van t6c
diém P dugc tinh theo cong thic
s far(s() _ards

ot dedr

Hinh 1.11

X
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Do dF huéng theo tiép tuyén quy dao Vi |dF| = ds,nén dr =dsé,. Tirdo suyra -

v =35(t)e, =ve, (3.4
¢) Gia téc ciia diém. Dao ham biéu thifc (3.4) theo thdi gian ta duge -
Ray _"d Rdé
i= = z (3.5
dr ( ) dr 3-)
Theo cong thiic (3.2) 1a ¢6
R 3=
Tl _ s AP B Vo (3.6)
dt ds dt " p
Thé (3.6) vao (3.3) ta duoc
2 R
a=Ds 1Y 5 =, +a,z, (3.7
" p

Thanh phdn gia téc a, =v dugc goi la thanh phin gia téc ti€p, con thanh
phdn gia t6c @, =v*/p duoc goi 1a thanh phdn gia tdc phap tuyén. Do cong
thitc (3.7) ta thdy: gia 16¢ clia diém P nim trén mat phéng mat tiép vdi quy dao
tai diém P va luon hudng vé phia 16m ciia quy dao.

3.3. Chuyén dong cong déu va chuyén déng cong bién déi déu

a) Chuyén dong cong déu. Chuyén dong cong cua diém P ma van toc ca nd
¢6 tri s6 khong déi dugce goi Ia chuyén dong cong déu.

Do v=v, =const, suy ra:

2
a =_0, =" (3.8)
dt fol
f
s=sp+ [vodt=s9+vo(t %) (3.9)

i)

Trong d6 vy =v(%). s =5(%)

Nhur thé khi chat diém chuyén dong cong déu thanh phén gia téc ti€p tuyén
bing khong, con thanh phdn gia t6c phdp tuyén cé thé khac khong. Do d6 gia
t6c d co thé khdc khong.

b) Chuyén dong cong bién doi déu. Chuyén dong cong clia diém P ma thanh

phan gia t&c tiép tuyén cla nd ludn ludn cd tri s6 khong déi dugce goi la chuyén
dong cong bién ddi déu.

Do a, = a; =const, sy ia
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< 1a . S
Tl hé thic ;};zv=v0+a0(t—to)suyra

ds = vy +ay(t—1,) |di
Tich phéan 1én ta dugc

1

3.4. Thi du ap dung

Thi dy 1.3. Cho mét diém chuyén dong theo quy luat
x=t—sint, y=1—cost, z=4sin(¢/2).

Hay xdc dinh ban kinh cong mét diém tuy ¥ cha qu§ dao theo thoi gian .
Loi gidi. Pao ham cac ham x(z), y(), z(¢) theo thoi gian ta duge

. . . ]
x=1-—cost, y=sinf, Z =20055

X =smé¢, y=cCosi, z=—sm_2-

Tit d6 ta tinh céc biéu thic x4c dinh van tdc, gia toc, gia t6c 1iép cla diém

. . . 2 . f
v2:x2+y2+z2=(1—cost) +sm2t+4c0525:4
2 . .2t .2l
az=562+y2+22=51112t+c052t+sm2—"——1+sm2_
2 2
av
a =—=0
dt

Do a, =0 nén a =a,. Theo cong thic xéc dinh thanh phan gia t6c phip

a,=v*/p suyra

a
" 1+sin? L
2

3.5. Céc toa dd cuc, cac toa dd try va cac toa do cau
a) Cdc toa dé cuwe. Khi diém P chuyén dong trén mét phing Oxy, nhiéu khi

ngudi ta ciing st dung phuong phép toa d6 cuc dé x4c dinh van t6c, gia t8c clia
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~ nd. Bén canh h¢ toa do (&,, €,) ta dua vao h¢ toa d¢ dong (&,, €,) nhu hinh

. 1.12. Trong d6 €, nim trén dudng théng ndi tam O va diém P. Vi trf diém P
trén mét phang E duge xdc dinh bdi hai tham s6 r va l;D Do d6 cic phuong trinh
chuyén déng cita diém P c6 dang

r=r(t), =) (3.12)
Dua trén cong thic (3.12) dé dang
xdc dinh dugc biéu thic tinh van tdc, gia
t6c cha diém P. Dao ham 7(¢) = r(1)é,
theo ¢, suy ra
@ _d(ré,) _dr.

X

V= =—¢, +7r
dr ot dt dr
V =F€, +rge, 3.13) Hinh 1.12
Pao ham (3.13) theo ¢ tinh dugc bidu thic tinh gia t6c
. dv _d’_ drde, dr .. d¢. degdé,
d=— =gl +t—— Lt —@d, +r—&, +r——=
dt 4t dr dr dr dr dr dt

a=(#-rp’\e, +(rp+209)E, (314

b) Cdc toa dé tru va cdc toa d¢ cdu. Sit dung céc toa do tru (hinh 1.13), vi tri
diém P dugc xdc dinh bdi ba tham s6 p, ¢, z. Do d6 phuong trinh chuyén déng
ca diém P c6 dang

p=p(t), p=p(t), z=2(2). (3.15)
I hz Z
| ()
; b P
©) :
/l‘-{;/ !
: o/
; H
pi / b
v Ny
______________ "P' X ___,,-__--.._.._--\A:"IDI
Hinh 1.13 Hinh 1.14

Str dung céc toa do cdu (hinh 1.14), vi tri cia diém P.duoc xdc dinh boi ba
tham s6 r, ¢ va 6. Do dé phusng {inh chuydn dong.cta diém P cé dang
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r=r(t), p=p(1), 6=6(¢) (3.16)

Cic cong thic lién hé gilta cdc toa do try, cac toa do cau vA cic toa df‘) dé
cdc cha diém P ¢6 dang nhu sau

X=pcos@, y=psing, z=z (3.17)
x=rcosfcosgp, y=rcosfsing, z=rsind - . (3.18)

Tir d6 dé& dang x4c dinh duge c4c biéu thiic tinh van téc, gia téc cha diém P
trong c4c toa d¢ try, hoic trong cédc toa do cdu.

4. KHAO SAT PONG HOC MOT SO CHUYEN DONG PAC BIET
Trong phin nay 4p dung cong thic & trén xdc dinh phuong trinh chuyén

dong, van téc, gia t6c clia mét s6 mo hinh chuyén dong diém c6 § nghia.

trong k¥ thuit.

4.1. Chuyén dong theo quy dao parabol

Thi dy 1.4. Trong mat phing thing dlrng Oxy, mot diém P chuyén dong
theo phuong: trinh

gt*
x=vytcosa, y= votsina:—T.
Trong d6 v,,a, g 1a cdc hing s6. Tim quy dao, van tdc, gia téc clta diém P
va ban kinh cong cha quy dao tng v6i = 0 va ldc P & vi trf cao nhét.

- réi thay vao phuong
Vocoser

Loi gidi. Rt t tir phuong trinh thir nhét ¢ =

trinh thit hai suy ra AY

g 2
=Xxig ——————X
rer 2vg cos’ o 7, -
Vay quy dao 142 mot dudng parabol.
Dao ham phuong trinh chuyén
dong ta duoc

&l
1
Sl

v, =X =V Cosx o )
v, =y =vysina—gf Hinh 1.15

Tir d6 suy ra
' . 2
v= \/vé cos® & + (v, sinar — gt}

Pao ham biéu thite vantdctacd
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a,=x=0, ay:j3=-g

Do dé vécta & ludn hudng thing xusng dudi. Dé tim ban kinh cong cla

qu¥ dao ta st dung cong thiic p= v? /a, . Trong bai todn nay, ta c6

_dv, v ~g(vosina - gt)

a, =
. 2
dr dt Vg cos” & +(vysina — gt)

Khi P & vi trf g8c toa do (£ =0): a, =—gsina, a=g.

Vay a, = \/az —a‘:' =gcosa.Dodé p=

Khi P & vi trf cao nhit clia quy dao: do ¥ song song v6i truc x, do d6
v, =y sina—gt=0. Tix d6 suy ra a, =0, a, = g. Vay ban kinh cong quy dao

tai diém dinh cla parabol la
_Vicosa
g

4.2. Chuyén déng theo dudng xycloit

Thi du 1.5. Mot banh xe tron bén
kinh R lan khong trugt trén dudng ray
théng. Van tdc tam bénh xe 14 hing sd va
bing ¥,. Tim phuong trinh chuyén dong
cha diém P & trén vanh banh xe. Tim qu¥
dao van tdc, gia t6c cha diém dé.

Lot gidi. Chon hé toa dé Oxy nhu
hinh 1.16 v6i chid ¥ khi =0 thi P=0.
Do béanh xe lan khoéng trugt nén cung

AP bing doan OA. Do 4P=Rp, OA=vy,

nén vy = Re. Do do

p=ot V6 o=—.

Toa d6 cla diém P 1a

x =vpf — Rsing = vyt — Rsinot

y = R=Reosp="R{t=cosor)

<<

Hinh 1.16

(1)
2)
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Cdc phuong trinh chuyén dong cBa diém P nay ciing 13 phuong trinh tham
s6 cia quy dao cha né. Qu¥ dao clia P gém nhiing cung xycloit nhu hinh 1.16.
Hinh chi€u van t6c cha diém P trén cédc tryc Ox va Oy 13

v, =X =v, — Rwcosot = v, (1-cosar) (3)
v, =)= Roysinot = v, sin wf 4

b0 I6n cha van t6c diém P
. . . . 1
=&+ 3 =v0\f(l —coswt)’ +sin® ot =vpyf2(1--coswr) = 2v, sm%

Do géc ¢ ndm trong ving 27 2 ¢ >0, nén sin%tzo.

D¢ tim huéng van t6c cia diém P ta x4c dinh cdc cosin chi huéng ciia vécto
van téc

- v, l—cosat | i - sin f wt
cos(x,v):~=w=5111?, cos(y,v)=ﬁ=—wt=cos—2~
2sin— 2sin—
2 2

Tir d6 suy ra vécto van tdc diém P luon luén nam trén dudng thing ndi tir
diém P t6i diém cao nh4t cla banh xe. Hmh chiéu gia t6c cla diém P trén céc
truc Ox va Oy la

a, =X=wwsinawt, a, =y =vywcoswt

Do dé a=,}a§+ai=v0aj=cqu

a . o o .7
Do cos(x, a) =% =sinwr;cos(y,d)=—=coswt, nén véclo gia tdc cha diém
ad a

P ludn di qua tam cha bdnh xe. Ban kirh cong cha quy dao dugce tinh tir biéu

thic p=v*/a,.
7 2. av, ot .
bo a, =~ja" —a; va a, =E=vowcos?(v1 v, =v)
} wt . of
Nén a, = vy® 1~0052V=v0wsm—
2 2
wi
4v§sin2—
A . L . ol
£ == =S gin—=4Rsin—=24P.
Viay ta co ) Yy ” > 5 .
VOCE)SIR?

Trong d6 AP 1a khoang céch tir diém P dén diém thadp nhét cia banh xe.
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4.3. Chuyén déng theo dudng xodn &¢
Thi du 1.6. Cho diém P chuyén dong theo
quy luét
x=rcos@, y=rsing, z=p@ >

'
N

2

Trong dé r va p 1a céc hing s6, ¢=@(). -
Tim van t6c, gia t6c clia diém P va xét tinh bién
ddi chuyén déng khi ¢ = @yt v6i @, = const .

o mmmrmm——————,

Loi gidi. Theo phuong trinh chuyén dong
ciia diém P, né s& vach nén mot dudng xoan 8¢
déu nhu hinh 1.17. Ap dung phuong phap toa do
Descartes tinh van téc va gia tdc diém P, ta cé X

Hinh 1.17
v, =Xk =—r@sin@;
v, = J=rcosg; (D
v, = p@ |
v= \/rngz sin” @+ r%b"" cos’ @+ ngbz =‘¢l \/rT+ p*
Pao ham biéu thic (1) theo thoi gian ta dugc

%=—r@’ cos@—ripsing

ay

I

=—r¢? sin@+ rcos @

by
Pé ¥, ta xét trudng hop ¢=0. Khi d6, néu goi yla gbc gilta tiép tuyén véi

a},
a;

j
5

quy dao va truc z, ta ¢6:

v

cosy=-%= = const
v

1
o+ p P+ p

Nhu thé, dudng xodn d¢ cé do nghiéng khong d6i d6i véi mat phang Oxy.
K¥ hiéu P’ 1 hinh chigu chia P trén mat phang Oxy. Dé dang thdy hinh chiéu
clia qu¥ dao trén mat phing Oxy la dudng tron tam O ban kinh

x4+ y? = r? cos? ¢+r28in2 qor»rz ;

Khi diém P’ di duoc mot vong trén day tru tron @ =27 (radian), thi diém P
chuyén dong doc truc z duge mot doan khong déila h=2zp.Nguditagoiila
budc cia xodn &c, con p 1i tham s6 clia Xoén dc.

Xét trudmg hop @ = @ Khi dd cae thanhphan van 16c ¢6 dang
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Vy = —F@q SIN WGV, = rmycosmyt

Y, = Py

Tir d6 ta ¢6 v=wy+/r? + p* =const. Nhu thé diém P s& chuyén dong déu

trén dudng xoén oc. Cdc thanh phan gia 16c
, a, = —rag coswy, a, =-ro¢sinagt, a, =0.

Vi vay ta coa :m)g . Vécto gia téc @ song song véi mat phing Oxy (vi
a,=0).

Chid ¥ ring a, = -o°x; a, = ~»%y, ma x, y lai 1 toa d6 cia diém P, Vay
gia t6c d ngugc chiéu véi vécto OF', ,

Do v = const, nén a, =0; a, =a. Vay ban kinh cong clia qu¥ dao la
v g2y p?

p:

a

' ¥
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Chuong 2

co & PONG HOC VAT RAN

Trong chuong nay, trudc hét gidi thi¢u hai dai lugng dong hoc déc trung
cd ban cha vat ran chuyén dong. Hai dai lugng d6 la van t6c géc va gia tdc
gbe ctia vat rén. Tir do dua ra cdc cong thiic téng quat xéc dinh van téc, gia
t6c cha mot diém bat ky thudc vat rén chuyén dong. Ap dung céc két qua dé
khéo sat hai loai chuyén dong don gian nhét nhung ciing la phd bién nhat cla
. vat ran. D6 1a chuyen déng tinh tién va chuyén dong quay quanh mot truc cO
dinh chia vat ran. Cudi chuong trinh bay cdc loai truyén dong don gian nhung
phé bién trong k¥ thuat.

1. HAI DAl LUONG DAC TRUNG CO BAN CUA PONG HOC VAT RAN

Mo hinh bai toan déng hoc vat ran cho trém hinh 2.1. Vige thiét lap cac
phuong trinh chuyén déng cia vat rin 14 bai todn khd phidc tap, chiing ta s€ trinh
bay & chuong Dgng hoc vat rén khéng gian cuéi phdn dong hoc. G day, chi
nghién ctru hai dai huong dong hoc dic trung co ban cua vat ran, dé 1a van t6c
gdc va gia tée géc cha vat rin.

1.1. Van t8c géc cla vat ran z

Van téc géc cha vat ran 1a mot
trong nhitng khéi niém co ban nhat
trong dong hoc. Thé nhung Kkhai %
niém nay ciing la mét trong nhiing
khai niém hay bi hiéu sai nhat. Ly
do ctia sy hay nhim 1in nay c6 thé 1a

chua xay dung dugc sy tuong xing R .4
giita khai niém van t6c cha mo hinh /
diém v6i khai niém van téc géc clia X Hinh 2.1

mo hinh vat ran.
Xét vat rin B chuyén dong d6i véi hé quy chigu R nhwhinh 2.1. Ly ¢ 1a mot vée
to tuy ¥ khac khong thudc vat rin B. Do () = const nén dao ham theo t biu thifc

. _ dc o dC. < .
nay ta dugc €= 0 . Nhu the = Tudn Tudn T mot vEC 16 yudng gde véi véc to ¢.

105



Mat khdc tich ¢6 huéng cha hai véc to ¢ dang @xé=» . Trong d6, véc to

b vuong géc véi mat phing chita hai véc to @va &. Nhitng nhan xét dé goi ¥

cho chiing ta xay dung khéi niém véc to van t6c gée clia vat rin nhu sau.

a} Dinh nghia. 1Lay ¢ 1a mot véc to tuy ¥ khic khong thudc vét ran B. Van t6c

gbc cha vat rin B d&i vdi hé quy chi€u R 1a mot véc to, k¢ hicu 1a 4%, ma
R 4=

g ook " . dc
nhan véc 1o véi véc 1o ¢ ta duge dao ham —
t

R
dc .
_G9€ _ Ry
dat
b) Su ton tai va duy nhdt ciia vdn téc gée. Van tdc géc cha vatl rin B dugc

Bxe (1.1}

dinh nghia b&i biéu thic (1.1) 1 duy nhat. That vay, gia sit *&% khong duy

nhdt, s ton tai véc to *&'%ma
R -
d B .
L RGE g (1.2)
dt .
Lay biéu thitc (1.1) trir di biéu thiic (1.2) ta duogc
o® xé - *a'" xé =( "0 - *a* }xé =0 (1.3)

Do ¢ 1a mot véc to tuy ¥ khdc khéng thudc vat ran B va do phuong trinh
(1.3) 1udn thod mén véi moi ¢ nén ta phai cé hé thiic

R——B_Ra—le

& RB _ RiB

=0 =

Sir ton tai ctia ®@® : Néu ta cong nhan tinh lién tac vé& su phan ba vat chét cia

. :

. . N dé s e as P e s f A

vat rin, thi dao ham = s€ ton tai. Tir dd suy ra van toc gbe cna vat ran tdn tai,
[

¢) Cong thitc tinh van téc géc *a*. zA
Gin chit vao vat rin B mot hé quy
chiéu vudng goc cd cic vécto don vi
trén cdc truc 1a ¢, &, & (hinh 2.2). Ta
¢6 dinh 1y sau day dé xac dinh van t6c
géc clia vat ran B.

Pinh iy 2.1. Cho {¢€,, €,, & } laba
véc to don vi cia mot hé quy chi€u R
dong gan lién vao vat rdn B. Khi dé van
toc géc chia vat ran B duge xdc dinh boi
cong thic

x Hinh 2.2
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s |, ) [
=& - & + e

1 3 2 3
dt dt dt

R

@ "€ (1.4)
Chiing minh. Trong hé quy chiéu {&, &, & } véc to van t6¢ goc ciia van
ran B ¢6 thé biéu dién dudi dang
Ro® ~(*a” 5 ) +( 0" )8 +(*a" & ) (1.5)
Do é,, &, &;1a cdc vécto don vi trén ba truc clia mot hé toa do vubng goéc
nén ta cd cédc hé thic
G =88, & =8x8,6=§x& (1.6)
Thé cde he thiic (1.6) vao biéu thic (1.5) ta duge
5t <[ Fa” (8 x4) )8 +[ o (2 xg) & +| "0" (8 x&)]e A
Chid ¥ dén tinh chat quen biét ciia tich hon hgp ba véc to
(bxc) (axb) b-(¢xa) (1.8)

va dinh nghia van téc géc cla vat rin (1.1) he thic (1.7) dugc bién déi nhu sau

RgH =[é3 (*a” xé’zﬂé, +[§1 (*a" ><E3)}é'2 +[52 (*a® xé‘l)}%

_ Rag\_ (. Rdey, ). (. "de ).
=|éy- a0 el'i' [ i €2+ €q - ar 2]

Do tich vo hudng clia hai vécto 6 tinh giao hodn nén ta co

R R
de de de
kP =g 2.8, |+ 3.8 |+ L.&
U= 2% "a % dr

Pinh 1y dugc ching minh xong. Chi ¥ ring, cong thic (1.4) thuong dugc
stt dung dé tinh van tdc géc cua vét rén trong nhiéu trudng hop cu thé.

Sau day trong bai toan khao sit chuyen dong clia mot vat rin B d6i v6i mot
hé quy chi¢u R, khi chi c6 mot vat ran va mot hé quy chiéu dé don gian céch

viét, ta thay © o=@ .

1.2. Gia tdc goc cia vat ran

Pinh nghz‘a. Gia tdc gbée cha vat ran B déi v6i hé quy chic¢u R 1a mot dai
lugng vécto, k¥ hiéu 1a #°, bing dao ham theo thdi gian & trong h¢ quy chigu
R cla vécto van téc géc chia vat ran dé
R R 5B

=B
i 1-9
¢ dt (1-9)

R
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Chii . Khi khao sit chuyén dong cia mot vat rin B d6i v6i mot hé quy

chi€u R ta c6 thé thay ky hieu *#® bang ky hieu & cho don gian cich viét,

Trong mot sé tai liéu ngudi ta ky hiéu gia téc géc 1a & .

2, BIEU THUC XAC DINH VAN TOC, GIA TGC CUA MOT DIEM BAT KY
THUOC VAT RAN

2.1, Van té¢c madt diém bat ky thudc vat ran
a) Pinh Iy 2.2. Néu biét van t6c géc ciia vat ran va van t6¢ mot diém A nao dé
thudc vat ran B, thi van t6c mot diém P bit ky thuéc vat rin B duoc xdc dmh b&i
hé thite san
Vp =V, +Vp, =V, + @Xiip 2.1)

trong d6 i, = AP, ¥, la van 8¢ clia diém P trong chuyén dong quay clia vét
rin quay quanh diém A.

Chiing minh. Ta |8y hai diém A, P tuy y thuoc vat rdn B dang chuyén dong
(hinh 2.3). Tir hinh v& suy ra

Fp=Fy tilp (2.2)
Pao ham hai vé& hé thitc (2.2) theo t &
trong hé quy chiéu R ta duge zA P
Ry Ry R, i
dre  “dF,  “dip “p
= + 2.3 ;
dr dt dt 2.3) Py A B
Theo dinh nghia van tdc gbéc, cong thifc d
(1.1), ta ¢6 R 4 y
R - '
dii -
drp Xt 24 = Hinh 2.3

Thé (2.4) vao (2.3) ta duge
Vp =V, + @Xiip
Hé qud: Hinh chiéu van t6c ‘hai diém bt ky thuoc vat rin B Jén duong
thang ndi hai diém dé thi bang nhau.
Chimg minh. Do tich @xii, = @x AP ludn vuong gdc voi dudng thing AP
nén tir (2.1) suy ra ‘

heap(Vp)=heyp (V) (2.5)
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2.2, Gia tdc mét diém bat ky thudc vat ran
Dinh Iy 2.3. Néu biét van 16c gbe, gia téc géc cila vat rin B va gia t6¢ mot
diém A nao d6 thuoc vat rin dd, thi gia t6c mot didm P bat ky thuoce vat rin B
dugc xdc dinh boi hé thiic sau
Gp =dy+EXlp+OX(Dxip) (2.6)
Chimg minh. Dao him theo thdi gian t & trong hé quy chiéu R biéu thitc (2.1)
ta dugc

Riv, Rav, %dd_ . . "dip
= + Xiip +@%
dt dt dt dt

d, =dy+E&Xiip +@x(@xiip)

Tir cdc cong thifc (2.1) va (2.2) ta xdc dinh dugc van tdc va gia (6c cédc
diém cia vat ran.

Qua trén ta thiy hai bai todn co ban chia dong hoc vat ran la:

1. Xdc dinh van 16¢ gée, gia téc géc cia vdt rdn.

2. Xdc dinh van téc, gia t6c mét diém bdt ky thugdc vt rin.

Sau day 4p dung cdc két qui ciia hai tiét trén khdo sét hai dang chuyén
dong co ban cla vat rin 13 chuyén déng tinh ti€n va chuyén dong quay quanh
mot truc ¢6 dinh.

3. CHUYEN DONG TINH TIEN CUA VAT RAN

3.1. Dinh nghia va thi du

a) Pinh nghia. Chuyén doéng clia vat rdn duoc goi 1a chuyén dong tinh ti€n néu
moi doan thang thuéc vat ran ludn song song véi vi trf ban ddu cta né.

D770

Hinh 2.4 Hinh 2.5

b) Cdc thi du. Chuyén dong clia than xe 6t6 trén doan dudng thang I
chuyén dong tinh tién (hinh 2.4). Chuyén dong ciia thanh truyén AB trong co
ciu 4 khau ciia mdy sing-eé-che-tay-quay-OA-=0:Bla-chuyén dgng tinh tién
(hinh 2.5) '
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¢) Chit §. Chuyén dong tinh tién 1 mot dang chuyén dong clia vat rén. Khong
¢6 khdi niém diém chuyén dong tinh tién. Khi mét vat rin chuyén dong tinh
tigh, cdc diém thuoc vat dé cé thé chuyén dong khong thing, khong déu.

3.2. Van tdc géc, gia tdc géc clia vat ran chuyén déng tinh tién

Dink 1y 3.1. Khi vat rén chuyén dong tinh tién, van téc goc, gia téc goc cia
vat ran luéon ludn triét tiéu.

Chiing minh. Theo dinh nghia chuyén dong tinh ti&n vat ran ta cé ¢ = const.
Do do

3.3. Van t8c, gia téc cac diém thudc vat ran chuyén déng tinh tién
Pink 1y 3.2. Khi vat rén chuyén dong tinh tién, van 16¢ moi diém thude vat
déu bang nhau, gia t6c moi diém thudc vat déu bang nhau.
Chiing minh. Do w=0, &=0 nén tir cong thirc (2.1) va (2.6) ta suy ra
ﬁp = ﬁA N ap - ifA .
Chii y. Tt hai dinh 1§ trén suy ra c6 thé str dyng mé hinh vat diém dé khdo
s4t mo hinh vat rin chuyén dong tinh tién.

4. CHUYEN DONG QUAY QUANH MOT TRUC CG BINH CUA VAT RAN

4.1. Binh nghia va thi du

a) Pink nghia. Chuyén dong ctia vat rén c6 hai diém c6 dinh, do d6 c6 mot
truc di qua hai diém dé c6 dinh, dugc goi la chuyén déng quay quanh mét truc
o6 dinh. Truc di qua hai diém c6 dinh dugc goi la tryc quay cia vat ran.

TB -
1t \%B%

D74

Hinh 2.6a Hinh 2.6b Hinh 2.7
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b) Mo hinh va thi du. Hinh 2.6a 12 mo6 hinh khéng gian con hinh 2.6b 13 mo
hinh phéng ciia vat rdn quay quanh mot tryc ¢6 dinh.

Da s6 cac truc mdy thudng thyc hién truyén dong quay quanh mot truc cd
dinh (hinh 2.7).

4.2. Van téc goc, gia tdc goc cla vat ran quay quanh mot truc cé dinh

a) Phuong trinh chuyén déng ciia vdt rdn quay quanh mét truc cé dinh.
Chon hé quy chi€u c6 dinh Oxgvqz, v6i Oz, 12 truc quay cua vat ran. Chon hé
truc Oxyz gén lién vao vat ran B va cling quay véi vat. Trong dé Oz, = Oz. Céac
‘vécto don vi trén hé truc toa do dong Oxyz 1a &, &,, & (hinh 2.8)

=)
[
=
o
<

' B x y
v

7% A Yo

Hinh 2.8
Nhu thé vi tri cha vat rdn B déi véi he quy chigu cd dinh Ox,yq7o dugc xdc
dinh béi géc quay ¢. Vay phuong trinh chuyén déng clia vat rin quay quanh
mot truc ¢d dinh 14
@ =@(t) (4.1)
b) Vin téc goc ciia vdt rdn quay guanh mot truc ¢6 dinh. Theo (1.4) biéu
thic xdc dinh van t6c géc clia vat rdn quay quanh mot tryc ¢d dinh ¢6 dang

Ro g Ro g5 Ro 5
H=é 2.8 |+é 3.8 |+& L.z 4.2
{dt32d:‘3dt2 “2)
Trong trudng hgp vat rin quay quanh mot tryc c6 dinh, do & = const nén
de _
dt

Con cac dao ham %e;l- va a;i; dugc tinh theo cong thitc (3.2) chuong mot
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a0 dr
Thé (4.3) vao (4.2) ta dugc
B=—p(& &)g+(0-8)& +¢(& - &)8

Do & -é,=0, & -& =1, nén ta nhan dugc biéu thic xdc dinh van t8c géc

=0 (4.3)

clia vat 1dn quay quanh 1 truc c& dinh

& = g, 4.4)
¢) Gia téc goc ciia vdt rdn quay quanh mot truc ¢é dinh. Pao haim biéu thiic
van t6c géc (4.4) theo thoi gian xdc dinh duge biéu thife gia t6c géc clia vat rin
quay quanh mét truc ¢6 dinh

. fede

£=—92 g @.5)

Nhu thé, gia t6¢ géc clia vat rin quay quanh mot truc ¢§ dinh 12 mét vécto

nim trén trgc quay va cé tri dai s6 £, = ¢

Chii y. Khi hai vécto @ va £ ciing chiéu ta ¢6 chuyén déng quay nhanh
din. Khi hai vécto & v £ trdi chiéu ta ¢6 chuyén déng quay cham dén.

4.3. Van t8c, gia t&c mét diém bat ky thudc vat rén

a) Quy dao chuyén dong. Xét chuyén dong ciia mot diém P bat k¥ thudc vat
rin, ndm céch truc z mot doan IP = r. Khi vat rin quay quanh truc z c6 dinh,
quy dao chia diém P Ia dudng trdn tam I ban kinh r ném trong mit phing di qua
I va vudng géc véi truc quay (hinh 2.9). Phuong trinh chuyén dong cia P la

s=BP=ro(1) | (4.6)

¥y

Hinh 2.9 ~ Hinh 2.10

' b) Vin téc diém P bdt ky thuéc vdt rdn. DE thuan tién cho tinh todn, cing véi
hé toa d¢ dong Ixy ta dravio-hétoa-ddtrnhién Prn(hinh 2.9). K¥ hiéu
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Theo dinh nghia ta cé

Vp =%”*=ﬂ3xﬁp (4.8)
Thé cdc biéu thiic (4.4) va (4.7) vao biéu thiic (4.8) ta dugc

Vo =(9-8)x(ré)) =rpé; x & =rie, (49
Do &, =¢, nén

Vp =rge; : (4.10)

Vay van t6c cla diém P 12 mot vécto ndm trén dudng ti€p tuyén véi quy
dao & diém P va O tri 86 vp =1

Tir cong thitc (4.10) suy ra: Van téc cic diém cha vat rin quay quanh mot
truc ¢ dinh phan bd theo quy luat tam giac vuong déng dang (hinh 2.10).
¢} Gia téc diém P bdt ky thudc vdt rdn

Pao ham biéu thitc van t6c (4.9) & trong hé quy chi€u R, theotta dugce

a —%—r"é +rgb@
PE T TR dt
dé
Do =—2 = —@é, nén
dt e
Gp = ripé, —re’é, (4.11)

Chii ¥ ring & =3, , & =&,. Thé c4c hé thic nay vao (4.11) ta duge
dp =ripe, +r*e, (4.12)
Quy udc goi
' ajs =r{é, 1a thanh phén gia t6¢ tiép
a3 =r¢’é, 1a thanh phan gia t6c phép
Véi cdc quy ude dé biéu thic gia t6c
! diém P ¢6 dang (hinh 2.11)
‘ Gp = b+ db = 7, + 19,
Tirhinh 2.11 ta c6

‘ a
| tga=—P-—*M=i (4.13)

ERSE

T o
1 .

Hinh 2.11
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ap = (a;)z +(a;§)sz &+t (4.14)

Chit y. Céc véc to gia t6c phdp va véc to gia t6¢ ti€p duogc x4c dinh nhu sau:
ap :huéng rPvé O, d6 16n 1a aft = re’®.

dp : ¢6 phuong vuong géc véi truc P, cé chiéu phu thudc vao chidu

chag,cétrisdla af =re.

4.4. Chuyén déng quay déu va chuyén ddng quay bién dai déu
a) Chuyén dong quay déu. Chuyén d(f)ng‘ quay clia vat ran quay mot truc c6
dinh duge goi 1a chuyén dong quay déu, néu van tSc géc clia vat rin ¢b tri s6
khoéng déi (®,= w, = const)

Tix diéu kién o, = @, = const, suy ra:

14 t
[do=a [dt = p=p,+a(t-1)) (4.15)
0 o )

Da s8 cdc truc may quay déu khi mady Iam viéc & ché€ do binh én. Trong ky
thuat, hay sit dung don vi vong/phit dé chi van t6c géc. Thi du, réto quay véi
van t6c goc 3000 vong/phiit hodc 10000 vong/phit. Khi dé, néu truc mdy quay
véi van téc géc n vong/phiit, ta ¢é cong thifc tinh quy déi nhu sau

n 4 n
w = BTy hay f= IEW6OHZ ,(4-16)
b) Chuyén dong quay bién doi déu. Chuyén dong quay clla vat rin quay
quanh truc c6 dinh dugc goi 1a chuyén dong quay bién déi déu, néu gia toc géc
clia vat rin cé tri s6 khong déi (s, = g, = const).

Tu diéu kién €, = g,= const, suy ra
@ =@y +E(t—1y) (4.17)

¢=¢0+50(t—r0)+é-a_'0(t—to)2 (4.18)

Chu ¥ rdng khi tich o, g, > 0, vat rin quay nhanh dén, khi tich o, £, < 0, vat
rin quay cham dén. '

Thi du 2.1. M6t truc mdy dang quay véi van t6c géc n = 1200 vong/phiit
thi bi hiim lai. Trong giai doan ham, truc mdy quay cham din déu va quay dugc
80 vong thi dimg hén. Tim thoi gian him may.

Loi gidi. Chon ty=0;-py=0thee-cde-cong thie(4:17), (4.18) ta cé
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1

Theo gia thiét ta cé @y, =% =407z , 80 vong = 160x (rad). Tir d6 néu goi

T 14 thoi gian ham mady, ta c6 hé phuong trinh sau
0 =407 + &,T | ¢y

1607 = 4077 + % T (2)
Tl (1) suy ra &, = —407z/T . Thé k&t qua nay vao (2) suy ra

1607 =40xT - 2077 =207T => T =8¢

5. TRUYEN PONG CO KHi BON GIAN

5.1. Vi tri khau truyén dong trong may

Trong mot méy hodc t6 hop may thudng gém 3 thanh phén: dong co, co
cdu truyén dong, bo phan lam viéc (hinh 2.12)

Dong co Cocdu. Bo phan
i truyén dong lam viéc
Hinh 2.12

(3 day, buéc dau hiy 1am quen véi mot vai co cdu truyén dong don gidn
nhim bién chuyén dong quay quanh mot truc ¢d dinh thanh chuyén dong quay
quanh mot truc khdc ¢d dinh, bién chuyén dong tinh tién thanh chuyén déng
tinh ti€n, bién chuyén dong quay thanh chuyén déng tinh ti€n va blen chuyén
dong tinh tién thanh chuyén dong quay. '

5.2. Vai loai truyén dc}n_g don gian

a) Truyén d't_ing bdng co cdu bdnh rdng, dai truyén va ddy xich. Truyén cic
chuyén dong quay gifia hai truc c6 dinh song song nhau ngudi ta ding co ciu
banh ring, dai truyén, xich nhu hmh 2.13 va 2.14. Trong trudng hop biéu dién
trén hinh 2.13, ta cé

o _n

W, .
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Hinh 2.13b

Hinh 2.14a _ Hinh 2.14b

b) Truyén dong bdng bdnh ring-thanh ring
D¢ truyén chuyén dong gilta mot vat quay va mot vat tinh tién ngudi ta sit
dung co c¢fu binh ring-thanh ring hoic co cdu banh—thanh ma sdt (hinh 2.15).

Hinh 2.15

¢) Truyén déng bdng co cdu cam

Dé truyén chuyén dong tinh tién thianh chuyén dong tinh tién hodc chuyén
dong quay thanh chuyén dong tinh tién ngudi ta cé thé sir dung céc co ciu cam
nhu hinh 2.16. |
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=l

Vs %/ Cin

Hinh 2.16a

5.3. Thi du ap dung

Thi dy 2.2. Cho co cdu truyén
dong nhu hinh 2.17. Truc I ¢6 ban
kinh R, chuyén dong quay véi véan téc
g6c m, va gia t6c goéc €,. Truc I gbm
hai tdng c6 ban kinh tvong tng R, va
1,. Tim vén t6c va gia t6c cla vat P.

Bai gidi. Hé gém c6 truc 1 va truc

II chuyén dong quay, con vat P chuyén Vp
dong tinh tién. Suy ra: ]
W, 8 _ Ry B Hinh 2.17
@y, &y, R,
R R
Do d6 W, =——Lay; & =——L&
22 R, @ & R, 1
Van téc diém P:
Vp =Vy =hh =2,
R2

Gia toc diém P:

ap =0y =hH& =23 &
R2
Do ®, V2 €, nguge chitw nhan-(hinh-2:47) nén-vat P chuyén dong léen cham
déndo ¥, va d, nguoc chidu phau,
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Thi dy 2.3. Hop bién toc (hinh 2.18) ¢6 cdc banh ring vdi s6 rang tuwong
tng la z, =10; z,=60; z;=12; z,=70. Tim ty s truyén dong ciia hai truc A
va B va chiéu quay cla truc B.

Loi gidi. Ty s6 truyén dong giita banh réng 1 va 2 la:

O _ 5

(1)

2 Zy

j =

Ty s6 truyén dong giira banh ring 3 va 4: s | =

Dy __E (2) = 4
w, 2 N
Tirhinh vé 2.18 tacé Ay

W =0, Wy =@, Pg =0y

Do d6 tir (1) va (2) suy ra:
= = — — Hinh 2.18
e W S T O L R "
@, W, @, @Op Iz
Thay s& vao cong thifc (3) nhin duge ty s truyén dong:
% = @E =35 (banh ring A quay cing chiéu banh ring B).
@, 1012
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Chuong 3

CHUYEN PONG TUONG HOI
cUA PIEM VA VAT RAN \

Trong hai chuong truéc chiing ta da khdo sit chuyén dong cia mo hinh
diém va mo hinh vat rdn d6i véi hé quy chi€u cb dinh. Trong thuc t& tinh todn
va nghién ciu Iy thuyét nhiéu khi ngudi ta phéi khao sat chuyén dong clia diém
hodc vat rdn d6i véi mot hé quy chiéu R, nio dé ma hé quy chi€u R, nay lai
chuyén dong déi véi hé quy chiéu R,. Trong chuong nay, rén co $& dua ra cic
khai ni¢m chuyén dong tuyét doi, chuyén dong twong d6i, chuyén dong theo,
chiing ta s& thiét lap cic cong thic cong van tdc, cong gia toc clia diém, cong
thifc cong van tdc goc va cong thiic cong gia t6c goc cha vat ran.

1. KHAI NIEM CHUYEN DONG TUYET pol, CHUYEN PONG
TUGNG DOl VA CHUYEN DONG THEO

1.1. Chuyén déng tuyét doi, chuyén déng tuong doi va chuyén
déng theo cha vat ran '

a) M6 hinh. Vat thn B chuyén dong doi véi h¢ quy chi€u dong R,, hé quy
chi¢u dong R, lai chuyén dong doi vdi h¢ quy chiéu c6 dinh R, (hinh 3.1).

b) Cdc dinh nghia. Chuyén dong cla vat rin B d6i véi hé quy chiéu cé dinh
R, dugc goi-la chuyén dong tuyét d6i. Van toc goc, gia téc géc cua vat ran B
x4c dinh trong hé quy chi€u cg dinh R, duge got la van t6c goc tuyét doi, gia
t6c goc tuyét doi. Ky hieu 1a @,,2, - Chuyén dong clia vat ran B d61 vdi h¢ quy
chi€u dong R, dugc goi la chuyén dong tuong

d6i. Van t6c goc, gia e gée cha vat rén B xéc

dinh trong hé quy chigu dong R, duge goi la van - “of
t6c géc lwong ddi, gia téc goc tuong dsi. Ky

higu & &,,%,. Chuyén dong cta hé quy chiéu

dong R, d&i v6i h¢ quy chiéu c6 dinh R, dugc

goi 1a chuyén dong theo. Van t6c goc, gia 16c R,
géc chia he quy chi¢u dong R, xdc dinh trong h¢ ‘ Yo
quy chigu c6 dinh R, dudc-goi-la.van toc.goc
theo, gia toc gée theo. Ky hiw & &, =

*o " Hinh 3.1
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So sanh cdc dinh nghia trén véi dinh nghia van téc géc, gia tdc géc cla vat
ran trong chuong 2 phin dong hoc, ta c6 céc hé thiic
@, ="a" , &, =Ra" | 5,="ozh,

= _ Ry=B = _ Ri=B =~ _ RyzR
E,="8% | g =Ngh g = Rgh

1.2 Chuyen dong tuyét dadi, chuyén déng tuong dai va chuyén déng
theo ctia diém

a) M6 hinh. Diém P chuyén dong d6i véi hé quy chiéu dong R,. H¢ quy chigu
dong R, lai chuyén dong d6i véi hé quy chigu ¢ dinh R, (hinh 3.2).

b) Cdc dinh nghia. Chuyen dong cua

diém P d&i v6i hé quy chiéu c6 dinh R, z, z,

duge goi 1a chuyén dong tuyét di. Van
~ tdc, gia téc cla diém P x4c dinh trong
hé quy chi€u ¢& dinh R, dugc goi 1 van g
téc tuyét ddi, gia téc tuyét déi. Ky hicu . /R0, o

1av,.a,.

Ro 7, R°d2"
2 G,(P)=— R
dt dr >

Chuyén dong cla diém P d6i véi
hé quy chi€u dong R, duoc goi 1a
chuyén dong twong déi. Van téc, gia téc
cla diém P xdc dinh trong hé quy chiéu dong R, dugc goi 12 van t6c tuong dai,
gia toc tuong dsi. Ky hiéu 1a ¥, ,4,

Rdiip Rai,
i -
dt dr*

Chuyén dong clia hé quy chigu dong R, d6i véi he quy chidu ¢6 dinh R,
dugc goi la chuyén dong theo. Van tdc géc, gia t6c gée ciia hé quy chiéu dong R,
xac dinh trong h¢ quy chiéu c6 dinh R, duge goi 1a van t6c géc theo, gia 10¢c géc
theo. Ky hiéu 1a &,,Z, . Mot diém P* thuoc hé quy chi€u dong R, ma & thoi diém
khdo sét tring vdi diém P dugc goi la tring diém ca P tai thoi diém dé. Chad ¥
ring trong qud trinh chuyén dong cé nhiéu diém P'(#,) clia h¢ quy chigu déng R,

=

Vo (P)=

X, "Hinh 3.2

v, (P)=

12 tring diém clia diém P & nhiing thdi diém khéc nhau. Van tdc, gia t6c cha tring
diém P*, mot diém thuoe hé quy chi€u R,, xdc dinh trong hé quy chié’u ¢ dinh
R, dugc goi 1a van t6c¢ theo, gia tdc theo cla dlem P. Ky hiéu la v, ,

Ve (PY=V;(PY)-G(PYy=a,(P*)
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2. DINH LY CONG VAN TOC VA BINH LY CONG GIA TOC CUA DIEM

2.1. Dinh ly céng van téc diém
Xét moé hinh chuyén dong twong déi chia diém P nhu hinh 3.3. Tir hinh v& ta cé

Fo =ty + OP =5y + 308" + yel) + 2pel (2.1)

Pac ham biéu thitc (2.1) theo thoi gian 4 »
& trong hé quy chiéu R, ta dugc z,
- -4} .
RUdFP _ RodFO; + 5D ROdE](]) : € Up ¥
dt dt 'P dt _ R| / e
Ro gz (D Ro g1 P 0 &
(1 __9% (__“& iy
+ +z +
Yp P . ,
& oy, R 0 R i Yo
+ e’ + e+ g3’ (2.2) ; >
a a2 O / 0
Theo dinh nghia ta ¢6 X, Hinh 3.3
2l M0
3, =—F é’l“) + bp e?fl) +Zp e3(”
dr dt
Ro 1 1 (1
5 oy +x(i)R°d51()+y(1)R°d§z“+z(1)R°a'§3)
< da P a Poa P

Vay tir (2.2) thu dugc cong thic cong van téc

=, +7, (2.3)

Dinh Iy 3.1. G méi thoi di€m, van téc tuyét dsi ciia diém P bing téng hinh
hoc vén téc tuong déi va van tée theo cua nd.
2.2. Pinh Iy céng gia téc diém
Dao ham hai 1an biéu thiic (2.2) theo thdi gian t ta dugc
I e I _ . -
ROder _ d o, m R“a'zel“) ) Rodzez(l) 0 Rudz%(l)
3 = 7 -+ .xP 3 + P 5 + ZP 3
dr dat dt dt ar
" dxg,l) Rod-él(l) .\ ab’fo” Rr)dé-él) +dz§,” Rodgjfl)
dt dt dr dt dr dt

a2 g2 a2 ('1)4
i N O A B ORI Y (2.4)
dt dt dt

Chii ¥ rang
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Ry gz11) Ro 71y Roar'(l)
= (1 T € .
dti =a,x&", dtz =@, xéd", dt3 =@, x " (2.5)
Thé (2.5) vao (2.4) ta dugc A
d, =4, +d, +dc (2.6)

Trong d6 d. =28, x v, . Gia téc 4, duge goi la gia téc Coriolis, mang tén
nha vat 1y va k§ su ngudi Phap Gaspard Gustave de Coriolis (1792-1843).

Dink Iy 3.2. & méi thoi diém, gia t6c tuyet ddi clia diém P bing téng hinh
hoc gia t6¢ tuong d6i, gia tdc theo, va gia tdc Coriolis ciand

Chii . Khi 1am bai tap nén st dung quy tic thuc hanh sau day dé xac dinh
gia toc Coriolis.

Khi vécto ¥, vuong géc véi vécta @, (vi du diém P chuyén dong trén mot
mét phing), ta quay véclo ¥, theo chién quay clia &, mot géc 90° ta duge
phuong va chiéu cila véctg G,. P6 16n clha nd duge xac dinh bdi cong thic
|a,| = 2@,v, (hinh 3.4)

Khi vécto ¥, khong vudng géc vét vécto &,, dung mat phing (¥,,d, ).
Trén mat phing d6, chigu %, lén dudng thing vudng géc véi &, ta duge v,.. Sau
dé quay vécto ¥, theo chiéu quay clia &, di mot goc 90" xdc dinh dugc phuong va
chiéu clia vécto @,. Do 16n ciia né duge tinh béi cong thic |7, = 2w,, =2a,, sina
(hinh 3.5).

<

Hinh 3.4

: Hinh 3.5
3. BINH LY CONG VAN TOC GOC VA PINH LY CONG GIA TOC GOC
CUA VAT RAN
3.1. Pao ham cta vectd trong céc hg quy chiéu khac nhau

Cho vécto & thay déi theo thdi gian & trong hé quy chi€u R, (hinh 3.6).
Trong hé quy chi€u nay vécia a cd thé biu dién dudi dang
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g =aMe" +ae{" + a{Vz{" (3.1)
Trong d6 &M, &, & 1a cic vécto don
vi clia he toa do vuong géc R, con all,
&, & 1a hinh chiéu cla vécto 4 len cic

truc toa o do. Dao ham (3.1) theo thai gian t
ta dugc R,

— 1 1 1
Roda _ dal( ) —(1) da(z) (1} dﬂ'g) —(1)
a4t dt dt X Hinh 3.6

Ro gz~ Rogz(D Ro (1)
PO S L. M
dt

(3.2)

Chi ¥ ring
Ry gz (1 Ry =1} Ro 51
F0deD Ry g0 ZF o ), ~0B o RogRixad  (33)
dt dt dt
Thé (3.1) vao (3.2) suy ra
Poga  Nda
dt dt
He thic (3.4) cho ta m6i quan hé gilta dao ham cia vécta d trong hai hé
quy chi¢u khdc nhau.

+ Rogfixg (3.4)

3.2. Dinh Iy cdng van téc géc cla vat ran

Xét vécto 7 tuy ¥ cha véat rdn vd
& #0. Vat rin B chuyén dong doi véi he %
quy chigu R, hé quy chi¢u R, lai chuyén
dong d6i vdi hé quy chi€u R, Theo dinh
nghia van téc géc ta ¢6 cong thiic

Ro
e RogsB g (3.5)
dr 7
Rl = ‘
9 _Rgp8ye (3.6) ©
dt
Mt khéc theo cong thiic (3.4) ta ¢ Fo Hinh 3.7
Rogs  Rige
- Ry =R o =
g, (37
dt dat @ e 3.7

Thé vao cdc bidu thic(3:5)(3.6) vao (3:7) xde.dinh duge
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RoigB g = PpB w4 Pogh xE:(R’d’JB + R“a')’R‘)xE

Do & = 0 nén tir cong thiic trén suy ra

— B SR R B = '

Rop? o gh RGP hay B,=5,+3, (3.8)

Dinh Iy 3.3. O méi thai diém, van tc goc tuyét déi clia vat rén B bing téng
hinh hoc van t6c géc twong d6i va van t6c géc theo clia né.

Neu dp dung cong thiic (3.8) d6i v6i n+1 hé quy chiéu nhu hinh 3.8 ta duge

Rogp® = Pogh o RigRe ooy Ri B 4 Rl (3.9)

Hinh 3.8
3.3. Pinh 1y céng gia t8c géc cua vat rin
Bao ham theo thoi gian & trong hé quy chiéu R, he thite (3.8) ta duoc
Ry, Ry Ry
(o) a2 )
di dt dt

Chu ¥ dén cong thic (3.4) suy ra
R
RozB _ RogRy +l_d( Rla“)g)+ Rt i Righ (3.10)

Theo dinh nghia 2% =z, %R =g Fzf -7  Thé vao cong thic (3.10)
suy ra
E =B +E +B,xd, (3.11)

Dinh Iy 3.4. Gméi thoi diém gia téc goc tuyet d6i cha vat rin B bing téng
hinh hoc gia t6¢c géc trong d6i, gia tc géc theo va gia t6c géc phu (hogic gia téc
goc Resal) £, =@, xd, .

Chiy. Khi &,va &, song song v6i nhau tir (3.11) suy ra

£, =E4E (312
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4. CAC THi DU AP DUNG

Thi dy 3.1. Hai b& cha mot con song song song véi nhau. Chiéu réng cta
dong séng 1a h. Dong nudc chay vdi van t6c ¥ c6 tri s6 khong déi. Mot ngudi
14i thuyén sang ngang v6i van toc tuong dsi 1a @. Xdc dinh huéng cla van t6c
# dé cho thoi gian sang song la ngan nhat. Vi diéu kién d6 xéc dinh vi tri cap
bén clia thuyén. '

Loi gidi. Vat khao sit 1a ¥
con thuyén. Hé quy chi€u
dong la dong nudc, hé quy y
chiéu ¢6 dinh 12 mot moc & by
song. Khi d6 con thuyén sé 2
tham gia hai chuyén dong:
chuyén dong wrong doi vdi
van téc # va chuyén dong
theo vdi van téc v . 7

Theo dinh 1§ hop van tdc:

V,=u+v

Hinh 3.9

Chi€u déng thitc ndy lén céc tryc toa do suy ra

Vg =usina +v
Vg = UCOSQ

Tir d6 tich phan lén, vdi diéu kién ddu x(0) = 0; y(0)= 0, ta dugc
x=(usina +v)!
y=(ucosa)t

Khi thuyén cap bén: y=(ucosa)t=Fh. Vay thoi gian sang song la:

h
= .
ucosa
- h ’ ra ~ - 7 o~ — -~
Khi a=0=cosa=1=>t,, =—. Vi tri cap bén cia con thuyén s¢ ciach
iU
. e iAo ey v
mot doan so vdi diém xudt phdt x=—h
u

Thi du 3.2. Mot may nén khi c6 céc ong khi cong quay déu quanh truc O
vuéng géc véi mat phing hinh vé véi van t6c géc o. Khong khi chay doc theo
céc 6ng véi van téc ¢o tri-sg khéng ddi v, Tinuhinh chi€u van téc va gia toc
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cta mét phan tir khi ndm & diém C cha 6ng AB trén c4c tryc Ox, Oy. Cho biét
ban kinh cong clia &ng & diém C Ja p, géc gilta phap tuyén clia dudng cong AB
¢ diém C va bdn kinh CO 12 @. B4n kinh CO bing r.

Léi gidi. Ta khao st chuyén
dong cha phan t& khi & vi tri C cla
ong dan khi AB. Chon roto may
nén khi lam hé quy chiéu dong va
gid may lam hé quy chiéu ¢6 dinh.
Vi cdch chon trén, chuyén dong
twong d6i ciia phan tr khi la
chuyén dong cong déu trong rinh
AB, chuyén dong theo 1a chuyén
dong cla roto quay déu quanh truc
0. Chuyén dong tuyét d6i clia phin
tlr khi chua biét va cdn xde dinh.

Bai todn vdn téc. St dung dinh
1y hop van téc.

- - i 3.
5=, 47, Hinh 3.10 ‘ (1)

Trong bai toan nay ¥, da biét, vudng géc voi phdp tuyén tai C. Do roto
quay quanh O nén ¥, cla phan t& long vuong géc v6i bdn kinh OC hudng
theo chiéu quay cla roto va d¢ 16n la v, =0Cw =re . Hai vécto ¥,va ¥, tao
v6i nhau mot géc ¢ (hinh 3.10). Chi€u déng thic (1) 1én cac truc Ox, Oy
ta duoc:

Vo =V, Cos@+rw

vay

=v.sing

Bai toan gia téc. St dung dinh Iy hop gia téc ta c6:

d,=d,+d, +a, 2

Theo gid thiét, hat khi chuyén dong déu trong ranh cong AB, nén
al =0,a" =v*/p. Vécto @' huéng tt C vé I Do roto quay déu nén
a =0,a" =re’. Vécto d’ huéng tir C vao O. Do v, L @, nén vécto gia t6c
Coriolis &, dugc xdc dinh theo quy tic di néu trong hinh 3.4. Vécto 4. hudng
vuong géc véi ¥, va nguge chiéu v6i 4, a. =2ev,. Can cif vho hinh v 3.10 va
biéu thifc (2) ta dé€ dang tim duge céc thanh phén cla vécto gia toc tuyét d6i cua
diém C.
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2 Ls
v,
a,, = [21’ co——;J sing

2
Ayy = —{m)z +[2v )] —l;;J cosgoJ

Thi dy 3.3. Khao sat chuyén dong cla co ciu culit nhu hinh 3.11. Gia thiét
ring tay quay OA4=0,2m quay déu quanh O véi van téc m,= 41 (1/s). Nho con
chay A c6 thé trugt doc cdn lac O,B ma chuyén dong dugc truyén sang cin lac
0,8 . G thoi diém khao sat O,AO 60° AOO, 90°. Tim van téc goc, gia toc
géc clia cdn lac & vi trf do. .

Bai gidi. Chon con truot A lam vat
diém khao sit. Ldy cdn lic O,B lam h¢
quy chi€u dong, gid mdy lam he quy chi€u
cO dinh. %

— Chuyén dong tuyét d&i: chuyén
dong cla diém A déi vé6i gid c§ dinh. D
1a chuyén dong tron déu, tam O, bdn
kinh OA.

— Chuyén déng tuong d6i: chuyén dong
ciia diém A d6i v6i thanh O,B. D6 1a chuyén
déng thing.

— Chuyén déng theo: chuyen dong cla
thanh OB d6i v6i gid c6 dinh. DS la
chuyén dong cla vat rin quay quanh mét
truc ¢d dinh.

Hinh 3.11

Bai todn van téc. Ap dung dinh 1y hop van t6c
¥, =¥, +7, | (1)

Vi chuyén dong clia diém A da biét, nén vécto v, da bict hoan toan, ¥, L OA,
c6 chiéu phit hop véi chiéu quay clia w,, v, = awy. Véctd ¥, hudng doc theo
O,B, chiéu va tri 5§ ciia né chua biét. Cin lic O,B chuyén doéng quanh O,, nén
tring diém A* cha A chuyén dong ton. Do d6 v, L O,A. Ta ciing chua biét
dugc chiéu va tri s6 clia né.

Tir hinh vé 3.11 ta dé dang tim duge

v, =V, sin30°; v, =V, cos30°

Do v, = OAw,= 0.8 w{m/s). Nen1a00:
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v, =0,4437, v, =047

Biét gid tri va hudng cia ¥, ta fim dugc %

chiéu quay va tri s6 clla cdn lic o,
_ v _04r
04 2.04

=z ()
Van téc géc @, ¢6 chiéu nguoc chidu kim
dong hé nhu hinh ve.
Bai todn gia téc. Ap dung cong thic

a,=d,+a +a,

Do chuyén dong tuyét d6i Ia chuyén
ddng tron déu nén

Hinh 3.12

a,=a",

Chuyén dong theo 1a chuyén déng quay quanh mot truc c6 dinh nén
d,=da. +a.. '

Cong thic gia téc trén cé dang:

4, =a, +d, +a, +dc )
trong dé:

ay hudng tir A vao O; a," = OA .0, = 0,2.167% = 3,2n%

a’ huéng tir A vao O,; "= O,A.0,°= 0,4n%

@ dugc xdc dinh theo quy tic néu trén. Vécw-&c vuong géc v6i OB nhu
~ hinh v&. PO 16n ap = 2w, =2(0,47)437 —0,873%%. Vécto & huéng vuong
géc OB nhung chua biét chiéu va tri s6. Vécto a, hudng doc theo cén lic OB
nhung chua biét chiéu va tri s8. Chi¢u ding thitc (2) lén truc O,B v truc vudng
goc véi OB

—a"cos60° =—a, —a"
a’sin60’ =a. —a’
T d6 suy ra
a, =a"cos60® —a" =1,67% 0,47 =1,27°
af =ap —allsin60° = 0,8v32% — 1,637 = -0,837°

Nhu vay vécto @7 nguoc chiéu véi chiéu da vé trén hinh 3.12.
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Tri s6 clia gia t6c géc cla cdn tic OB 1a

T

a 0,8/377 | = 2
£ = € :,—-»——:2 1 2

Cin ¢t vao chiéu ding cba 4’ , ta biét dugc chiéu cia & . Trén hinh Ve &
¢6 chiéu ngugc chiéu kim déng ho.

Thi dy 3.4. Khao sit chuyén dong clia co cdu cam. Cho biét cam 1a dia tron
quay déu quanh truc c6 dinh O v6i van t6c géc a,. Khodng céch giita tam 1 clia
dia va O i e. Cin AB chuyén dong tinh tién doc theo ranh dinh huéng K. Xdc
dinh van t6c va gia téc clia cin & vi tri nhu hinh 3.13.

Bai gidi. Ta khéo sit chuyén dong clia diém A uén cdn. Chon hé dong Ia
cam, hé cd dinh 13 gid may. Nhu th€ chuyén dong tuong doi clia A 1a chuyén
dong tron quanh tam I Chuyén dong theo 1a chuyén déng quay clia cam quanh.
O. Chuyén dong tuyét ddi la chuyén dong thing ding lén xudng theo truc AB.

-

Il

Hinh 3.13 Hinh 3.14
Bai todn vén téc. St dung dinh 1y hop van t6c
v, =V, +7, (1)
Trong thi dy nay ¥, da biét, vuéng géc v6i OA va c6 df I6n 1a v, =law,.
Trong dé

f= OA = \Kr +ecos45°)2l.+(esin450)2 =\/r2 +e* +e;~x/§

Véc to ¥, vudng gocvoiIA; chua biél, chidu va tr s6. Véc to 1l7,, hudng
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theo truc AB chua biét vé chiéu va tri s6. Dua trén hinh v& 3.13 va céng thic (1)
ta dé dang x4c dinh dugc

V3

v, =v, cos60° =%la}0, v, =v, cos30° =—2—la)0

;
Bai todn gia tdc. St dyung dinh 1y hop gia t6c
d,=d,+a,+a (2)
Do cam quay déu, nén of =0;a) =/wj. Di€m A chuyén dong tuong dsi
trén vanh cam nén 4, =4, +4,. Trong d6 & hudng tir A vao I va c6 gi4 tri
.V | 3

Y _Sp o2
a, =L =-—["a)

roo4r

Thanh phan &7 hudng vudng géc véi IA, nén chwa biét vé chiéu va tri s6.
Do ¥, L &, nén vécto gia t6c 4. duoc xdc dinh theo quy tic di néu trén hinh
3.4, Vécto dc vuodng géc véi ¥, va nguge chiéu véi @) a- = 20,v, =la}02«/§ .
Do cdn chuyén dong tinh tién, nén &, hudng doc thanh AB. Ta chua biét vé
chiéu va trj sd clta né, Nhu thé he thic (2) bay gid ¢ dang

G,=al +d +d +a, 3

Trong dé hai vécta @, va @ chua bi€t chidu vé chidu va tri s6 (hinh 3.14).

Chi€u hé thiic (3) Ién phuong IA ta duoc

a, =a’ c0s30° —a” + ap =—lw} ?—%ﬂwé +iwi\3
r

hay a,= —la)§ [3—1 - —\/—EJ

4r 2
Do d6 vi tf nhu hinh 3.14 thi [ > r; vay a, <0; 4, phai huéng tir A t6i L
Muén tim & ta phai chiu hé thic (3) lén phuong vudng géc véi AL
Nhin xét chung: Khi tinh todn van t6c va gia toc trong chuong nay, ta

thudng din dén viéc giai phuong trinh vécto.

n

Za,. ZZ Ej
=l =l
Néu 4, 5:, la cac vécto trong khong gian, thi phuong trinh trén twong duong

v6i ba phuong trinh v6 huéng. Bai todn gidi duge khi c6 ba 4n. Néu 4,5, 1 cdc
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vécta ndm cling trong mot mat phang thi phuong trinh vécto tren tuong duong

v6i hai phuong trinh vo huéng. Bai toan gidi duge khi ¢6 hai 4n. Ané day la tri
s6 va ddu chia né. Néu trong phuong trinh trén, c6 mot vécto hoan toan chua
biét, bai todn thuédc loai bai todn téng hop. Néu ¢6 hai (hoac ba trong bai todn
khong gian) vécto chua bi€t v€ tri s6, con phuong da biét, bai todn thudc loai bai.
todn phan tich. Nhu thé cdc thi dy 3-1 va 3-2 & trén thude bai todn téng hop,
con cdc thi du 3.3 vi 3.4 1a bai todn phan tich.

Thi du 3.5. Kbdo sdt dong hoc co ciu vi sai trén hinh 3.15. Bénh rang 1
quay quanh O véi véan tdc géc @, gia téc gbc & . Tay quay OA quay quanh O
doc 1ap véi banh rang 1 véi van téc géc , gia t6c gée & Hai banh ring 1va2
1in khong trugt trén nhau va ¢6 cdc ban kinh tuong Ung 1a r; va r,. Banh rang 2
¢6 thé quay dugc quanh chot A & trén tay quay. Tim van toc géc, gia tdc géc
cia banh ring 2.

Hinh 3.15

L& gidi. Co cdu vi sai trén hinh 3.15 13 co cdu phéng c6 ba khau dong. Tay
quay OA chuyén déng quanh O. Banh rang 1 chuyén dgng quay quanh tryc ¢6
dinh di qua O. Binh ring 2 chuyén dong quay tuong d6i quanh A. Su truyén
dong tir banh ring 1 va tay quay OA sang bénh rang 2 thuc hi¢n nhd sy dn khép
giita cdc banh ring 1 va 2. Co cfu vi sai trén hinh 3.15 14 co cdu hai bac ty do.
Pé xdc dinh chuyén dong clia co cau vi sai, cin phai biét trude van t6¢ gée cla
hai khau.

Tinh todn. Ta chon tay quay OA la hé quy chiéu déng. Ding trong h¢ quy
chi€u nay, cap banh rang ! va 2 12 cap banh rang &n khép ngoai. Do dé

2 -2 )

62)‘ A
Theo cong thic cdng van téc géc ta cé

By, =By D= Oy = DD 0 =, = 0, ~ Bz (2)
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Thay (2) vao (1) ta duge

al.r — h, — @y, B
Wy Wy, — g, K
Tir d6 suy ra
T+ 0 :
_h+tn i
@y = @Dy, —— 0, (3
5] )

Do cong thitc (3) ding v6i moi thdi diém. Pao ham céng thitc nay xdc
dinh duogc

6] 7y

Chii y. Viéc dp dung dinh 1y céng van t6c géc va dinh 1y cong gia t6c géc
sé& duoc trinh bay k¥ hon trong cic chuong 4 va 5.
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Chuong 4
PONG HOC VAT RAN CHUYEN PONG
SONG PHANG

Chuyén dong song phing cla vat ran 1a mot dang chuyén dong phiic hop
hay gap trong ky thuat. Khi nghién ctiu chuyén dong song phing ciia vat rin
ngudi ta thudng dua vé bai todn tryc quan hon 1a nghién ctu chuyén dong cta
mot vat rdn phing & trong mat phéng clia n6. Trong chuong nay ching ta s€ xét
hai bai todn quan trong ciia dong hoc vat rin chuyén dong phéing la bai todn xdc
dinh phuong trinh chuyén dong, van t6c géc, gia téc goc clia vat rin va bai todn
xdc dinh phuong trinh chuyén déng, van téc, gia t6c cha cdc diém thuoc vat ran.
' C4c phuong phdp tinh todn dugc trinh bay trong chuong nay 13 phuong phap
giai tich va phuong phdp hinh hoc.

1. DINH NGHIA CHUYEN DONG SONG 'PHANG VA MO HiNH
CHUYEN DONG PHANG CUA VAT RAN

1.1. Binh nghia chuyén déng song phang

Dinh nghia. Chuyén déng cla vat
rin doi véi mot hé quy chi€éu cd dinh
dugc goi 1a chuyén dong song phing néu
nhu mdi diém thudc vat rin ludn dich
chuyén trong mot mat phing xdc dinh
song song véi mot mat phing quy chigu’
da duoc chon trude (hinh 4.1).

1.2. Ma hinh chuyén dong phing

& % 2 N Mat phing
}?et mot doan thang P_,P2 tiy ¥ thudc E, qL‘ily I::h?gu
vat rin B ma P,P, vuéng goc voi mat
phing quy chigu E,. Vi P, va P, 1 hai diém Hinh 4.1

ciia vat rin B nén P,P,= const. Mat khéc do vat rin B chuyén dong song phéng
nén cic diém P, va P, luén dich chuyén trong hai mat phing song song nhau va
song song v&i mat phéfis quy chigt B, Vay PP, ludn song song véi vi trf ban
ddu cta né. Theo dinh nghiia PP, thuclHiéa Chiuyén/dong tinh ti€n. Vay chuyén
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dong cha doan PP, dugc dac trung bdi chuyén dong clia diém P chia né (hinh
4.1). Vat ran B 1a tap hop v6 s6 cdc thanh P,P,. Do dé chuyén dong song phéing
cha vat ran B duge dic trung béi chuyén dong cha thist dién phing S (tap cdc
‘diém P) trong mit phing E chia né.

Nhu vay viéc khao sdt chuyén dong
song phing ca vat rdn B trong khong gian
dugc dua vé bai todn khéo sit chuyén dong
cba thiét dién phing S trong mat phing E
(hinh 4.2). Ta quy udc goi chuyén dong B
clia thiét dién phing S trong mat phdng E o
Ja chuyén dong clia vat rén phéng. Hinh 4.2

¥y

2. XAC PINH PHUGNG TRINH CHUYEN BONG, VAN TOC GOC,
GIA TOC GOC CUA VAT RAN PHANG

2.1. Phuong trinh chuyén déng cta vat rin phing

Theo hinh 4.3 vi tri cla hinh
phing S trong mat phéng Oxy duoe
xdc dinh boi ba tham s6 x,, vy, va
¢. Khi hinh phiang S chuyén dong
ba tham @ trén thay déi theo thdi
gian. Vi vay phuong trinh chuyén
doéng cla vat rdn phdng c6 dang

x, =x,(1),
¥4 =2,(1). @b Hinh 4.3
p=p(1).

Do d6 vat rdn chuyén dong phéng cd ba bic tu do.

Chii y. Xét trén goc do phan tich chuyén dong thi x,(t), y,(t) mo ta thanh
phén chuyén dong tinh ti€n, cdn () md 1 thanh phdn chuyén dong quay
tuong déi cha hinh phing S.

2.2. Van t8c géc, gia tdc géc cla vat rin phing

Theo cong thiic xédc dinh van tdc gée cla vat ran, cong thiic (1.4) chuong 2,

ta co
__Rdé_.-_"’défa_’*dé_,
wzeg{ dt”-e§]+e{ Y +&, =% | _ (2.2)
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Trong dé é&,,é, 1a cic véc 1o don vi trén cic truc A5 vaA A, con & 1a véc
to don vi trén truc A& vuong goc v6i mat phing S.

Trong bai todn phing nhu hinh 4.3, theo céc cong thic (3.2) cha chuong 1,
ta co

R g= : -
B R 15 R 13

—oi, o g ¢y, 2.3)
a T g e Ta 23)
Thé cdc bidu thifc (2.3) vao biéu thic (2.2) ta dugc:

& = (9%, 8,08 + (02,02, + (92,2, 2.4)

Do 2, =0, €., =11a cé cong thic van 6c géc:
o= @€, (2.5)
Dao ham hé thic (2.5) theo thoi gian ¢ & trong hé quy chi¢u R ta dugc biéu
thitc x4c dinh gia t6c géc cia hinh phing S.
£ =2, (26
Vay van (dc gdc cla hinh phing S chuyén dong phing 12 mot véc to nam
trén truc Oz vudng géc véi mat phang E va ¢6 bidu thitc w,= ¢ , con gia t6c
géc cia hinh phing S 1a mot véc to nim trén truc Oz vudng géc voi mét phing

E va dugc xdc dinh bdi hé thic g, = ¢ .

3. XAC BINH V] TRI, VAN TOC, GIA TOC CAC DIEM CUA VAT RAN
PHANG BANG PHUONG PHAP GIAI TiCH

D61 v6i hé céc vat rin phing don gidn ta ¢6 thé st dung phuong phép gidi
tich dé x4c dinh vi trf, van t6c, gia toc cdc diém cilia cic vt ran. Khi tinh todn
céc bai todn dong hoc hé cic vat rén phing cé céu tric phuc tap, ngudi ta
thudmg s dung céc phép tinh ma tran véi su 4p dung céc phan mém MAPLE,
MATLAB, MATCAD.

3.1. Ma tran cdsin chi hudng
a) Pinh nghia ma trdn césin chi huéng

Cho hinh phiing S va mot he quy chi€u ¢6 dinh R = Oxy (hinh 4.3). Lay
mot diém A tiy ¥ trén hinh phing S lam cyc va gén chat vao hinh phing S hé
quy chiéu 4&n. Péng thoi ta gin vao diém A mot hé toa do Ax,y, sao cho
trong qud trinh hinh phing S chuyén dong trong mat phing Oxy luon ludn thod
mian didu kién Ax,//Ox, Ay,//Oy. Ky hi¢u cdc véc 1o don vi trén céc tryc Ox va
Oyla é va e, irén ciCTuC A EvarA-trérva-e
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Dinh nghia. Ma tran _
€.e €. cosep —sin
A{_ % @ _q}{_ ? w] G.1)
€€ €8 sing cosg
dugc goi 12 ma tran cosin chi huéng ca hinh phéng S d6i vdi hé quy chigu Oxy.
Sau day ta goi tat A 1a ma trén cosin chi hudng.
Clui y. Ma tran cosin chi hudng A con dugc £oi 13 ma trdn quay hé toa do
Ax,y, sang hé toa do 4£7 , hay goi tit 1a ma tran quay.
b) Dao ham theo théi gian ciia ma trdn césin chi hudng
Bi€u thiic tinh dao ham ma tran cosin chi huéng c6 dang

dA .
—=¢gI'A 3.2
il (3.2)
2
A R
=(gl" - ¢"E)A 3.3
preaial (Al ) (3.3)
Trong d6 E 1a ma trén don vi c4p hai, con I" 12 ma tran cé dang
0 -1
I'= 34
P o

Chirng minh. Pao ham h¢ thic (3.1) theo t ta dugc
dA . |-sing -—cosp| (0 -lficosp -sing| .
ool ) ey B
dt cos@ —sing 1 0 |sing cosg
d’A _d
d*  dt
0 ~1jj0 -1 10
]:’k2 = = — :—E
Do [1 OJ[I 0} {0 1]

2

(PU'A)=pI'A + oI ‘;—‘? =¢I'A + ¢°I"A

=T DA

nén ta dugc -
ar’

¢) Cdc tinh chdt co bdn cida ma trén cdsin chi hudng
Tinh chdt 1. Ma tran c6sin chi huéng 12 ma tran truc giao.

‘That vay
AAT = Cf)Sqﬂ —sing co.sqn sing _ 1 0 _E
sing cosp || —sing cosg 01
Hé¢ qud. Trong bén phdn 1l chia ma tran c6sin chi huéng chi ¢6 moét phén tir
doc 1ap. '
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Piéu nay 12 hién nhién vi cos® ¢ +sin® ¢ =1
Tinh chdt 2. Dinh thiic cha ma (ran cosin chi hudng bang 1, detA =1

cosg —sing

detA = =cos’ @ +sin’p=1

gsing cosg

3.2. Phuang trinh xac dinh vi tri mét diém bét ky cla vat ran phang

Khi biét duoc vi tri cha hinh phing S trong mat phang Oxy, tic 1a biét
x,=x,(t), y,=y,(t) va ¢ =g(t) ta dé dang xdc dinh vi tri cla diém P bat ky
thuoc hinh phing S. Tir hinh 4.4 ta ¢6

Fo=F, 4y - (35)

Chié¢u phuong trinh véc to (3.5) Ién hai truc toa d¢ Ox va Oy ta duge
X, =X, +&pco8p—17,5INQ
Yp=Yatépsin@ 1, cosp

Céc phuong trinh (3.6) c6 thé viét lai dudi dang ma trn nhu sau
S s S WIS M

Yp Ya sing  cos@ || 7] Ya e
Céc phuong trinh (3.6) hodc (3.7) 1a cac phuong trinh xédc dinh vi tri cla
mot diém P bét k¥ thuoc hinh phing S.

(3.6)

3.3. Phuong trinh xac dinh van tdc, gia tdc mot diém bat ky cla vat
rin phang

Pao ham hai v& ciia phuong trinh (3.7) theo thoi gian & trong hé quy chi€u
Oxy ta nhan dugc phuang trinh xie-dinhvantée-cha-mot-diém P tuy ¥ thudc vat
ran phing S
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S
Y Y4 y . .

Pao ham hai v& ctia phuong trinh (3.8) theo thdi gian & trong hé quy chidu
Oxy ta nhan dugc phuong trinh xédc dinh gia t6c cha mot diém P tuy ¥ thudc vat

rin phing S [x” } = [x’{ } + (@I - ¢2E)AF” } (3.9

P

P A

3.4. Cac thi du ap dung

Thi du 4.1. Trén hinh 4.5 1a so d6
tay mdy hai khau déng. Cho biét cic
quy luat chuyén dong cia hai géc
o1} va @,1).

a) Xd4c dinh phuong trinh chuyén
dong, van toc cia diém ddu P.

b) Gid sit §, =L, =/ va g, (t} = ¢,

@,{t)=w,t, rong d6 w, va @, 1a cic

hing s6. Hay xdc dinh ty s6 @/, sao
cho diém P c6 thé chuyén dong trén
mot dudng thang.

L&i gidi. Phuong trinh chuyén dong clia diém P 1a

x, =1 sing, (t) +1,8in [@2 (t) -, (t):l

yp =l cosg (1)-1, cos[gp2 () -o (t)] M
Van t6c clia diém P
X, =lp,cosg +1, (@, — 9, )eos(p, —9,) @
¥, =g sing, +1,(@, — ¢ )sin(o, —9,)
Khil=1,=l, @/(t) = ant, o)1) = @t T (2)tacod
ip =1, cos(at) + 1w, — o, )cos| (v, —@, )1 ] &)
¥y = o sin(w) + o, — @ )sin[ (o, - o, }t]
Tird6 suy ra
3. —ousin(@) +(@, ~,)sin[ (w, -, )1 | @

%, __ o, cos(w,1) +{@, — v, )eos| (&, — @, )¢ |
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Néu ty s& 213 hing s6 thi huéng clia véc to van t6c khong déi. Diéu d6
Xp

c6 thé xay ra khi tir s6 clia (4) bing khong. Tir diéu kién y, =0 suyra
w, = 2 (5)

Nhu thé khi @, = 2@, thi quy dao diém P I3 mot dudng thing. Khi o, = 20,
néu x,(0) = 0, yx(0) = 0 thi diém P s& chuyén déng trén truc x. B&i vi khi d6 tix
phuong trinh (1) ta cd

Xp = I[sin (8)+sin (wlt)] =2Isin(wt)
Vp = l[cos(wlt) - cos(w,t)] =0

Chd ¥ réing khi ®, =0, o, tuy ¥ thi y, =0 v& diém P chuyén dong trén mot
dudng thiang. Néu nhu x,(0) =0, y,(0) = 0 thi tir h¢ (1) ta cb

xp(t)= ll:sin (a;,t) + sin (—a),t)] =0
yplt)= l[cos(a)lt) - cos(—a)li)] =0

Khi dé diém P ludn & goc toa do.

Thi du 4.2. Cho co céu tay quay con trugt OAB (hinh 4.6). Tay quay QA ¢6
chiéu dai 1a r quay quanh O theo quy luat cta ¢ff). Thanh truyén AB dai la L.

Gia st chiéu dai AB khd A
16n so véi chiéu dai OA sao cho
tl s 4 = r/l A0 nho. Hay thiét

N 77
lap phuong trinh chuyén déong,  Y/_1) . _ ___. _k
biéu thic van téc, gia tdc cha T

con trugt B. Hinh 4.6

Léi gidi. Ta chon co ciu tay quay con trugt OAB 1am hé khio sit. C6 he
gém ba vat rin: tay quay OA chuyén dong quay quanh O, thanh truyén AB
chuyén dong phing, con trugt B chuyén dong tinh ti€n. Theo yéu cdu ciia bai, ta
phai khao sit chuyén dong con trugt B. Vi tri clia con trugt B duge xéc dinh béi
toa do xg. Theo hinh 4.6 ta cé:

xz =rcos@+lcosy, AH =rsing =Isiny
Tl d6 suy ra

siny = Asin@, cosy =1~ A’sin’ @

Do gia thiét A da bé nén ta ¢6 cong thic gan ding

3 . 2 {1—cos2 YRS
J1-A%sin @ zl-m;—)uz sm2q0=1—i—[1cﬂ}=1~-z—+?c052¢)

2 2
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Vay hoanh d6 diém B dugc xdc dinh bdi cong thic gin ding
/12 ) l?_ ;L‘_’. r2
~ +I||1-— {+—cos2¢ |=il1-—— |+ P+—C0os2¢. 1
X, RFCOSQ [[ 4} y ga} { 4] FCOS 4lcos g. (1) |

Tir cong thitc trén ta d& dang xic dinh dugc biéu thic van téc va biéu thirc
gia t6c cla con trugt B mot cach gan ding

Xy =~rgb[singp+%sin2gp] (2)

Xy =—rq’9’(singp+%sin2¢)~r¢2(cosgo+§cos?_(p]. 3

Thi du 4.3. Cho ¢o cdu bon khau OABC (ba khau dong, mot khau ¢ dinh)
véi céc kich thude va cdc ky hiéu nhu hinh 4.7. Cho biét chiéu dai cla cédc khau
Ial , L, L, 1, Cho K la mét diém cta khau AB. Tay quay OA quay quanh O
theo quy luat ¢,(t). Hay xdc dinh:

— Cic gbc @, @, v cdc van téc goc, gia t6c ge clia cde khau AB va CB,

—Toa d6 diém K va van tdc, gia téc cla diém dé.

Hinh 4.7

Loi gidi. Khao st dong hoc co cdu bon khau OABC. Co hé gém ba vt ran
13 khau OA, khau CB chuyén dong quay quanh mot truc cd dinh va khau AB
chuyén déng phing. Trudc hét, x4c dinh céc phuong trinh lién ket cia co hé. Tix
hinh 4.7 ta ¢é h¢ thiic véc to
L+l - -1, =0. S
Chi&u phuong trinh véc to (1) 1én truc Ox va Oy xéc dinh dugc cdc phuong
trinh lién két
S, =1 cosp, +1cosp, —1,cosp, -4 =0

2
f, =hLsing, +1sing, ~I,sing, =0 @
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Pao ham céc phuong trinh (2) theo bién @,, ta duge
—1,sin@,., +1,sing,.@, =1, sing,
I, cos @@, — 1, 605 0,0, = —1, cOS @,

Fle phuong trinh (3) Ja he hai phuong trinh dai s6 tuyén tinh clia @} va @,

3)

—Lsing; I ;sing, || @ | | Lsing, 4
Icosp, -l cosg,| @ | ~L,cosg, @

Tu (4) ta dé dang tinh dugc ¢, @, . Sau do tatinh @,,¢, theo cong thirc
Py = @;?bzs Dy = PyPss . &)

Ta lai dao ham hé¢ phuong irinh (3) theo bién ¢,, sau d6 sip x&p lai xdc
dinh dugc hé phuong trinh dai s6 tuyén tinh

[—13 sing, I, sing, }[%} _ [d] ] ©
| Leosp, —I,cos¢, ] @, | 14,

Trong d6: d, =1, cosg, +1, cos@, .. —1,cos g, 0]

d, =1,sing; +1 sing,.¢ -1, sing, o} _

Giai he phuong trinh dai s6 tuyén tinh (6) ta duge ¢,,¢,. Sau do, tinh

@,» ¢, theo cong thic
& =0l + i@, (=349 7
Cic gbc @5, @, €0 thé xdc dinh gin ding theo cong thic khai trién Taylor

0.[(92),+ 80, ]=(0), +(0), A0 +5(9), 003 + .. (=35 ®)

Né&u cén tinh todn chinh xdc hon, cé thé 18y cdc gid tri ctia cdc ham @3, Q4
xdc dinh bdi cong thic (8) 1am cdc gid tri dau dé gidl cdc phuong trinh dai s6
phi tuyén (2) bing phuong phdp lap Newton-Raphson. Viéc xdc -dinh
G @5, 05,0, tuong d6i don gidn néu sit dung cdc phén mém MATLAB

hodc MAPLE.
Bay gid, chuyén sang bai todn xdc dinh toa d0, van toc, gia toc diém K. Tu
hinh (4.7) ta c6

f— 1 3
X | I c?s 2|, c?s_¢3 sing; || *&y ©)
Vi L sing, sing, cos@y || 7
~ Neu sir dung k¥ hiéu ma tran cosin chi hudng

A cos@, —sing,
1| singe—cosg;
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thi phuong trinh (9) ¢6 dang

(%, 1 [ cos BE,
S S ichs ¢2:I+A3 o a0
| Yk | Lhsing, My
Dao ham phuong trinh (10) theo thai gian xdc dinh dugce
(i | [Lsing,]. . |3
= ,+o, ALl 2K
| Vi | [ Lcosg, }@— & SJZSUK .

Dao ham phuong trinh (11} theo théi gian ta ¢é

X —I,sing, | {-I cos . 3
[H ? “’"}w[ : ¢2}¢§+(@I ~¢§E)A{ ﬂ(m
7

Ve 1, cosg, -1, sing, Nk

4. XAC PINH VAN TOC, GIA TOC CAC PIEM CUA VAT RAN PHANG
BANG PHUONG PHAP HINH HOC

4.1. Quan hé van téc hai diém cta vat rin phing
a) Pinh Iy quan hé vdn téc hai diém
Tir hinh v& 4.8 ta c¢6 cong thitc
F,=F,+ AP (4.1)

Pao ham theo thi gian he thic (4.1)
& trong hé quy chiéu Oxy ta dugc

@, _dr, , 4(4P)
dedt dt
V, =V, 4V, =V, +@dx AP (4.2)
Biéu thiic (4.2) 12 dinh 1§ quan hé van t6c
hai diém ctia vat rédn phéng.
Chit y. Véc to ¥,, =@x AP ¢ thé xdc dinh
theo quy tdc khinh hoc nhur sau: ¥,, ¢6 phuong Y
vuong goc AP, ¢ chiéu hudng theo chiéu quay
ciia & (hinh 4.9), c6 tri s v,, = w.4P. Hinh 4.9

b) Pinh Iy hinh chiéu vdn tdc
Do v,, 1a véc to vudng goéc v6i AP nén tir cong thiic (4.2) ta suy ra dinh 1y
hinh chi€u van téc hai diém
(Vo) =he . (F) 4.3)
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4.2, Tam van t8c tirc thai trong chuyén déng phang

a) Dinh nghia va sw ton tai ciia tdm vdn téc titc thoi

Dinh nghia. Diém P’ cha hinh phing S ma tai thdi diém khio sdt c6 van t6c
bing khong dugc goi 12 tam van tdc tic thoi tai thoi diém khio sit cta hinh
phéng S.

Chit y. Diém P* ¢6 thé nim trén hinh phing vat 1y S ma cling ¢6 thé khéng
ndm trén hinh phing vat Iy S. Trong trudng hop sau ta tudng tuong mé& rong
hinh phéng vat 1y S ra, mién 1a khoang cich gifta hai diém bt k¥ clia hinh
phéng S m& rong luon luén khong déi.

Pink 1. G mbi thoi diém néu @ = 0, c6 mot diém duy nhat thudc hinh
phéng S ¢6 van t6c bang khong,

Cluing minh. Trudc hét ta ching
minh sy t6n tai clia tAm van téc tic thoi.
Gia sir biét van tdc ¥, cla diém A
thudc hinh phing S (v, =0) va van t6c
géc @ cha hinh phang S. Quay véc to
Vv, quanh A theo chiéu cla & d6 mot

géc 90" ta dugc nira dudmg thing AB

(hinh 4.10). Hinh 4.10
Trén AB ta 14y mot diém P* sao cho
AP =v, [0
Khi d6 Ty =,

Mat khic theo cong thifc (4.2) vé quan hé van t6c hai diém P* va A ta ¢é
Vpo =¥+ Py =¥, ~%, =0
Bay gid ta chimg minh sy duy nhét clia tim van t6c tic thdi P* bing
* phuong phdp phan chimg. Gia st ¢6 hai diém P*; va P, khdc nhau cia hinh
phéng S ma tai thoi diém khéo sit c6 tinh chét ¥,, =¥,, =0. Khi d6 theo (4.2)
ta céd
B =Fo + g ope

D6 [a diéu vo 1§ vi ¥,.,. =B B =0 . VayP', =P,

b) Quy tdec thuc hanh tim tdém vin téc tic thoi

Dua vao cédc két qua & trén ta dua ra & ddy mot s6 quy tac thyc hanh tim
tam van toc tdc thoi.
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Triong hop 1. Biét phuong van téc diém A vA phuong van téc diém B. Hai
phuong nay khong song song véi nhau. Dya vao tinh chit ¥, L P'4,V, L P'B,
tir A va B ta ké tuong (ing cdc dudng vuéng gée véi ¥, va ¥,. Giao diém cla
chiing 14 tam van t6c P* (hinh 4.11a).

d) P =

P=a
Hinh 4.11

Trudng hop 2. Biét van t6c hai diém A va B, chiing ¢6 phuong song song

*

" . e w V
v6i nhau. Dya vao tinh chit - =

1%

B

giao diém cia dudng AB véi dudng néi cdc ddu muiit clia véc to v,, v, (hinh
4.11b va 4.11c). Trudng hop giao diém & vé cling, hinh phang thyc hién chuyén
dong tinh tién tdc thoi ¢hinh 4.11d va 4.114d).

Trucng hop 3. Bigi mot diém clia hinh phing c6 van t6c bing khong. Khi
chuyén dong phing 1a chuyén dong lan khéng truot clia hinh phing S trén mot
dudng c6 dinh thi diém ti€p xic cé van téc tic thdi bing khong. (Vi céc tiép
diém cla hai vat khi khong trugt trén nhau phai ¢é cling véan t6c, ma vat thit hai
¢6 dinh). Vi vay diém ti€p xiic cta vat rén phing v6i mit tya chinh I3 tam van
toc tidc thoi P* (hinh 4.11€).

Thi dy 4.4. Tim van t6c clia diém D trén vanh cfia xe ban kinh R lan khong
trugt trén dudng thing-Cho-biétvan-tdetam-Ceta-binh-xe 12 v, .
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Loi gidi. Vi banh xe lan khong truot trén
dudng thing, nén diém ti€p xiic gilta banh xe va
mit dudng 13 tam van t6c tic thdi P* (hinh
4.12).Van té¢ géc clia banh xe 1

V. V(
) =
PPC R
Van toc clia diém D
" ..2Rcosa
v, =0.P -D:Z‘;—Rgs;—=2v(...cosa Hinh 4.12

¢) Puong tdam vdn téc va duong vét tdm vdn toc :

-Khi hinh phang S chuyén dong trén mat phéng E = Oxy, tai mdi thoi diém
¢6 mot diém P” thuoc S 1a tam van t6c tic thoi cia hinh phing S, déng thai tai
méi thdi diém c6 mot diém P** clia mat phing E = Oxy tring véi diém P cha
hinh phéng S.

Dinh nghia. Quy dao céc tam van toc
titc thoi hinh phing P trén hinh phing S
duge goi 1a dudng tam van t6c (hay dudng

Pudng tam
vin tc

tam tich dong), con tap hop cdc tring diém B
sl ,\ - 2 - Y A X,
P™ trén mat phing E duoc goi 1a dudng vet . Dudng
tam van toc (hay dudng tam tich ¢6 dinh). Y\ vét tam
vin tée

Thi du 4.5. Trén hinh 4.13 1a m6 hinh
mot thanh AB dai L, ¢6 hai ddu chuyén
dong trén hai by tudng vudng goc vdi
nhau. Pudng vét tam van tdc 12 mot phan B
tu dudng tron tam O, ban kinh L, cdn 2
dudng tam van toc la nia dudng tron ¢ ) Hinh 4.13
dudng kinh AB.

4.3. Quan hé gia t&c hai diém cta vat rin phing

Pao ham theo thdi gian cong thic van tdc (4.2) @ trong h¢ quy chiéu
R = Oxy ta dugc

%=%+%xﬁ+ﬁx "

d,=d,+ xAP+m><vM 4.4)
Néu ta dua vao ky hié '

*,’,A = ExAP d = B, 4.5)
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thi h¢ thitc (4.4) c6 dang -
Gp =, +Gp, =a,+dy, +a,, (4.6)
Chi y dén dinh nghia tich hitu huéng ciia |
hai véc to, ta dé dang xéc dinh cdc véc to gia
t6c tiép a;, va gia tdc hudéng tam &), bang
hinh hoc nhir sau: a;, ¢6 phuong 1L PA, cé
chiéu phu thu6c chién cia £, cé tri s6
a,,=€AP, a,, hudng tx P vé& A, ¢ ti sd
s 4 =@’ AP (hinh 4.14). T d6 suy ra

Hinh 4.14
4 2 £
ap, = APNo" +£°, tgazg 4.7)

4.4. Tam gia toc tirc thai
Dinh nghia. Diém Q" clia hinh phing S ma tai thdi diém khéo sét ¢6 gia toc
biing khong, duge goi 1a tam gia tSc tikc thdi.
Dinh I$. G mbi thoi diém néu ® va & khong
dong thoi triet tieu, c6 mot diém duy nhét thuoc
hinh phing S c6 gia t6c bing khong.
Chitng minh. Su 16n tai cha tam gia t8c tdc
thdi Q'. Gia sir biét 4,, @, £ . Quay véc 10 a,

quanh A theo chiéu £ di mdt géc o

Hinh 4.15

tger = &f
ta duge nira dudng thing AB (hinh 4.15). Trén AB 14y mét diém Q" sao cho
. * a
AQ = ——A
Vo' + &
Nhu th€ dj,., =—d, . Vay theo cong thic (5.6) ta c6
Goe =8,y +08yey =, —d,=0.
Su duy nhit clia tam gia t6c tic thdi Q duge ching minh bing phuong
phap phan ching. Gia s&r c6 hai diém O] va Q) ma tai thdi diém khdo st

dy =d, =0

Khidéhéthiic 4. =a . +a .leé diéu vo Ly, vi Ao #0.Vay Q0 =0,.

" &) [ [¢)

Chii : — Khi @ va-ekhéng-déng-thoitriet-tieu-thi-Q la mot diém gidi noi,
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—Khi @ va £ddng thoi triet tiéu thi Q° — o,
— Néi chung, tdm van téc tic thdi P* va tam gia t6c uic thdi Q° cla hinh
phing S khéng triing nhau.

Thi du 4.6. Tai mot thoi diém nao d6, tam O cla banh xe lan khong truot
trén dudng théing ¢6 van téc vy= Im/s va gia t6c @, = 1,5 m/s?, (hinh 4.16). Ban
kinh banh xe R=0,5 m. Hay xdc dinh tam gia t6¢ tidc thai Q” tai thoi diém dé.

Lot gidi. Do P* 12 tam van téc tiic thoi, ta ¢6

o=2_2 rad/s
R
Gia té¢ gbc clia banh xe

g= 23 rad)e?
R

Chiéu cia @ va & cho trén hinh 4.16. Quay
vecto d, theo chiéu cha £ di mot géc o -

Z

0%

Hinh 4.16

tgo= 5 =2 20,75 (00~ 379)
o 4

ta dugc nlra dudng thang OA. Trén d6 18y mot diém Q" ma

*

a
o0 =——A
Vo' + &

Piém Q" d6 Ia tam gia t6¢ tifc thoi.

=0,3m

4.5, Cac thi du ap dung

Trong doan nay dp dung phuong phap Vec to hinh hoc phan tich dong hoc
mét 86 ¢o cdu hay gap trong k¥ thuat.

Thi dit 4.7. Tay quay OA = 0,2 m quay déu véi van toc goc @, = 207 s
Thanh truyén AB = 0,4 m. Tai thdi diém co ¢cdu ¢6 vi tef nhu hinh 4.17, tim:

— Van t6c diém B, van téc
g6¢ thanh AB va cén ldc O,B.

— Gia toc diém B, gia t6c
géc thanh AB va cén lac O,B.

Léi gidi. Chon hé khao sdt
la co cdu bon khau OABO, & vi .
tf nhy hinh 4.17. He gém ba \60
vat rin: tay quay OA chuyén ~ ~R-TTUTTTTToTToommoomommooes
dong quay quanh O, c¢inJic OB

Hinh 4.17



chuyén déng quay quanh O, thanh truyén AB chuyén dong phang Sir dung
phuong phéap véc to hinh hoc giai bai todn nay.

Bai todn vdn tde. Sit dung cong thic
| By =V, + ¥, | : (1)
trong d6 : ¥, vuong géc véi OA va cé iri s6 v, = OA. @, = 4m m/s, ¥, vuong
g6c vii AB, chua biét tri s6 va hu(’mg, ¥, vudng goéc véi OB, chua biét tri s6 va
hudng. Chigu phuong trinh (1) lén phuong BA x4c dinh duoc

3

v, =v, cos30° =4Jr7 =237 m/s

Vg _ Vg

OB  OAsin 60"
Chiéu déng thic (1) 1en phuong O,B

Tir dé: By p = =20z 1/s
v, Sin3(}°—vﬂ“l =0=v,, =4ﬁ%=27r mys

_ Ves _ 2
@
4B 0,4
Bai todn gia téc. St dung coéng thic (hinh 4.18)

=51 1/s

Ay =dp+éy =ay+a,, +d,, (2)
Do tay quay OA quay ddu nén a =0, a huéng tit A vé O va c6 tri s
a, = Odw} = 80n* m/s*, &, hudng tix B dén O, va cd tri s6
af = OBal, = 0,13 x 4007% = 40377 m/s?

dy vuong géc véi OB, chua _ dag,
bi&t tri s6 va hudng. dg, A ) g &

> N P O’
hudng tr B vé A va ¢o tri a,
$6 aj, = ABw., =107 m/ 5", ~n

L [

4, vubng géc véi OB,
chua biét tri s6 va hudng. 60° lo
Chi€u ding thic (2) len . 9 :
phuong AB ta duge: % Hinh 4.18 %

a =—a’ cos60° —aj, =-407* —10x* = -507°
Dau trir ching t6 a; phdi c¢é huéng nguge lai nhu trén hinh vé. Do

ay =85, 0B, suyra
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T 2
_ay _ 50z :500\/57r2 e

£
| % 0B 0,13 3
Chiéu ding thitc (2) 1én phuong O,B x4c dinh dugc

—a" =—a;5in60° + aj,
= aj, = asin 60 fa3m40«/_7r —40fn =0

vay €, = 0. Cudi cung ta ¢
ap = (a; )2 +(a; )2 =1077+/73 m/s*.

Thi du 4.8. Cho ¢o cdu truyén dong nhu hinh 4.19. Bénh xe hai tang c6
bén kinh trong r = 10 cm, ban kinh ngoai R = 15 cm, lan khong trugt trén nén
ngang c¢6 dinh. Thanh truyén AB = 40 cm, tay quay OA = 15 cm. Tai thoi diém
khao sat, tam B cilia banh xe c¢6 van tdc vy = 30 cm/s, gia toc ag = 2 cm/s?,
a = 30°, OA vuong gbéc véi AB. Hay tinh:

1) Vin téc gée cua cdc thanh AB va OA,

2) Gia téc clia M trén vanh banh xe (BM nim ngang).

Loi gidi. Chon hé khao sét 1a co cdu 4 khau P
& vi tri nhu hinh 4.19. He gém 3 vat ran: tay @
quay OA chuyén dong quay quanh O, thanh
truyén AB chuyén dong phéng, banh xe hai
tang B chuyén dong lan khéng trugt trén dudng
thang. S dung phuong phép vécto hinh hoc dé
tinh thi du nay.

Bai todn vdn toc. St dung phuong phép
tAm van toc nic thoi. Ti hinh v& 4.19 ta cé P’
13 tam van tdc tic thdi coa khau AB. Cic
khoang cach trén hinh nay la

P B=2A4B=80cm,P"A=\[34B=40\3cm.

Do P’ 1a tam van tSc tic thdi cla khau
AB nén ' '

w5 =vy!/P B=3/8radls.
Vay van téc diém A 1z

v,=wpP 4=153cm.
T d6-suy ra

Hinh 4.19

W4 =vA/OA=\/§rad/s
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Bai todn gia téc. St dung cong thiic cong
gia téc (hinh 4.20), suy ra
Ay =8y + by + dyg - (D

Theo ddu bai ta cé

Dpy

=V—B=3rad/s,
¥

%8 _0,27ad/s?,
.

Do d6 ta dé dang tinh duge
ary =Rw; =15x9=135cm/ s’

&y

X

ayp = Re, =15%0,2=3cm/s*. Hinh 4.20

Chiéu phuong trinh (1) lén phuong ndm ngang (x) va phuong thing c'hmg (y)
xdc dinh duge

Ay =ap + Ay =2+135=137cm/ s*
Ay = appp =3 cmls* .

Thi du 4.9. Khao sat déng hoc
co cfu hanh tinh nhu hinh 4.21.
Bidnh ring O co6 dinh, ban kinh
R =20 cm. Tay quay OA = 30 cm
quay déu quanh truc O véi van téc
g6c @, = 10 rad/s. Banh ring A
ban kinh r = 10 cm, ¢4 truc lp vao
ddu A cla tay quay va dn khép
ring véi bdnh ring c¢6 dinh O. Tim:

— Van téc géc banh rang A, van t6c diém P & ddu ban kinh thang géc véi
tay quay,

— Gia t6¢ géc banh rang A, gia t6c diém P.

Loi gidi. Chon hé khédo sdt 1a co cdu hanh tinh nhu hinh 4.21. Do bédnh
rang O c& dinh, nén he chi ¢6 hai vat rin chuyén déng. Tay quay OA chuyén
déng quay quanh O. Banh rang A chuyén dong phing, lan khong trugt trén
bédnh rang O.

Hinh 4.21

Bai todn vdn téc. Vi A 12 mét di€m cla tay quay OA nén van t6c ¥, vuéng
géc v6i OA vA hudéng thuan theo chiéu quay clia OA, tri s6 clha né
v, = 04w, =300 cm/s. Do banh rang A 1an khong trugt trén banh ring O, nén

diém an khép C la tam-van-ide-tiie-thdi-Dovy=CAw-nén
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W, :L‘L=£9:30rad/s
C4d 10

Chiéu quay ctia @, dugc chi trén hinh 4.19.

Vian t6c v, cha diém P vuéng géc v6i CP va hubng theo chiéu quay cla
®,. Tri s6 cha né v, = CPw, = CAN2w, =300v2 cm/s.

Bai todn gia téc. Chi ¥ rang & cac cd cdu hanh tinh quan h¢ @, = %’j ludn
ding & moi vi tri, moi thai diém. Vi v, luén 1 hang s6 khi e, = const, nén ta cé

d d
5,4 = a)A = V—AJ =0
dt  dt\CA

Chon A lam cuc, gia t6¢ diém P dugc xéc dinh bdi hé thic

dy =0, +ay, +ap, (1
Do tay quay OA quay déu quanh O nén &, =0, a; hudng tir A vé O va ¢6
tri s6 a” = Odw? =3000 cm/s®. Thanh phén gia t6c d,,hudng it P vé A c6 tri s6
ah, = PAw’, =9000cm/s®.
Thanh phin &, =0do g, = 0. Vay
G, =@+, 2)
Chiéu dfmg thiic (2) 1én hai truc toa do vudng géc nhau, ta duge
@ =(a}) +(a,) =3000° +9000°
Vay a, =3000y/10 cm/s>.

Thi du 4.10. Cho co cau nhu
hinh v& 4.22a. Banh rang 1 quay
quanh D v6i vén toc @, = const.
Tai thdi diém co ciu ¢ vi tri nhu
hinh v&, hiy tim:

— Van 16c géc @, cla banh

rang 2 va van t6c géc w; cla
thanh 3.

— Vi tri tam van t6c tic thoi
(Xpx, ¥p+) cia thanh 3. Hinh 4.22a

Loi gidi. Chon h¢ khéo sét 1a co cdu DACE & vi trf nhw hinh 4.22a. Co cau
ndy gém bénh rang 1, binkhzang 2 va thanh truyén 3. Banh rang 1 quay quanh
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D, banh réng 2 quay quanh E va tan khong trugt trén banh rang 1. Thanh AC
ndi ban I¢ v6i bdnh rang 1 tai A, cdn ddu kia nim tai diém C trén mot khép
truot quay dugc do phén cf dinh ctia né gén lién véi banh rang 2.
Xdc dinh van t&c géc thanh 3 Vg

va bénh rang 2. Ta chon hé toa do
Dxyz (Dxy nbu hinh v&, truc Dz
vudng géc véi mit phing hinh
v&) va truc AX'V'Z' (fruc Ax' la
thanh AC, truc Ay' vuong géc véi
AC & trong mit phing hinh v&,
truc Az' vudng géc véi mit phiang
hinh v&). Goi cdc véc to don vi

trén truc Dxyz la €,,é e, , cic Hinh 4.22b
véc to don vi trén hé truc Ax'y'z'
1a ¢,é,.¢é,.

Tit hinh 4.22a ta cé

O, =We,, i, =DE,

Tai diém tiép xic B ta cé cac he thiic

Trong d6 dé don gidn cdch viét ta ky hiéua, 1a gié tri dai s8. Tixr d6 suy ra

a, =%a, (1)

Dé xdc dinh @, ta cdn thi€t 1ap méi quan hé giita van t6c cha diém C* trén
thanh 3 vi van tdc cua diém C thudc banh xe 2. Chon thanh AC I1am h¢ quy
chiéu déng, theo dinth 1¥ van toc

o=V VL Ve = Vi T | 2

Trong dé ¥/ nim trén truc AC (hinh 4.20b). Tir hinh 4.20b ta ¢6

e, =cosae —sinae, e, =sinae, +cosae, 3)

25
5

: 5
sing =—, cose
5
V¢ =¥, =@, x EC ,EC = R(28, + 5¢,) 4
Ve =Vpe =V, + B, x AC , AC =55 RE, (5)

Thé céc bicu thic(3).vao hethitc(4)-xbe-dinh-duoe
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EC = R(2cosa +5sina)?, + R(5cosa - 2sina)e, (6)
Thé (4), (5) va (6) vao he thiic (2) ta duoc

B,8, x| R(2cosqx + Ssina)é, + R(5cosa—2sin )é, |

= 3R, (sin @, + cos A&, ) + B8, X 5J5RE, + v/-¢, »
Chu ¥ 161 g %8 =8,,8x8=6,5%X¢ =&
tir (7) suy ra

R®,(2cosax + 5sin@)é, —@,R(Scosa ~2sin x)é,

= (—BR@ singt + vg)é'l + (_ELRE1 cosQ + Sx/chﬁs )é’z ®
T (8) suyra

R, (2cosa + 5sinar) = —3R®, cosax + 5v5R@, 9)
Tir (9) ta co

B, = wga’z;ﬁ”* - 0,33, (10)

Bay gi¢ ta chuyén sang xdc dinh tam van tdc tic ‘thb‘i P* cla thanh 3.
Bp =T, + Vpuy =V, + @, x AP" =0 (11)
Chi ¢ rdng
AP =(x, ~x ) e+ (v —va) G =(x, +3R)-E +y,.6,  (12)
The (12) vao (11) xéc dinh duge |
L3RG, 8, + BE x| (x, +3R)E y,p& =0

Tir d6 ta co

IRBE, = @, (%, +3R)E, —@,,-E, =0 (13)
Tix (13) suy ra toa do clia tam van toc tie thoi
Yp =0
%0 =3R[—i+f§‘—]:—13R (14)
[ON

5. XAC DINH VAN TOC GOC, GIA TOC GOC CUA VAT RAN PHANG
BANG PHUGNG PHAP WILLIS

Trong chuong ba ta-di.ching minh.cong thifc cong van téc goc clia vat rin

D, = By @, (5.1)
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Trong trudng hgp vat rin phang do cdc truc quay song song nhau, tit cong

thitc (5.1) suy ra
@, =d,+d, (5.2)

Do Willis” (Vilit) 12 ngudi ddu tién dp dung cdc cong thic trén dé tinh van
8¢ géc vat rin, cho nén phuong phép nay duge goi la phuong phap Willis.

Thi du 4.11. Khio sdt dong hoc co cdu vi sai cho trén hinh 4.23. Banh
rang 1 quay quanh O v4i van tdc géc ©,, gia t8c goc g,. Tay quay OA quay
quanh O déc lap véi banh rang 1 véi van téc goc m,, gia téc gbc g,. Hai banh
ring 1 va 2 lin kKhéng truet trén nhau va ¢é ban kinh tuong tng la r, va r,.
Bédnh ring 2 quay dugc quanh chét A & trén tay quay. Tim van t6c géc, gia t6c
géc cha banh xe 2. Tim van t6c, gia t6¢ cha diém P ¢ trén vanh bdnh xe 2 ma
PA 1 OA (hinh 4.23).

L&t gidi. Co cu vi sai trén hinh 4.23 1a co ciu phing c6 ba khau chuyén
dong. Banh ring 1 chuyén déng quay quanh mot truc ¢é dinh. Tay quay OA
chuyén dong quay quanh O. Béanh rang 2 chuyén dong phing. Su truyén dong
tir bdnh rang 1 va tay quay OA sang banh riang 2 thyc hién nhd sy an khép
gilta cdc bdnh rdng 1 va 2. Chi ¥ riing co cdu vi sai trén hinh 4.23 1a co ciu
hai bac ty do. D€ xdc dinh chuyén dong cha né phai cho bigt trudc van t6c géc

clia hai khau. / w, o
Bai todn van toc. Giéi bai todn g, /
trén bing phuong phdp Vilit. Chon
tay quay OA 1am hé quy chi€u dong.
Ping trong hé quy chiéu nay, cip
bdnh rang 1 va 2 12 mét cdp banh
rang an khép ngoai, quay quanh cac
truc O va A vdi cdac van téc goc

Hinh 4.23
tuong doi @;, vad,, .
Theo dinh 1y v& tdng hop hai chuyén dong quay quanh hai truc song song,
ta cd
@, =51 — 0y O, =0, — 0,

Ti s6 truyén dong tuong ddi giiia hai banh rang la

2

r _ 601 —(00 — _’:l:_i
a_)z-a_jo

(D)

@ n z

2r

Trong d6 z,, z, 1a s0 rang cia banh rang 1 va 2.

* Robert Willis (1800-1875)..gido su-co-hoc Truting Baihoc.Cambridge va 1a thanh vién Hoi
khoa hoc Hoang gia Anh (1t 1834).Ong céabicu eong trinh trong finh vize Co hoc may.
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Cong thic (1) goi 1a cong thitfc Willis. Phuong phdp xdc dinh van tdc gbe
chia vat rin chuyén déng phiing nhd cong thic (1) goi Ia phuong phip Willise.
Tir (1) suy ra:

R S P

B, = tp, L (2)

g I
Van t6c diém P duge tinh theo cong thiic ¥, =¥, +¥,,. Trong d6 ¥, vuong
géc véi OA, hudng theo chidu cia @, (hinh 4.23) vd cé i s8
v, =04, =(r +1,)a,, V,,vuong géc véi AP, hudng theo chi€u clia @,. Tri s&
chané v,, = APw, =rw,. Gid trj cla v, 1a

— 2 2 _ L322 2.2
vy =V + Vi, =3J(n 1) 0 +r o

Bai todn gia téc. Do tinh d6i xdng cha co cau, hé thifc (2) luon ludn ding
tai moi vi tri clia co cdu. Pao ham h¢ thic do ta duge

. R+R . n_
£, ="—""25——§ 3
7y ty
Lay A lam cuc, gia toc diém P duge xdc dinh theo cong thite
d,=a,+d,; +a,, +a,, 4)

Trong dé .
2 2
@, =04, =(r,+1,)&, a) =040} =(r+r,)0;,
a., = AP.g, =1,&,, ah, = AP.w; =1,0;

£

—=n

-

Hinh 4.24

Phuong va chiéu clia bén véc to nay dugc vé trén hinh 4.24. Chi€u phuong
trinh vécto (4) 1én cic truc cha hé toa do vuéng géc ta duge

n T T
Ap, =~y ~Opdp, =y — Apy

Cudi ciing ta tinh dugc

2 2
Ap = o] G, -
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Chuong 5

PONG HOC VAT RAN KHONG GIAN

Trong chuong nay ching ta khao sit chuyén déng ciia vat rin quay quanh
mot diém c6 dinh va chuyén dong téng qudt clia vat rin trong khong gian.
Trudce hét gidi thigu khai niém ma tran césin chi hudng (con goi 1 ma tran quay
chia vat ran). Sau d6 trinh bay cdc cong thifc xdc dinh van téc géc, gia t6c gdc,
van t6c cdc diém, gia tc cdc di€m cla vat rin quay quanh mot diém c6 dinh.
Trén co s& chuyén dong cha vat rén quay quanh mot diém c6 dinh, trinh bay bai
todn x4c dinh chuyén dong téng quat ciia vat rin.

Ciéc bii todn 4p dung nhu téng hop chuyén dong quay quanh hai truc giao
rhau, dong hoc co cau hanh tinh, vi sai nén, dong hoc réb6t cong nghigp 1a cdc
bai toan thudng gap clia ngudi k§ su co khi va k§ su co tin dién tlt. Do vay, cdc
bai todn nay sé& dugc trinh bay tuong déi k§ & day.

1. MA TRAN COSIN CHi HUGNG
1.1. Dinh nghla ma tran cdsin chi hudng cua vat rin

Cho vat riin B va hé quy chidu R, ={¢(”,&”, &%} Trong do &0, &, &
la ba véc to don vi trén cac truc Oxl,, Oy, Oz,,. Gn chit vao vat rin B mét hé quy
chiéu R={g,,,8} vii €., la ba z Az
vécto don vi trén cdc truc Ax, Ay, Az
(hinh 5.1). %
a) Dinh nghia. Ma tran vuong cdp ba

g% &%z 2%¢

A=e"¢ &Pe & | (1.1)

—-{0) = —(0) = —-{0) = {0y
e_,f ) &, e.; ) &, e3( ) 2, e
duge goi 12 ma tran césin chi hudng o
cha vit ran B d&i v6i hé quy chiu
" . . . . {0y
Rg. Néu ta dua vao céc ky hiéu €

- Hinh 5.1
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g =808, =cos(6.¢, ), (1,7 =1,2,3) (1.2)
thi ma tran cosin chi huéng (1.1) c6 dang
qy G 93
A=y ayn an (1.3)
dy dpn 4y

Tir dinh nghia trén trong hé quy chi&u R, ta c6 cdc hé thic lién he

& = a8 +ayéy” +ayel”

- (0 (0 (0

82 = alzel( ) + a22€2( ) +a32(_’_~$ ) (1.4)
z(0 (0} ‘

- ) (0}
€3 =38~ T dyey 7 +a536

Néu ky hiéu ;14 ma tran cot gém cic phan tir chia véc to ¢ trong he quy

chiéu R
a1 4 a3
€ =|dy |, €=|dpi, €310y (1.5)
kY 32 33

thi ma tran cosin chi huéng (1.3) c6 dang
A=le  e;,e;] (1.6)
Ma tran cosin chi huéng A con duge goi 13 ma tran quay ciia vat ran.

b) Cdc ma trdn quay co bdn

Quy uéc hudng quay duong 1a huéng quay ngugc chi€u kim déng hé nhu
hinh v& 5.2. Céc phép quay quanh truc X, y, z clia hé toa d6 vudng géc Oxyz
duge goi 1a cic phép quay co ban. '

< S0

@

o

Hay tim ma tran quay cia phép quay quanh truc X, mét géc ¢ (hinh 5.3).
Theo cong thic dinh nghia(1.1)da co

Hinh 5.2 Hinh 5.3

157



305 ao B (0} =
©z 2%z P& 1
0 —~{0 (0} =
A(p)=|é 2” 2“ & 2,
0z 0z Mg | L0

Ma tran (1.7) duge goi 1a ma tran quay
ciia phép quay co ban quanh truc X,

Bing céich tuong tu, xdc dinh duge cdc
ma tran quay ¢ ban quanh céc truc y, va zg
(hinh 5.4)

cosyy O sing

AyG(y/)z 0 1 -0 (1.8)
—siny 0 cosy

cos@ —sind 0
A, (8)=|sin@ cosd O (1.9)
0 0 1
Tir cac cong thie (1.7), (1.8) va (1.9) dé
dang tinh dugc
det A o (@) =detA 4 (w)=detA_,(6)=1

1.2. Y nghia clia ma tran cdsin chi huéng

Pé thiy ro ¥ nghia clia ma tran cosin
chi huéng cia vat rin (ma tran quay), xét
hai hé quy chiéu R, va R c6 ciing géc O.
Trong dé6 hé quy chi€u R, = Oxgyqz, 1a hé
quy chiéu cé dinh, hé quy chiéu R = Oxyz
gin lién v6i vat rdn B. Lay mot diém P bat
k¥ thuoc vat ran B. Vi tri clia diém P duge
xdc dinh bdi véc 1o dinh vi OP =7, . Ky
hiéu cdc toa do cba diém P trong hé quy
chi€u dong Oxyz Ja Xp, Vp, Zp, cdc toa do clia
diém P trong hé quy chiéu c¢6 dinh Oxo¥oZo
x>, Y 200 Ta c6 cdc he thiic sau

(0) (0}

7o = X060 4 OGO 4 OF0)

FP :JCP(:'I +yP32 +ZP€3.
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=|0 cosg -—sing

sing cosg

(L.7)

Hinh 5.4

? ~ <
cua vat ran

Hinh 5.5

(1.10)
(1.11)




Theé cdc biéu thic (1.4) vio hé thiie (1.11) x4c dinh dugc
Q 0 0 0
P’P——)CP(CTHQI( )+Q'21€( )+a3le( ))+yp(a12e]( )+a2 é )+a« ?S ))

+zp (@80 + a8 + 33880
CER) 2383 136

— (0 ~
hay 7 =(anxp + ap0p +"‘132,“)‘5'1( d+(anxp +apnyp+ 9233P)Q§OJ
+(a31xp+a~2yp+a332p)e (1.12)
So sénh cdc bidu thic (1.10) va (1.12) suy ra hé phuong trinh

(@ _
Xp =a) Xp tap¥p ta;3Zp

(0) _
Yp  =anXptdyyptdnZp
0) . :
: 2R = ayXp + ayyp + a337p
Heé phuong trinh trén c6 thé viét lai dudi dang ma tran nhu sau

(0)

*p @y Ay A3 || Xp

0y |-
Yp'[=|dn Gn | Yp (1.13)
zfuo) Gy A3 Ay ]l Zp

Phuong trinh (1.13) c6 thé viét gon lai dudi dang

0 :

ri” = Ar, (1.14)
Tir he phuo’ng trinh (1.14) ta rit ra két luan nhu sau: Ma trén césin chi

huéng A bién déi cdc toa do cha diém P bdt ky thudc vat ran trong hé quy
chiéu dong R ={Oxyz} sang cdc toa dd cla diém P dé trong hé quy chiéu co

dinh R, ={Oxyyyzp} -

1.3. Mot vai tinh chat cd ban cla ma tran cdsin chi hudng
a) Tinh chdt 1: Ma tran cosin chi hudng 14 ma tran truc giao.
Theo cong thiic (1.6) suy ra

A=[e;,e;,¢;5]

Nhu the ma tran cosin chi huéng A 12 ma tran c6 ba cot 1a ba véc 10 tryc
chuin. Do dé A 13 ma tran truc giao. Tir d6 suy ra AN =AT,

Hé qud: Trong chin thanh phén cila ma tran cosin chi huéng chi ¢ ba
thanh phin doc lap.

Do ma tran cosin chi huéng 14 ma tran truc giao nén AA'=E.Tixdé ta
nhan dugc siu phuong trinh.lién hé. gifta cic.thanh phan clia ma tran cosin chi
phuong nhir sau
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iy + ay + a3 =1 ay\dpy + G318y + G303, =0
apy +ag + a5, =1, a3+ ay18y3 + a3 33 =0
| s+ agy + aiy =1 Q@3 + Gyptz +aypdyy =0
Do vay chi ¢6 ba thanh phén clia ma tran cosin chi hudng [a déc lap.
b) Tinh chdt 2: Dinh thic clia ma trin cosin chi hudng det(A) =1.
Chuing minh. Theo biéu thic tich hén hop clia ba véc to
a b
d(bxZ)=|a, b, c,|=|a,b,c]
a, b, ¢

va cong thiic (1.6) suy ra

det(A)=|e1,e2,e3|=é].(é'2 X&) (1)
Do R 1a hé quy chiéu thuan nén

€, x8 =¢ (2)
Thé (2) vao (1) ta dugc

det(A) = ¢.¢6 = 1.

¢) Tinh chdt 3: Ma tran cosin chi hudng A c6 it nhat mot trj riéng A= 1.

Ching minh. Truéc hét ta chiing minh cdc tri riéng clia ma tran cosin chi-
huéng A déu c6 trj tuyét doi 1a 1. Gia sir A 1a trj rieng clia ma tran cosin chi
huéng A, # la véc to riéng tuong tng. Theo bai todn tri riéng ta cé

Adi=Au (1)

Tirdo suy ra

(A#D).(A#) = (Au) (An)=u" A" Au=v"u=|i (@

Trong dé u 1a ma tran cft gom ba thanh phan la hinh chi€u clia véc to i
trén cic truc cla hé toa do vudng gdéc. Ngudi ta cling hay goi ma tran cot u 1a
véc 1o dai so. ‘

vay  |adl=fal=|Ala) = |41 ®
Bay gi® ta ching minh trong ba tri riéng A, A,, A, clla ma tran A ¢é mot tri
riéng Ia 1. Theo trén ta cé ]/1[| = iﬂzl = |}1'.3[ =1. Do A 14 ma tran vudng cép ba

vOi cdc phén tir 1a cdc s@ thuc, nén phuong trinh dic trung cla né 1a phuong
trinh dai s6 bac ba véi hé sd thuc

ay A +a B +asd+as=0 (4)
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Do d6 céc trj riéng clia ma tran A c6 thé cé hai kha nang:

Ay A kg T2 cic s thuc |

his Ay Ay €6 mot tri riéng thuc va mot cip tri rigng phiic lién hop.

Gia sir A, 13 tri riéng thuc cia A. Theo (3) ta thdy c6 hai kha niang xay
ra hoac A4, =1 hodc 4, =-1. Néu 4, =1, dinh 1§ dugc cl'}L’rng minh. Néu

A =-1,tacéd
detA=444 =1 = 4,4, =-1 (5)

Ta thdy c6 hai kha nang xay ra: hoic A,, A, 1 hai & thuc hodc A,, A; 1a hai
s6 phic lien hop. Néu &, va A, 1a hai s6 phic lién hop (4, = A, ) ta c6 hé thic

ok = Ak =|A[ =1 (©)
He thiic (6) mau thudn véi (5). Vay A, A; phdi la hai s6 thuc. Do
|4,1=|4] =1, 2,4, = -1 nén ta suy ra:

hogc 4, =1, A, =-1 hoac 4, =-1, 4, =1

Nhu thé ma tran cosin chi hudng A luén c¢é mot tri riéng bang 1.

2. PONG HOC VAT RAN QUAY QUANH MOT pIEM cO PINH

2.1. Dinh nghia

_ Vat rin chuyén dong ma cé mot diém thude vat ¢ dinh duge goi 1a vat ran
quay quanh diém c& dinh do6. '

Khi vat rin quay quanh.mot diém c6 dinh, khodng cdch gitta mot diém P
thudc vat rin dén diém O cd dinh luén lu6n khong ddi. Do d6é quy dao cla
diém P 13 mot dudmg cong ndm trén mit cidu tam O ban kinh OP. Vi vay ngudi
ta con goi chuyén dong clia vat rin quay quanh mét diém c6 dinh 13 chuyén
déng cau.

Chit y. Piém c6 dinh ¢6 thé 13 mot diém thuéc vat rdn ma ciing 6 thé 1a
mot diém & ngoai vat rin. Trong trudng hop thi hai nay, khoang cach tir diém
¢6 dinh dén hai diém ndo 46 clia vat rin luon luén khong déi.

Céc toa d6 suy rong xdc dinh vi trf cla vat rin quay quanh mot diém ¢6
dinh thudng dugc sir dung 1a cdc géc Euler, cdc géc Cardan, cidc tham sé Euler,
céc tham s6 Rodrigues. Trong gido trinh nay ta giéi han chi gidi thiéu cdc géc
Euler.
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2.2. Pinh Iy Euler v& chuyén déng quay hitu han clia vat rin c6 mot
diém ¢& dinh

Xét chuyén dong cha vat rin B ¢6 mot diém O
c6 dinh. Chon R, ={0x,y,7,} la hé quy chiéu co
dinh, hé quy chiéu R =0xyz la hé¢ quy chiéu
dong gan 1ién vao vat rdn B (hinh 5.6). Vi trf clia vat
ran B d6i véi hé quy chi€u cd dinh duge xidc dinh
bdi ma tran cdsin chi hudng A xdc dinh vi tri clia heé
quy chiéu déng R, dsi véi hé quy chiéu cd dinh R,

Binh Iy Euler. Cho R, va R, 12 hai hé quy chiéu
¢6 chung diém goc tai O. Hé quy chiu R, gin chat
vio vat rin B. Ta cé thé quay hé quy chiéu R, sang
hé quy chigu R, bing mot phép quay hitu han quanh truc A di qua O. Huéng

Hinh 5.6

clia truc A 12 huéng clia vécto riéng # dng vdi tri riéng A =1 clia ma trén cosin
chi huéng A. .
Chitng minh. Goi A 12 tri riéng clla ma tran cosin chi huéng A ma A=1.
Theo bai todn tri riéng ta cd
Aii=Au=u (1)
Goi u'” 1a vécto dai s§ clia # trong hé quy chidu R,, u'’ 1 vécio dai s6
clia # trong hé quy chi€u R,. Tu (1) suy ra

Au? =u® (2)
Miit khéc tir ¥ nghia cta ma tran cosin chi hudng ta cé

u®” = An®™ 3)
Theé (2) vao (3) ta duge

u® = Au =u® 4)

. Nhu thé hinh chidu cia vécto # 1én céc truc toa do cla hé quy chiéu R, va

R, 12 nhu nhau. Vay vécto # 1a bit bién trong phép quay hé quy chi€u R, sang
hé quy chi€u R,. Vay # la truc quay tic thdi clia vat rin trong phép quay R,
sang R,.

Hé qud. Chuyén dong quay tic thdi clia vat rin quanh mot diém ¢4 dinh O
]a chuyén dong quay quanh mot truc quay tic thai di qua diém O c6 dinh dé.

Chii y: ' _

1) Do dinh 1y Euler, nén ma tran cosin chi huéng A c@a hé quy chiéu R,
d6i v6i hé quy chigu R, ¢dn dugc goi 12 ma tran quay hé quy chi€u R, sang hé
quy chi€u R,. '
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2) Tinh khéng giao hodn cia cdc phép quay hitu han.

Céc chuyén dong quay hitu han khong c6 tinh chdt giao hodn: Xudt ph4t tir
mot vi tri cho trude thyc hién hai chuyén dong quay theo thit ty khdc nhau, ta
dugc vi tri cudi chng khdc nhau.

Thi dy 5.1. Thuc hién phép quay quanh truc x mot gée £, =90°, sau dé
quay quanh truc y mét géc S, =90° (hinh 5.7).

z z z

X . | X X C

Hinh 5.7

Néu ta thay déi thit wy quay, qhay quanh tryc y mét géc S, - 90°, sau d6
quay quanh truc x mot géc B, =90° (hinh 5.8).

z z Z
g

AX/L/ _ x

Hinh 5.8

N

Nhu thé thuc hién hai phép quay quanh céc tryc X va y nhiing géc nhu
nhau, nhung thit tu quay khac nhau, vi tri trong khéng gian clia vat rin s&
khic nhau.

2.3. Cac go6c Euler va ma tran quay Euler

Vi tri clia vat rdn B quay quanh diém O ¢6 dinh dugc xédc dinh bdi vi trf clia
hé quy chi€u dong Oxyz (gin chit vao vat rin B) d6i véi hé quy chigu c& dinh
OxoYoZo (hinh 5.9). Gia sit giao cha mat phing Oxy, va mit phing Oxy I truc

-OK. Truc OK nay dli’qc goi la dudng nut (the line of nodes). Ta dua vao cdc ky
hiéu sau:
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— Gdc giita truc Ox, va OK 12 w (gdc tién dong: precesion angular),
— Géc giita truc Oz, va Oz1a ¢ (gée truong dong: nutation angular),

-~ Géc gilta truc OK va Ox 1a ¢ (géc quay riéhg: spin angular).

z “0
g Y
IZa
0 Yo
W
o o K
WA @
T . x
Hinh 5.9a Hinh 5.9b

Ba géc v, 8, ¢ dugc goi la cdc géc Euler. Nhu thé, vi tri clia vat rin B ddi
v6i hé quy chiéu ¢6 dinh dugc xéc dinh béi ba toa do suy rong v, 0, ¢. Phuong
trinh chuyén déng clia vat rdn quay quanh mot diém cé dinh cé dang

w=y(1),8=0(t), p=9¢(t) ' 2.1)

Tix dé suy ra, vat rdn quay quanh mét diém c¢d dinh ¢6 ba bac tu do.

Khi xdc dinh vi tri cia vét rén bing cdc géc Euler, ta c6 thé quay he quy
chiéu ¢d dinh Oxoyoz, sang hé quy chiéu dong Oxyz bing ba phép quay Euler
nhu sau (hinh 5.10):

£y = Z

x =K x,=x,=0K
: Hinh 5.10
— Quay hé quy chigu R, = Ox,Y,Z, quanh truc Oz, mét géc v dé truc Ox,
chuyén t6i dudng mit OK. V&i phép quay nay, hé OxgyqZo chuyén sang hé
Ox,y,z, v61 Oz, = Ogz,.
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_ Quay hé quy chiéu R, = Ox,y,z, quanh tryc Ox,= OK mot géc 0 dé truc
Oz, = Oz; chuyén t6i truc Oz, = Oz. Nhu the hé quy chiéu Ox,y,z, chuyén sang
hé quy chiéu Ox,y,z, véi Ox,= Ox, = OK. .

- Quay he quy chi€u R, = Ox,¥,2, quanh tryc Oz, = Oz mot goc ¢ dé truc
0x, = OK chuyén t6i tryc Ox. V6i phép quay nay h¢ quy chicu Ox,y,z, chuyén
sang hé quy chi€u OXyz vét Oz, = Oz

Nhur thé, bing ba phép quay Euler quanh tryuc Oz, mot g6c i, quanh truc
OK mot géc 6, quanh truc Oz mot gé¢ @, hé quy chi€u Ox,¥yZo chuyén sang hé
quy chiéu Oxyz. '

Céc ma tran quay ung vdi cdc phép quay Euler ¢6 dang---. ‘

jcosy —siny 0

A, (w)=|siny cosyr O 2.2)
0 0 i
10 0
Ag(8)=10 cos@ -sind 2.3y

0 sind cos@ |

cosp -—sing 0]
A,(p)=[sing cosp O (2.4)
Lo 0 1

Bay gid ta x4c dinh ma tran quay h¢ quy chigu OxXgyoZo sang hé quy chicu
Oxyz (cfing 12 ma tran cosin chi hudng ca hé quy chi€u Oxyz d&i véi he quy
chigu Ox,Yozo). Ta ldy P 1a mot diém bat ky cia vt rin B va k¥ hi¢u Ag 1a ma
tran quay néu trén. Theo cong thiic (1.14)ta cb

foD) . xP
}”fvo) =Ag|yp (2.5}
2530) Zp )

Ta ky higu xg) . yg) ,zﬁ,") 12 toa do clia diém P trong he quy chigu R, = Oxyz;
(1 =1,2). Theo cong thic (1.14) ta ¢6 cdc hé thic sau :

xl(gz) 'xP xg) x‘(uz)
W =A (o) v |» W= ag @) (2.6)
ol el L
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0

’_xpo) Xp

W=a, ()| yV @n
2 2

Thé (2.6) vao phuong trinh (2.7) ta dugc
T (0)

xp Xp
757 |= AL, (W) Ak (0) A, (9)| yp : (2.8)
P Zp |

So sdnh cdc biéu thitc (2.8) va (2.5) ta suy ra biéu thiic ma tran cosin chi
huéng

A=A, (w)Ag(O)A, ((p) (29
Tinh todn chi tiét ta duoc
[cosyr —siny 01 0 0 cos@ —sing 0
Ap = siny cosyy 00 cos@ —sind | sing cosep 0
0 0 10 sin@ c¢os@ 0 0 I

lcwcp—sypclse —csp—swclcyp swsl
Ap=|sycp+cycldsp —sysp+ewchep —ciys@ (2.10)
sts@ sdco cl

Ma tran césin chi huéng (2.10) duge goi I3 ma tran quay Euler. Trong d4,
ky hiéu cosg=cp, sing =

2.4, Van téc géc va gia té¢c géc cla vat ran quay quanh mot diém
c6 dinh

a) Vdn téc goc va phuong trinh déng hoc Euler

Theo trén ta 6 thé quay hé quy chiéu OxoyoZo sang hé quy chiéu Oxyz
bing ba phép quay Euler:” ‘quay quanh truc Oz, mét géc W, quay quanh truc OK
- mét géc & va quay quanh truc Oz mot gée o. Ap dung dinh 1y céng vén tdc goc

trong chuong 3 ta ¢6 van t6c géc cla vat rin B (gén lién vio hé quy chiéu
Oxyz) bing téng cac van tdc gdc thanh phan

B =8, + By + 3, = e + 08 + gé, (2.11).

Duéi dang ma tran ct, cic véc to van téc géc @,,, &g, &,c6 dang

166




yrsindsing

0
mff) =01, &, fAEm(O) =|sinfcos¢
yr yrcosé
0
jlzo
o,=|0], 1
¢ o Y
@sinysind
m(;) = Agwm, =] —pcosysing B, 12,
pcosd
. _Je
feosg | ‘ 0 -
o, =|-Osingl, P
W @
0 X,
Hcosy K R
0)(90) =1 @siny
Hinh 5.11
0 .
Chiéu ding thifc véc to (2.11) 1én cdc truc X,,y, VA Z, ta Guoc
0)=¢sin65inw+9cosry _
a);o) — _¢sin@cosy +0siny (2.12)
wgo) =@cosf +
Chiu hé thiic (2.11) 1én cdc hé quy chi€u dong x4c dinh dugc
o, =ysindsing + Bcosp
(2.13)

w, =gbsin@cosqa—9'singo

@, =ycosd +¢@
Cic phuong trinh (2.12) hoac (2.13) duge goi 1a cic phuong trinh déng hoc

Euler.
b) Phuong trinh vi phan dong hoc
Tir cdc phuong trinh (2.13) ta suy ra
[ 0 siny cosy @,
0 |= colst? 0 cosBcosy —cos@siny || @,
l..sin@siny. sinfcosy ™~

(2.14)

W
Tuong tu, tir cdc phuong trinh (2. 1Dkl do
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@ cospsin@ - singsind cos@ || o

0 = —singcos® cosgcosd 0 |l oW - (2.15)
W cos sin @ 0 || ®

Céc phuong trinh (2.14) hoac (2.15) duge goi 1a cdc phuong trinh vi phan
déng hoc.

¢) Gia téc goc ciia vit rdn
Khi biét van t6c géc cha vat rdn quay quanh mot diém ¢6 dinh, xdc dinh
dugc gia tdc gde cla vat rin theo cong thifc
do

=22
dt

(2.16)

2.5. Xac dinh van téc, gia téc cac diém thudc vat rin quay quanh
mét diém c& dinh

Theo cdc cong thifc trong chuong 2 vé€ quan hé van téc, gia (6c hai diém
thuéc vat rin ta cé ‘

V=P, =@XOP =B xF, 2.17)
G, =0y, =EXOP +BXV, =8 xF, + BX(B*F,) (2.18)
2.6. Chuyén ddng quay tién dong déu
4o

Trong k§ thuat thudng gip bai toan vat rin
quay quanh mot diém cd dinh hinh thanh tir hai
chuyén quay quanh hai truc giao nhau. Néu do 16n
cdc van toc cha hai chuyén dong quay thanh phén
déu 1a cdc hing s6 va gdc giita hai truc quay khong
déi thi chuyén déng cha vat ran khi d6 dugc goi 14
chuyén dong quay tién dong déu (steady precesion).

a) Pinh nghia. Chuyén dong quay tién dong déu
la chuyén dong cha vat rin quay quanh mot diém
¢ dinh ¢6 cic dic diém sau (hinh 5.12)

ik
Hinh 5.12

y/ = const, 8=0, ¢ =const.

b) Vdn téc goc va gia téc goc cha vit rdn quay tién dong déu
Tir dinh 1y cong van t§c géc va dinh 1y cong gia tdc goc suy ra

(B, =d)y,, B, =B, ):
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+ %, , | (2.19)

(2.20)

3. MOT SO BAI TOAN AP DUNG cUA VAT RAN QUAY QUANH
MOT DIEM CO DINH

- C6 nhiéu phuong phép giai bai todn dong hoc vat rin quay quanh mot di€ém

¢ dinh. Trong gido trinh nay ching ta chl yéu sit dung cdc dinh 1y cong van

‘8¢ gée, cong gia tée gée va cac dinh 1y cong van téc diém, cong gia t6c diém,

duoc trinh bay trong cdc chuong hai va ba d€ giai cdc bai tap.

3.1. Téng hop chuyén dong quay quanh hai truc giao nhau

Thi dy 5.2. Cho mot dia ron quay
quanh truc ndm ngang CD @, vdi van

133

toc géc @, khong ddi. Truc CD lai quay
quanh truc thing ding Az, v6i van téc
géc o, khong déi (hinh 5.13). Tinh van
tdc gdc va gia tdc goc cia dia khi @,=5
/s, @, =3 1/s.

Loi giai. Ta chon dia tron lam vat.
ran khao sat. DPia trdn quay déu quanh
truc CD. Khung CD lai quay déu quanh
truc Azg. Vay chuyén dong cla dia 1a

chuyén dong quay tién dong déu. Ap
dung cong thiic Hinh 5.13

B, =0, + O, =D, + B
xdc dinh duge van téc gée cta dia

w, =0 +w} =34 ~5,831 (1/s)

Gia t6¢ goc cia dia
E=d,xd, = £, = m,0,5in90° =15 (1/5)
Thi du 5.3. Xét chuyén déng ctia mot banh xe 6 t6 khi xe chay trén doan

dudng cong. Ta xem gin ding mot doan nho cia dudng cong la moét cung tron
ban kinh R = 50 m, baiili ¥& ¥em il dia tron ban kinh = 0,4 m. Tim van t6¢
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gbc, gia toc gée tuyét ddi cha banh xe 6 to (hinh 5.14). Cho biét 6 6 chuyén
dong véi van tc v= 36 (km/gid). '

Lot gidi. Chon hé khao sét 13 banh xe 6 t6. Trong diéu kién cia bai todn
banh xe chuyén dong ti€n dong déu (bdanh xe quay tuong ddi quanh truc AO
nim ngang véi,truc AO lai quay quanh tryc Oz, thing dimg). Trong thi du nay
ta co '

@)= @ =const, w, = =const, & = 90°

v 10

w, 0,4 50
wy=——=—=02(1)s), 2="o=—"-w,=25 (l/s
2704 50 (175) w, 50 ' 04 ° (1)

Suy ra: w, =\ +o ~25(1/s), &, =wyo,sin90° =0,2.25=5(1/s%)

A @, O
B
@
s 4 P* a) 2
a) c)

Hinh 5.14

Thi dy 5.4. Mot con quay quay quanh diém O ¢& dinh trén mit san nim
ngang. Géc 6 giia truc thing ding L va truc déi xing Oz clia con quay 13 hing
6 (hinh 5.15). Truc x cha hé dong ludn song song véi mit san va quay quanh
truc L véi vén t6c géc 7 = const . Con quay quay quay tuong d6i quanh truc z
véi van tdc g6c @ = const . Cho biét OG = [,. Hay xéc dinh:

a) Véc to van tdc gbe va vée Lo gia téc gbe clia con quay.

b) Van téc khéi tam G cha con quay.

Loi gidi. Hé dong Oxyz quéy quanh truc Oz, = L vdi van t6c géc @, =y .
Theo hinh v& ta cé

@, =, =Y sin &, +yr cose, n

Theo dau bai ta ¢6 van tée gdée tuong doi clia con quay la

&, =& =g @)

Viy van t8c gdc tuyét déi clia con quay la
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&=, +d, =ysin0é, + (i cosd + $)e, ; (3)

Do. @, = const, @, = const, gia t6c géc cha con quay c6 dang

€, e, é,
F=d,xd, =0 rsind yrcosd = Pusin 62, G))
0. 0 é
Tir hinh v& ta cé 7, =/é, . Do dd van téc cua khdéi tam G clia con quay
c6 dang
é €, €,
V,=oxF, =|0 wsin@ cos@+@|=1ysin0e, 5

0 0 ]

Hinh 5.15

Thi du 5.5. Cénh tay OA clia co ciu diéu khién gén cling vao 6 truc va quay
quanh tryc x clia bin kep hinh chit U véi van toc géc khong di f=4rad/s. Ban
kep quay quay quanh truc z thing ding v6i van t6c gée khong déi n = 60vong/phit.
Tai thi diém khdo sat géc 2 =30°. Cho bigt OA dai 0,8 m. Hay xéc dinh:

a) Van téc goc cia OA, gia tdc goc clia OA,

b) Van toc diém A, gia t6c diém A.

Loi gidi. Chuyén dong clia OA la 1dng hop hai chuyén dong quay quanh
hai truc giao nhau tai O. Trong d6 @, = =4 rad/s,, @, =22n/60=6,383 rad/s.

a) Van td¢ géc cia thanh OA
d=0, TO.=4¢, ¥0,283¢, (rad/sy.
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Gia téc goc clia OA

!
o)

=

x z

83|=4x6,2832, =25,13¢, (rad/s’).

ol

6,

tny
I
2

Xa), =

e

0
0

<

Hinh 5.16

b) Van t6c diém A: Tir hinh v& ta cé
7, =0,8c0s30°¢, +0,8sin30°8, = 0,6932, +0,4¢, .

Do dé
g g e,
V,=dxF, =4 0 6,2831=-4,35¢, —1,6¢, +2,77€, (m/fs)
0 0,695 0,4

Gia t8c chia diém A
G, =ExF, +Bx(DRF)=ExF, + DXV,
i e &l e & &
=0 2513 0i+| 4 0 6,283
0 0,693 0,4 -435 -lLe6 2,77
=10,05¢, +(10,05€, —38,44¢, - 6,452)
=20,10¢, — 38,442, —6,4¢, m/s’

Thi du 5.6. Mot dia tron gén lién v6i truc clia mo to dién va quay guanh
truc Oz clia mo to véi van tdc géc #,=120 vong/ phit. Ban quay gan véi vo mo
to quay quanh tryc thing ding cd dinh .Oz0 véi van toc géc n, = 60 vong/ phit.
Géc nghiéng giita truc Oz va phuong ngang v = 30°.

a) Xdc dinh van t6c.géc va gia tc géc ciia dia,
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b) Xic dinh van t6c va gia toc cla diém A trén dia, cho biét AC = 125 mm,
QOC =250 mm.
Léi gidi. Chon hé truc dong Oxyz gin lién vao mo to vA ¢6 céc véc to don
vila &,¢é,, ¢ . Truc Oz, latryc thing ding, véc to don vi la é” Tacd
g® =cosyé, +sinye, - D)
a) X4c dinh van tdc géc @ va gia t6c géc £ cla dia

()

B=0b,+D, =08 +08 =mE +an,co8yE, +a,sinye,

(2)

=g, cosyé, +(w, +o,siny)e,

Hinh 5.17

Trong d6é w, =120x (27)/60 =47 rad/s
@, =60x(27)/60="2x rad/s

Vay @zzﬁlfgay +(4;:+2::%)§3 =x(38,+52) (3)
€, €, €,
. F=0,x®, =0 @cosy o,siny
' 0 0 o,
= o0, cos y&, =8x° —\/;'éx = 47° 38, 4

b) Xdc dinh van t6c va gia t6c diém A. Do 7, = 04=125¢, +250¢, (mm)

tacé
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E. @€ é

x ¥ z

F,=@xF =0 a3 S7|=(25043 - 625)7, = 603,152,
0 125 250 -
&g & e 3 5, e,

d=ExF, +&x¥,=47°y3 0  0{+| 0 73 sz
0 125 250 -603,15 0 0

=(~10007+/3 +1250+3 ~3125)7€, + (5007+/3 + 62543 — 750)7é.

Thi dy 5.7. Cdn cau OP ciia 6 10 cdu truc ¢6 thé quay quanh truc Oz = Oz,
vGi van t6c g6c khong ddi w,= 0,5 rad/s. Budng ldi ¢6 thé quay quanh truc
théiﬁg diing Oy, voi van t6c géc khong déi @ = 0,3 rad/s. Liic khao sit géc
6 = 30°. Cho biét d6 dai thanh OP 12 12 m. Hay x4c dinh:

a) Van t6c géc va gia 8¢ gée clia cin cdu OP,

b) Van téc va gia téc diém P.

¥ 10,39 m

6m

zo ¥ Finh 5.18
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Lo gidi. Cén truc OP tham gia hai chuyén déng quay quanh hai truc giao nhau

- Van téc gbc @ cua cin tryc OP
@ =&, + @, =0,3¢,+0,5e, (rad/s)

— Gia t6c goéc cha can truc OP
E=0, %0, =0, XD, = 0,15¢,xe. =0,15¢,

(1)

2

Trong d6 €, €,, €, 1a cdc véc to don vj trén hé quy chigu déng Oxyz.

— Van toc va gia toc diém P
gx éy E:
= 0 0,3 0,

10,39 6 0

‘t\“ k

V, =@ x

Vay v,,
— Gia t6c diém P
A=EXF, +Bx(DXF,)=EXF, +BxV,
e. ¢, ¢€| |é e €,
=10,15 0 0|+/0 03 0,5
10,39 6 0| |-3 5,2 -3,12

= 3,542, 1,58, +1,8E,

Vay a, =-3,54 m/s’, a,, =-1,5 m/s’, a,. =1,8 m/s”.

3.2. Chuyén déng clia cd ciu hanh tinh, vi sai nén

5\ =38, +5,28, - 3,12¢.

(3)

(4

Trong cédc co cdu hanh tinh, co ciu vi sai ndn cic truc quay giao nhau tai
diém O (hinh 5.19). Theo chuong 3, ta ¢é cong thic cong van téc géc va gia toc
B

(2.21)
(2.22)

g6c nhu sau
b, =0, + 0,

L =E, T E @, X,

o

Ap dung phuong phip Willis, ta chon tay
quay lam hé¢ quy chiéu déng, khi d6 cong thic

truyén dong c¢é dang

D e z
e (2.23)
W, f 4]

. 3
\] : 77
S (T
I — )
Cl Lo, :[D
s 3
i LY
A | [ 1
" Hinh 5.19
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Trong d6 w,,, @,, 14 van t6c twong d6i clia cdc bénh ring 1 va 2 d&i véi he
quy chi¢u dong la tay quay, cdn z,, z, 1 s& rang, I,1, la cdc ban kinh tuong tng
v6i cdc banh rang 1 va 2. Trong cong thite (2.23) ddu cong (+) 14y khi céc chuyén
dong quay twong déi quanh céc tryc z,, va z cling ngugc chidu kim dong hé (hoic
cling thuén chiéu kim déng hé), du trir 18y trong trudng hop nguoc lai.

Thi du 5.8. Hop truyén dong nhu hinh vé 5.19. Banh ring 1 ldp tron trén
truc A, cudi cta tryc ndy mang truc cha cap banh rang 2-2. Banh rang 3 gin
ciing v6i truc B. Tim van t6c géc va gia téc géc ciia truc B trong céc trudng hop:

a) Truc A ¢6 van t6c w,, gia téc géc &, con banh | ding yén

b) Truc A va bénh 1 quay ciing chiéu véi o, = 4w, , gia t6c géc g =4g,

¢) Truc A c6 van toc ®A, banh 1 quay nguge chiu véi w,= 2m,, gia t6c
goc g =2¢,.

Lot gidi. He khdo st gém truc ACD, cdc bdnh rang 1, 2, 27, banh rang 3
gan lién v6i tryc B. Chon ACD 1am & hé quy chi€u dong. Céc banh rang 2 va
2’ quay twong d6i quanh truc CD. Truc CD quay quanh truc AB ¢ dinh. Hai
tryc AB va CD cét nhau tai O. Do d6, chuyén déng tuyét d6i cha cdc banh rang

2 va 27 1 chuyén dong quay quanh diém O c§ dinh. Cic banh rang 1 va 3
chuyén dong quay tuyét ddi quanh truc AB.

Ap dung phuong phap Willis giai bai todn nay. Chon tay quay ACD lam hé
quy chiéu dong, cong thic truyén dong gitta banh ring 1 va bénh ring 2 1a

o _yBo Oy 15 By 1 W
Wy, no @ ) Wy, Ui

Quy udc 1ay ddu cong khi ca hai banh rang quay tuong d6i ciing thuan
chiéu hoic cling ngugc chiéu kim déng hé. Ta 14y dau trir khi mot banh rang
quay thuin chicu kim déng hé, con bénh kia quay ngugc chiéu kim déng hé.
Trong bai todn nay ta 1ay ddu cong.

Do &, =@, - @,,,®,, =&, —&,, néntr (1) ta cé
&)-1 — @ :__ri 2
53 _a_),’m i

Trong thi du mdy @, =&,, =@,, @, = By, r, = % . Vay biéu thiic (2) c6 dang

—@y
Dy~

-1 (3

a) Cho bi€t @,, @, =0, tir (3) suy ra
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| E—f‘%—;l = By = 28, = Ep = 25,
— 4
b) Cho biét @,, @, = 4@, 1 (3) tinh dugc

@D — 0 4y, — @ _ —_ — —_
L A= A A=—1$&)B=—2w‘4:> ng_ng‘

Dp—By  Bp—Dy
¢) Cho bigt @,, @, =-2@,, tit (3) suy ra he thic

@D, - @ 204 -@ — _ - —
1_ 74 A A VS ap=4a,= Eg=48,.
B 4 5 =4E4

Dp—By Bp—0y
Thi du 5.9. Cho co cdu vi sai nén nhu hinh 5. 20. Truc din A gén véi banh
rang 1, quay déu véi van t6c goc w,= 4rad/s. Tryc bi din B gin vdi tay quay
OC va quay doc 1ap véi banh rang 3. Banh rang 2 l4p tron trén tay quay OC.
Bénh rang 3 &n khép véi banh ring 2. Tay quay OC quay déu van téc géc
— 5 rad/s. Bén kinh céc banh rang r, = r; = 10 cm, 1, = 6 cm. Tinh:
1) Van t6c géc tuyét d6i chia banh rang 3 va banh rang 2.
2) Gia tdc géc tuyét d6i cua bdnh rang 2.
Loi gidi. Ap dung phuong phip Willis giai bai todn nay. Chon tay quay OC

lam hé quy chi€u dong. Ta ky hi¢u .
' B, =d,=5radls, B, =@y, =0,—-8, (=12,3,4). (1)

Sir dung cong thiic an khép tuong doi ta co

?17' - _ Q , ?E‘I' — T_S (2)
@y, i Dy h
Iy < zZ
Tir d6 0
a'lr' — T_Z TS 1
ﬂJ31‘ 'rl A TZ
Va i :
4y o N
w; — W, _ 1

Suy ra
@B~ @y, = —0; T O,
B, = 2B, - B, y:
=28, — 0, = —14 rad/s.
T (1) tinh dugc
o Hinh 5.20
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— no_ 10,
a):!r = '—_1@1?_ = _E(a)l _mtq) = _15 M

Str dung cong thic cong van téc géc &, = @,, + @, , ta cd

0, =@}, + @ =5* + 15" = 5/10rad/s.

Do w,, =const,w,, = const, ta ¢ cong thic tinh gia t6¢ &, = @,, x @,, . Do
@y, VUONg goc véi @,, nén

& =w, o, =75 rad/s’.
2 Do 2

3.3. Chuyén déng clia cd cdu Cardan (Cicdang)

Co cau Cardan (hay con goi 1a khép Cacdang) 1a co cdu bon khau khong
gian (hinh 5.21). Trong d6 khau 1 (khau CAA’) 14 vat rdn quay quanh truc 1
(truc CO) c6 dinh, khau 2 (khau DBB’) 12 vat rin quay quanh truc 2 (truc DO)
cd dinh. Hai tryc quay 1 va 2 giao nhau tai O va tao thanh mét géc o Khau chit
thap 3 14 vat rin quay quanh mét
diém O cd dinh. Vi vay co cdu
Cardan con dugc goi 1a co ciu
ciu. Co ciu Cardan dugc ding dé
truyén chuyén dong quay giita 2
tryc giao nhau mét géc a. Co clu
Cardan duge ding trong cdc Xe o
16 dé n6i hop toc do & trudc véi
hop vi sai & phia sau (ciu sau) .
hoic dugc ding trong cdc bo
phén diéu khién huéng. Hinh 5.21

Goi @ 1a van t6c géc cha khau 1, @, 1a van t6c géc cia khau 2, @ 1a van
tdc gbc cha khau chir thap 3 (AA'BB). Xét chuyén déng ctia khau chit thap
AABB'. Néu chon khau 1 (CAA”) lam hé quy chiéu dong, ta cd

@3 :f{j}e +C!'j3r Z@] +C?)31 (2.24)
Néu chon khau 2 (DBB') lam hé quy chi€u dong, thi _
By = @, + Wy, = 0y + @3 (2.25)

Tir cac cong thitc (2.22) va (2.23) suy ra
By + Ghyy = By + @3, (2.26)
Tir d6 xdc dinh duge cong thic lién hé giita cdc van té¢ gée clia ¢o ciu Cardan

@By = @y + 0y — &3y : (2.27)

178




Thi du 5.10. Hai truc 1 va 2 cling nam trong mot mat phang va néi véi nhau
biing khép Céc dang (hinh 5.22). Cho biét khau dan 1 ¢6 van t6c gc @, v géc
quay . '

a) Xdc dinh van t8¢ géc (1) ctia khau bi dan 2,

B) Xidc dinh sy phu thuéc gilta géc quay » cua khau bj dén 2 va géc quay
¢ ciia khau dén 1.

fa):((; . /‘ B ¢;

Hinh 5.22

L gidi. Ta tach co ciu Cardan thanh ba vat rin nhu hinh 5.22. Chon hé toa
do ¢ dinh Ox,y,z, 12 mat phing chifa haj truc 1 va 2. Phuong trinh (2.25) bay
gid c6 dang

@y = @ + Dy — Dgy ' (1)
Tir hinh (5.22) ta co

@, 0
‘Dgc)) :")gG) =0 | m(KGG) zm(é;) =| Pkc

¢ | 0

0 @, | @, COSC

mf,g} =co(K‘LQ =1 0 |, m(ZH) =[ 0|, m(zo) =| m,sin

Dy 0. 0

Véi cdch chon cic hé tog dd nhu hinh 5.22, cdc ma trdn quay (ma tran
cosin chi huéng) cé dang nhu sau
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1 0 0
A% =A_(@)={0 cosp —sing|,
0 sing cose
cosiyy 0 siny
AR =Acw=| 0 1 0 |,
—siny 0 cosy
cosfé —sind 0
A A (@) =|sin@ cosd® O

0 0 1
Phuong trinh (1) dugce viét lai dudi dang ma tran nhu’ sau
co(zm = mgﬂ) + c)(,?(); - m%} = mgo) + AOGmf% - AOGAGK(:J%} (2)
Do tich hai ma tran A°“A%% c6 dang
cosy 0 sin

A“CAK =} singsiny  cosp —singcosy
—cos@siny  Sin@  COS@COSy
nén tir phuong trinh (2) suy ra
@, COST = @) — gy SN %
W3 SINQ = Wy COSP + Wy SINPCOSY 3)
0 =@y sing — @y cos@eosy
Tir ciac phuong trinh (3) tim dugc
1

Wy = @y — 4
cosa + sinasin prgy
dé khir s6 hang tgy trong (4) ta sit dung hé thic
OO = A%H () = AO0 ACK AKH (1) )

Do -
cwed - —cysf sy
AASEAR =) spsypeBrcpsd  —spsps@+cpcl —spoy
—c@swel+spsfl  cpsys@+spcl  cpcy
trong doé ky hiéu c=cos, s=sin.

nén tir (5) suy ra

180




@, COSE = @, COSY COS 6
w, sina =, (sin gsinwcosé + cos psin H) (6)
0 = w, (—cos@siny cosd +sinpsing)

cosex

T phuong trinh tht nhét cta (6) rit ra cosé = , sau d6 thay vao

cosyy
phuong trinh thit ba cia (6) tinh duoc:
sing = cos?: cos@siny
sin @ cosy

Thay sin® vi cosb vira tim dugc vao phuong trinh thit 2 cla (6) ta ¢6

tgy =tgosing )}

Thay (7) vao (4) xdc dinh duge cong thitc xdc dinh o,
1
@y =an : ) (8)
- cosa +sinatgasin® @

Bién déi cong thiic (2.24) vé dang khéc ta dugc

) @, 1-sin® ¢cos? '

i = P 2T @ ©)

@ coscy

Do @, =7 va @, = ¢, tir phuong trinh (8) suy ra phuong trinh vi phan. Tir
(1), (2) va cong thitc (8) thi du trén xdc dinh dugc quan hé
@

(cosa +sin atgar sin? go){cos B+sin Stg 8 cos? {arctg( '8¢ + Eﬂ}

cosx

(3)

a)3=

Khi £=0va e =%/ miu s6 clia (3) bing 1. Diéu kién nay cic k§ su can
phii chii ¥ khi ta mudn c6 vat t6c géc clia khau b din 12 hing s3 va bing o,
(trong 616 va trong mdy cong cy hiy quan tam dén dieu kién nay). Hinh (5.19)
biéu dién dé thi

d .
dy = L (10)
cosSQ +sinaigasin” @ .

tich phan phuong trinh (8) ta duge

}/=arctg( L J (11)

[Me}124

Thi du 5.11. Xét chuyén dong cia co cdu Cic dang kép nhwr hinh (5.23).
Tim quan hé giita van t6c gde khaw bi dan @yve yan t6c goc khau dan m,.
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Hinh 5.23

Loi gidi. Vian 16c gée cia khau bi dén theo cong thic (8) thi dy trén c6 dang
1
@3 =@ (1)
> cos B +sin Brg fsin® 4
Trong d6 A 1a gée quay clia phan truc 2b. Gid sit géc quay cia phan truc 2a
va gbc quay cha phén truc 2b khdc nhau mot hing s6

A=y+—2—+€ 2)

@ /e, phu thude vao géc quay ¢ cha khau din va vao cdc tham s6 clia
khop Cardan kép. Trén hinh (5.24) 12 d6 thi w,/ @, phu thuéc vao géc quay ¢
clia khau dén va vao cic tham s6 clia khép Cardan kép.

w:
2,5 -
— ' ape B = +60°
; N
2,0 3 ’I \‘ —-——=90° i
: | |
15 :\ ’ \ : ’ ’
— \\ I/__\ \\ | _p=230°
N \) s
1.0 ﬂvhi\ /II% A =£30°
A\~ N
0\ / \ /
sF  N__~ N
-
0 1 ] | ] ] [ b I i 1 f 4
0° 90° 180° 270° 360°
Hinh 524

182




3.4. Chuyén dong quay téng quat cla vat rin quanh mét diém c& dinh

Thi di 5.12. Bénh rang hinh nén I ban kinh r chuyén dong lan khong truot
trén banh rang & dinh II bén kinh R nhd tay quay III quay quanh truc thang
dting nguoc chiéu kim déng ho theo quy luat @(t). Xéc dinh van t6c géc va gia
t6c goc cha banh riang 1. Cho biét géc gita OC va OB la a. ‘

Loi gidgi. Ta chon banh ring nén I
14 vat rdn khdo sdt. Trong qud trinh
chuyén déng luén cé O cd dinh. Vay
bdnh riang I chuyén dong quay quanh
diém O c6 dinh.

Do bénh rang 1 1an khong truot trén
banh riang ¢ dinh I nén vz = 0. Do d6

T
7%
R

OB 12 truc quay tic thdi A cha béanh
rang L

a) Xde dinh van 16c géc ciia bdnh rang 1. Diém C 1a mot diém trén tay quay
OC, vay v. = OCw@, = R¢p. Do bénh ring I quay tic thoi quanh OB, nén

Hinh 5.25

v, =wCH =oRsina = R¢. Zy
Vay o=-2 1) 19
' Sin &
E

b) Xdc dinh gia téc goc cua bdnh rdng I.
Ky hiéu ¢ Ia véc to don vi trén truc BO, ta
cé @=wé . Do @ bién déi ca vé ui s6 va

w)

huéng, dp dung cong thiic dinh nghia gia -
¢ P P ’ [24
10C gocC 1a co
R dip R de
£= = e +w 2)
dt di | Hinh 5.26
Tixr (1)
. @ _
@ == {do o = const) .
sin &
~ ®dé
Do e 1a véc to don vi, nén 132 mot vée to vuong goc véi € . Ta cé
Rﬂdé' .
=V, =00,%x€
dt £
Do dé Ve = 0, LOBG=) COBE
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£= \/a) +{w@cosa) L\fq'o'z+(4‘7“cos:2a
Sing

Thi dy 5.13. Hinh nén II chuyén déng lan khéng trugt trén hinh nén co
dinh I (hinh 5.27). Cho biét chiéu cao hinh nén II 1& OO, = 10 cm, trong mot
piit hinh nén I 1an duge 120 vong. Hay xdc dinh:

a) Van t6c géc va gia t6¢c géc chia hinh nén 11,

b) Van t6c¢, gia t6c cdc diém B va C trén hinh nén IL

Lot gidi. Chon hinh nén II 1am
vat rdn khao sat. Chuyén déng coa
hinh nén II 13 chuyén déng quay
quanh diém O c6 dinh. Chuyén
dong nay c6 thé phan tich thanh
hai chuyén dong thanh phén:
Chuyén dong quay tuong déi cla
hinh nén II quanh truc OO, véi van

------

t6c géc w,, chuyén dong clia truc
00, quay quanh truc thing ding |

Oz, V6i van téc géc o, . Hinh 5.27
a) Van téc géc va gia téc géc cita hinh non I
Theo ddu bai ‘
nx 120z i
a)z = = 47[ ad/S ;{
30 30

Tir d6 suy ra van t6c clia diém O,

=00w, =40x cm/s

e R AT

Do truc OC 1a truc quay tic thai cia hinh non I[ ta co

A 407}:

v E
o = = 87;;_rad/s

"OH  00,sin30°

Huéng coa véc to@ doc theo truc CO nhu hmh v& 5.27. Ta chon hé quy
_chi€u dong Oxyz c6 truc Oz = Oz (truc c6 dinh),_tmc Oy tring véi truc 00, ,
truc Ox dugc chon sao cho Oxyz 1a hé quy chiéu thuan Céc véc to don vi trén
cdc truc Ox, Oy, Oz 1a €, T hinh vé suy ra

.J"’ "
o, =0, o,=4r rads : ¢S]
0 = — COS 30é'y + wsin30e, = m4\/§7réy + 47;?@'2 rad/s (2)
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Do véc to @ ¢6 tri s6 khong déi, quay quanh tryc thang ding Oz, v6i van
t6c géc 4, , tacod

é
Y% R B IR
E= e  x@=|0 0 o, =—£_cuea)ex
: 0 o
2 2
g =l§ x 47 %878, =16\/37°€, cm/s? (3)

b) Vin tdc, gia téc cdc diém Bva C
Vian tdc diém B dugc xdc dinh bdi cong thiic
v, =@x OB

Tir hinh v& ta ¢d

1043
E..

OB =0Q0¢, +00,1g30°2, =10, +

3
Do do
éx . Ey é-z
3 =lo - —_807E. CM
v, =0 4f3r  Ax 807e, A (4)

Do C niim trén truc quay tic thdi CO nén v, = 0. Gia t6c clia diém B dugc
xdc dinh bdi cong thic sau
d, =& x OB+ ®x7,
e ey e e 4 €

z x z

x ¥
_lie322 0 0 |+| 0 a3z ax
Bl [sex 0 0

0 10 10—
3

=1607%¢, + 4804377, cm/s® (5)

Do ¥, =0, gia t6c cha di€ém C c6 dang

a(:igxa—a+&')xﬁ(7:§x%
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€, € e
=(16\3z 0 0 |=1607%, +160\37%, em/s’
0 10 -0
3
Tir (5) va (6) ta c6
a, =160 \1+27 =320477% cm/s?

a, =1607°\1+3 =3207" cm/s’

4. DONG HOC VAT RAN CHUYEN PONG KHONG GIAN TONG QUAT

Bai todn xdc dinh chuyén déng téng quét cha vat rin trong khong gian ba
chiéu 13 bai todn twong ddi phitc tap. V6i sy phat trién clia k§ thuat rébét, k§
- thuat hang khong vil try, v. v... bai toan nay can phai dugc trinh bay tuong déi
ky trong gido trinh co hoc k¥ thuat.

4.1. Xac dinh vi tri cua vat ran trong khéng gian ba chiéu

Khao sit chuyén dong ciia vat rin
B trong hé quy chiéu R = {Ox0 yﬂzo}
¢6 dinh. Lay A 1a mot diém bat k¥ cha
vat rdn B. Chuyén déng clia vat rin B
trong hé quy chi€u R, duge phéan tich
thanh 2 chuyén dong thinh phin:
Chuyén dong cla diém A d&i véi hé

quy chi€u R, va chuyén dong cta vat o)
rin B quay quanh diém A (hinh 5.28).
X Hinh 5.28

Vi tri cla diém A duge xdc dinh bdi o
phuong trinh

7= xE0 4 0 L0060 (4.1)

, E(O): é':(()) |4 cac véc to don vi trén trl}c Oxo , Oyo va OZO .

v

Trong dé € (©)

Pé x4c dinh vi trf cla vat rdn B quay quanh diém A ta cé thé sir dung cdc
toa do suy rong trinh bay trong phin vél ran quay quanh mot diém c6 dinh,
hodc sit dung ma tran cé sin chi huéng. Néu sit dung ma tran ¢6 sin chi huéng
ta gan chat hé quy chi€u dorg R = {Axyz} vio vat rin B va ky hiéu céc véc to
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“don vi trén hé quy chi€unay la e, e

,» €. Khi d6 ma trdn co sin chi huéng

cé dang
5(0) = ={0) & =0} 5
e, € € & €& & ay G 4
—{0) = —{(0) = (0} —
A= eJ(f)'ex e}» ).ey e}(, ’ 2 =[G G a3 (4.2)
50 = =+(0) = (@) 5
ez er e: Ty e: e‘z a31 a3" a33

4.2. Xac dinh van tdc géc, gia tdc géc cua vat ran

Kh4i niém vén t6c goc, gia toc goe cla vat rin da duge dinh nghia trong
chuong 2. D€ x4c dinh van tdc géc cha vat rin, ngudi ta thudng sit dung ba
phuong phép chinh sau day:

- Phuong phap 1: Ap dung dinh 1y cong van' tdc géc clia vat ran. Dinh 1y
ndy da dugc trinh bay trong chuong 3.

— Phuong phép 2: Ap dung dinh 1y dya theo dao ham cia céc véc to don vi
ctia hé quy chi€u dong. Cong thiic (1.4) trong chuong 2.

- Phuong phép 3: Ap dung dinh 1§ dia theo dao ham cha ma tran co sin chi
hudng. ‘
| Hai phuong phép dédu da duge trinh bay trong cdc chuong trude. O day ta s&
trinh bay phuong phép thi 3
a) Pinh Iy Poisson. Toan ti séng ciia véc to van t6¢ gbée cia vat rana@ duge
x4c dinh qua ma tran c6 sin chi huéng cta vat ran bing cong thic sau

& = AA" (4.3)

Trong dé A 1a dao ham theo thdi gian ciia ma fran cosin chi hudng & trong

hé quy chiéu c¢é dinh R,, con & 12 todn tir séng cha véc to van t6c gbcd -

Toén tit séng &% c6 dang nhu sau . B
© L peo P
0 —-@; @, %
0 0
IO P
. . o PR YA
Chimg minh. Lay P 1a mot diém bét ky 7
" thuoc vat ran B. Tir hinh v& 5.29 ta c6 y oL

Dao ham phuong trinh (1) trong hé
quy chigu ¢d dinh Ox,v,7, la-dugc
X Hinh 5.29
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5w,

Vp = +@DXUp =V, + @KU 2
P p =Vt @xup (2)
Néu sir dung k¥ hiéu ma tran phuong trinh (2) cé dang
v = v + 3O (3)

¢on phuong trinh (1) ¢é dang
(0 _ 0, O 4)

Theo cong thiic (1.14) chuong nay ta cd ufg) = Au Pl. Trong d6 u{®’ 1 ma
tran cOt gdm céc hinh chiu cha i, trong h¢ Oxyy¥ezZe, €ON upla ma tran codt
26m cdc hinh chiéu cla i, trong hé Axyz. Thé vao (4) ta duge

r};o) = r/(,io) +Aup (5)
Dao him phuong trinh (5) theo thoi gian 7 suy ra
v%}) = vf,?) + AuP (6)
Do ma trdn cosin chi huéng A 12 ma tran trgc giao nén tir hé thic

s =Asp tacod

u, = A'lug)) = ATupr) N
Thé (7) vao (6) tinh dugc -
v = v AATu) (8)

So sanh cac cong thite (3) va (8) suy ra cong thirc

& = AAT. .

b) Gia tdc géc. Khi biét van t6c gdc cla vit ran, ta d& dang tinh duge gia tdc
g6c cha nd :
599 (4.4)

dt

4.3. Xac dinh van tdc, gia téc cac diém clia vat rén

Bai todn x4c dinh van téc, gia téc cdc diém cha vat rin 1a bai todn tuong

déi phitc tap. Vi vy c6 nhiéu phuong phép tinh. & day gidi han chi trinh bay
phuong phép cong céc véc to. Theo chuong hai ta c6 cdc cong thic
V, =V, +7,, (4.5)
d, =d,+dp, ' - - (4.6)

Viéc xdc dinh ¥, , dp, phu thudc vao viéc chon hé quy chi€u dong.
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a) Chon hé gquy chiéu doéng la hé toa dé
chyén dong tinh tién doi voi hé quy chiéu
cd dinh

Chon hé toa do dong R={Ax .z}
chuyén dong tinh ti€n d6i v6i he c6
dinh R, trong d6 Ax,//Ox,, AV,/O, ,

Azy I/ Oz, . Goi @ 14 van t6c géc cla vit rin B

‘e . - - oY

trong h¢ quy chi€u cd dinh R,: @="%". Ta /
X

c6 cac cong thic sau:
o Hinh 5.30

Vp =V, +V,, =V, +dXi, =V, +V, 4.5
Ap =8, +dp, =0, +EXU, +BX(BXU,) =8, + & Xil, + DXV 4.6)
Trong dé k¥ hi¢u
R{:d"
L == oo . @
u,,:AP,v,ﬁ':mqu,&‘:'{"c"H:_
dt

b) Chon hé quy chiéu dong la hé toa do chuyén dong tiy ¥ doi véi hé quy
chiéu ¢d dinh .

Chon hé quy chi€u dong Axyz ¢ goc tai diém A, khong gin chat vio vat
ran B va khong nhat thi€t phai chuyén dong tinh tién d6i véi hé quy chidu c6
dinh R, (hinh 5.31). Ky hiéu ¢, € , €, 1a cdc véc to don vj trén céc truc Ax, Ay,
Az, @&,1a van t6c géc cha hé quy chigu z . 2
dong R ={A4xyz} d6i véi hé cd dinh Zod P
Ry ={0x,y,z,} , @, 1a van 6c gbc cha eN/ [ y
vat rin d6i v6i he quy chiéu dong R, A
con @, =& 1a van t6c gée cha vat rin
dsi véi hé ¢6 dinh R,. Trong mé hinh e
ndy chuyén dong theo khong phai la
chuyén déng tinh tién. Theo chuong hai : >
ta co

|
3

R gz R Iz *o Hinh 5.31
= e x x? . = a_je x E K
dt dt Y
Ry ds
dt ¢
Khi d6 xdc dinh dugc c6 cdc cong thifc tinh van tdc, gia t6c diém P c6 dang
nhir sau ‘

il

3

X

Nm l
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Vp =V, +V,, =V, +V, +V, =V, + 6, %0, +17f,A (4.7)
dp=d,+dp; =0, + 0y, + 0, +a, |
=0, +&xi, +@,x{(B, x4, +a,, +26,x V), (4.8)
Chit y. Trong mot s6 sdch gido khoa Co hoc k¥ thuat clia M§ ngudi ta
thudmg k¥ higu &, = Q.

4.4. Cac thi du ap dung

Thi dy 5.14. Bia D ban kinh R ¢6 thé quay quanh diu A cia tay quay OA
nén ngang. Tay quay OA dai L quay déu quanh truc thdng ding di qua O véi
van t6c géc khong ddi o, , dia quay quanh Q v6i van t6c géc khong déi o, .
Hay x4c dinh:

a) Van téc va va gia toc diém P & trén dinh clia dia,

b) Van tdc géc va gia téc gée cna dia.

Yo
L L 1
E |P
i B, =@,
0 o
'S L
L) " v
B,= 3,8,
Hinh 5.32

Lot gidi. Chon Axyz 1a hé quy chidu dong, Ox,y,z, 1a hé quy chifu cd
dinh. Chuyén dong quay tuong d6i quanh truc Az, chuyén dong theo 1a chuyén
déng cla tay quay OA quanh truc ¢§ dinh Oy, (hinh 5.32). Ap dung dinh ly
cong van téc va dinh 1y cong gia toc d¢ xdc dinh van tdc va gia t6c diém P.
Trong bai nay @, =a,, @, =®,.

a)Vdn téc diém va gia t6c diém P

v, (P)=v,(P)+v,(P) (1)
Trong do

V,(P) =, x AP= w,é, x Ré, = -0, RE, o ®
V,(P)= 8, % OP = G QA+ AP) =0 @ % L& ~4-RE ) ==, LE, (3)
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Thé& (2), (3) vao (1) ta duge

V,(P)=—w,Re, -, LZ, 4
Gia toc diém P

G,(P)=4,(P)+d,(P)+d(P) - )
Dos, =0, &, =0 nén ta cé )

d,(P)= @, x5,(P)= w8, x(~0,L& )= - L8, (6)

a,(P)= &, xV,(P)=w,& x (—a,RE,) = —a; R, (7)

G,(P) =20, %, =20, x (—,R8,) = 20,0, RE. @)
Vay 4,(P)=-w Lé — angy + 200,00, Ré. ©)

b) Vdn téc géc va gia téc géc ciia dia :
=0, +0, =08, +m¢, (10)
E=E,+E +0,xa, (11

Do g, =¢, =0,néntir(11) suy ra
£ =0, X @, =B, X W€, = B€, (12)
Thi du 5.15. Gia 48 md
to quay quanh truc Oz, véi
van tdc goc khong déi =3
rad/s. M6 to gin lién vdi dia
quay vdéi van téc géc khong
d6i p = 3 rad/s quay quanh
truc By clia gid d& nhu hinh

v&. Cho biét géc vy = 30°. Céc '
kich thude cho trén hinh vé.
Hay tim:

Hinh 5.33

a) Van téc va gia t6c diém A trén dinh clia dia,

'b) Gia téc géc cha dja

Lot gidi. Chon hé truc Bxyz gan lién véi gid d& mo to, hé quy chiéu
Ox,¥,2, 1a he ¢ dinh. Ky hiéu cic véc to don vi trén truc Ox,v,z, 12

&, 89, 2 cic véc to don vi trén he truc dong Bxyz 1a 2., ¢,, .. Tit hinh vé ta

cé Q=08 =32 rad/s.
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a) Van téc diém A
V=V +V,, =V, +V5, +V,,
Trong dé:
=(x7 =38 x0,350 & =-1,05 & = 1,05 &, mys
Vi = Qx (BC + CA) =36 x(0,3008, +0,120¢,)
=(—0,9¢0830°)2, +(0,36s5in30°)2, =—0,5992, m/s.
Vi = Bx(BC +CA) =88, x(0,300¢, +0,1202,) = 0,960¢, m/ 5.
Dodé  #,=-1058 =-1,05& —0,599 & +0,960 &, = 0,689, m/s .
b) Gia téc diém A
Sir dung cong thitc
G, =8, +0,=0,+a, +d,+d,.
LAan luot tinh todan
d, = Qx7, =38 x(~1,05 2,)=38" x (1,05 &™)
=-3,15 e"(O) =3,15 (e, c0s30° + &, sin30° )=-2,73¢, +1,55e, m/s?
as, =0x v, =361 % (0,599 & ) = 38 x (0,599 %)
=1,797 ¢ ey = 1,797 (-2, cos30° -+ &,sin30%)
=-1,557¢, +0,899¢, m/s”.
a5, =207, =2(36)x (0,960 ,) = 5, 76"
=5,76 (¢,c0s30° —,5in30°) = 4,992, — 2,882, m/s".
Gy = Px ¥, =82, %0,960 &, = ~7,682, m/s>.
Twrdd suy ra
d,=-2,738, +1,558, —1,557¢, +0,899¢, + 4,992, — 2,882, — 7,682,
=0,703¢, —~8,086¢, m/s".
c) Gia téc gbe
Do o, =const, @, =const nén ¢, =0, g, =0. Tir d6 tinh ducc

xp=3¢"

E=0, %@, =

:QJ

x8€

5.

=3(2, cos30° +¢&,sin30%) x 8¢, = -24—e =-20,8¢, rad/s.
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5. DONG HOC ROBOT CONG NGHIEP

V& phuong dien Co hoc, 16 bét cong nghiép 1a hé nhiéu vat rin ghép noi
vé&i nhau bing céc khép, chil yéu 1a cac khép quay v khdp tinh tién. C6 nhiéu
phuong phép tinh todn déng hoc robot cong nghiép. Duéi day ta gidi han chi
trinh bay phuong phdp ma tran Denavit—Hartenberg tinh todn dong hoc rObot.

5.1. Cac toa do thuan nhat va cac ma trén bién déi toa do thuan nhat

Y tudng co ban cilia viec dua vio cic ok
toa do thudn nhat va cdc phép bién ddi toa P
d6 thudn nhdt ]a nhim muc tiéu két hop '
hai phép bién déi tinh tién va phép bién
d6i quay thanh mot phép bién déi cdc ma _
tran cap 4. 0 ¢, y

u

a) Cdc toa d¢ vat Iy va cdc toa do thudn nhat 3
Vi tri clia diém P & trong hé toa do ba
sx . . ae . x .
chidu Oxyz dugc xéc dinh bdi véc to sau Hinh 5.34
F = XE + yé, +z& 3.1)
Gia st o 1a mot dai luong vo hudng khdc khong tiy ¥. Khi d6 toa dd thudn
nhét ciia diém P duoc dinh nghia béi he thiic
r=jox oy oz cr]T (5.2)
Trong k¥ thuat, ngudi ta thudng chon ¢ = 1. Khi dé toa do thudn nhat bén

chiéu cia diém P dugc md rong tir cdc toa do vat 1y ba chiéu cha diém P bing
cdch them vio thanh phén thit tur nhur sau

r=[x » z 1} (5.3)
Nho khédi niém toa do thudn nhat z, B
trong khong gian bon chiéu ta co thé
chuyén bai todn cong ma tran cot trong e fi, P4
khéng gian ba chiéu sang bai todn nhéan
ma tran trong khong gian bdn chiéu. Cho A

by

- <~ 71 . - A . ¥
a va b 1a hai véc to trong khong gian ba 7O y,
chiéu, ta cé 7, .
b, a,+b o _ Yo

al 1
a+b=|a, |+|8, |=|a+b| (5.4 />
a; b oyt bs 0 - Hinh 5.35
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Tit phép tinh cong (4.4) chuyén sang phép tinh nhén hai ma tran nhu sau

a +b I 0 0 a|b
a+b | |01 0 b 5.5
a,+b | |0 0 1 al b

1 000 131

b) Ma trdn bién doi toa do thudn nhdt

Xét vat rin B chuyén dong trong hé quy chiéu ¢d dinh Ox,y,z, Liy mot
diém A nio dé cta vat rin B va gin chat vao vat rin hé quy chi€u Axyz (hinh
5.36). Ldy P 12 mot diém bat k¥ thuoc vat ran B. Trong hé toa do vat 1§ Ox,y,z,
tacod

P, =F, +i, (5.6)
Phuong trinh (5.6) c6 thé viét dudi dang ma tran nhu sau

0

x},) xﬁ:m a, G G || Xp
ol .@

v |= y.(4 Ty Gy O || Ve (5.7
{0} (0)

Zp Z4 Gy Oy Oy || Zp

Trong d6 A 1i ma tran césin chi hudng cla vat rin B, x,,y,, z, 12 toa do

cia diém P trong hé quy chi€u Axyz. Néu str dung céc toa do thudn nhit phuong
trinh (5.7) c6 thé dugc viét lai dudi dang

(0 0
Xp : gy Gy O x.(4 ) Xp

(0) ()
Yoo |2 a4y Uy Ay Yy Ye © (5.8)
¥ a, @, a, 200z e

P 31 32 33 A F

1 0 0 0 1 1

Dinh nghia. Ma tran

4y Gy Gy Xy

pln e | A 59
iy &5y  dy z,(qo) 0" 1
60 0 0 1 '
dugc goi la ma tran chuyén toa do thudn nhét cla diém P tir hé Axyz sang hé
Ox,¥,2, (hay goi tit 1a ma tran bign ddi toa do thudn nhat). Nhu the ma tran T
cho biét vi trf clia vat rin B trong hé toa do Ox,y,z, -
¢) Cdc ma trdn quay co bdn thudn nhdt va ma trdn tinh tién thudn nhdt
Céc ma tran quay co ban (1.7), (1.8) va (1.9) trong muc ma tran cosin chi
huéng md rong 1a trong -hé-toa-dé-thudnnhit-bén-chiducé dang nhu sau
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Ty, (@) = Rot (x,¢) =

TRJ’ (W) = RO.I(yJ W) —

Ty (9) = Rot (z, 9) =

1 0 e

0 0 0 1

Costy
0
—siny
0

sinty
0
cosy
0
0
0
1
0

0
1
0
0
cosd —sind
cosé

0

0

siné
0
0

_a e O

0
0 cosg . —sing 0
0 sing cosg O
0
0
0
1

(5.10)

(5.11)

(5.12)

Ngoai ra ta dua vao khdi niém ma tran tinh ti€n thuin nhét cé dang

0 a
0
i
0

[ B R e R
=T -
_— o O

1 0
1
0

0

00
0 b
10
01

3

o o O

0
0
-1

¢

o O o o=

(5.13)

Tz

(=
9}

<
-

Trong d6 ta thyc hién chuyén dong tinh ti€n theo truc toa do X mét doan 1a
a, theo truc toa dé vy mot doan 14 b, theo truc toa do z mot doan la c.

5.2. Cac tham sd déng hoc Denavit-Hartenberg va ma tran

Denavit-Hartenberg

a) Cdc tham s& dong hoc Denavit-Hartenberg

Trong doan nay ta chi xét h¢ cdc vat rdn ndi ghép v6i nhau bang cdc khép
quay va cdc khép tinh tién. Khi d6 quan hé vi tri giita hai khau k€ ti€p nhau c6

thé duge x4c dinh bdi hai tham s6 khép (hinh 5.36).

" Trén hinh 5.36 khau
. thit i-1 n6éi véi khau thit i
bing khdp 1. Truc z_
duge chc_mn la tryc khép
ctia khép thit i. Tham s6
thi nhat 8, duge goi la
géc khdp, la gbc quay
truc X, , quanh truc z,_, dén

|_Khép i x
_______ I i
Khau i
di
Zia
x/
Khau i—1
i-1 Hinh 5.36 -
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truc x; // x; . Tham s6 thi hai d; , 12 khoang cich giita truc x| va truc x, Néu
khdp i 1a khép quay thi & 1a bién c¢on 4,14 hing s6. Néu khép i 1a khép tinh tién
thi khoang cédch 4, 1a bién, con @ 1a hing sd.

Déi v6i cac robot cong nghiép, Denavit—Hartenberg (1955) da dua ra cich
chon céc hé truc toa d6 nhu sau _

1. Truc z,_, duge chon doc theo hudng cia truc khép dong thi i.

2. Trye x;_; dugc chon doc theo dudng vudng géc chung ciia hai truc z, , va
z,_,,» huéng di tir truc z,_, sang truc z,_;. Néu truc z,, ciit truc z,_, thi hudng cia
truc x,_, duge chon tuy ¥. ‘

3. G6c toa do O, ,duge chon tai giao diém clia truc x,_, va truc z,_,.

4, Truc y,_, dugc chon sao cho hé (Oxyz), ; 1a hé quy chiéu thuan.

Khaui+1

X

. i-1 i
Hinh 5.37. Biéu di&n cac théng s Denavit Hart;nberg cida khdp quay

Véi cach chon hé toa dd nhu trén, doi khi cic hé toa dd khau (Oxyz),_,
khong duge xdc dinh mot cidch duy nhat. Vi vay ta cdn ¢6 mot s6 bd xung thich
hop nhu sau: ‘

5. D61 véi hé 9a do (Oxyz), theo quy udc trén ta mdéi chi chon dugce truc z,,
¢on tryc X, chua 6 trong quy udc trén. Ta cé thé chon truc x, mdt cich tiy §.

6. D61 véi hé toadé(Oxyz), dokhéngeédkhépn+l, nén theo quy ube trén
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khéng xdc dinh duge truc z,. Truc z, khong dugc xdc dinh duy nhét, trong khi
truc x, lai dugc chon theo phap tuyén ciia tryc z, ;. Trong trudng hop nay, néu '
khép n 1a khép quay ta c6 thé chon truc z, song song véi truc z,_,. Ngoai ra, c6
thé chon tity ¥ sao cho hap 1¥.

7. Khi hai truc z,, vd z;, song song véi nhau, gilta hai tryc ndy co nhiéu
duding phép tuyén chung, cé thé chon tryc x; | huéng theo phép tuyén chung nao
cling dugc.

8. Khi khép thit i 11 khép tinh ti&n, v& nguyen tic ¢6 thé chon truc z,_, mot
cach tity ¥. Tuy nhién trong nhiéu trudng hgp ngudi ta thudng chon truc z;_, doc
theo truc ca khép tinh tién nay.

Vi trf cfia hé toa do khau (Oxyz);, d6i véi hé toa do khau (Oxyz),., duge xac
dinh bdi bén tham sé Denavit—Hartenberg &, d;, a; va o; nhu sau:

— 6.+ gbc quay quanh tryc z;_, dé tryc x,; chuyén den true x'; (%', // X))

—d, : dich chuyén tinh tién doc theo truc z_, € gdc toa do O, , chuyén dén
O, giao diém cia trye x; va truc z,_,.

— a, : dich chuyén tinh tién doc theo tryc x; d€ diém O'; chuyén dén diém O,.

— a; : gbc quay quanh truc x; sao cho tryc z';_ chuyén dén tryc z,

Trong bén tham s8 trén, cdc tham s8 ; va o; ludn ludn la cic hing sd, do
16n cha chiing phu thuoc vao hinh dang va sy ghép néi cdc khau thd i~/ va thit i.
Hai tham s con lai 6, va d; , mot la hiing s6, mét 14 bign s6 phy thuge vao khop
i 12 khép quay hay khép tinh ti€n. Khi khép i 1a khdp quay thi & 12 bién, con d,
12 hing s6. Khi khép £ 12 khép tinh tién thi d; 14 bi€n, con & la hang s0.
b) Ma trin Denavit—Hartenberg

C6 thé chuyén toa do khau (Oxyz), sang hé toa do khau (Oxyz), biang bon
phép bién déi co ban nhu sau:

— quay quanh tryc z;_ ; mét goc o

— dich chuyén tinh tién doc tryc z,_, mét doan d,
— dich chuyén tinh tién doc truc x; mot doan g,
— quay quanh fruc x; mot gdc oy

Ma tran ciia phép bién déi, ky hiéu la H,, 12 tich ctia b6n ma tran bién ddi
co ban va cd dang nhu sau

cosd —sing 0 01 0 0 01 0 0 41 O 0o 0]
sin, cosf, 0 O} 0 1 0 00 1 0 040 cose —sing; 0
SR 0 1 0001 4o o1t 0l0 sing cose O
o o ol 008 0 Ij0 0o T[]0 o 0 1
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cosf, —sinf,cosd, ‘sinfsing, a cosé,

sind, cosfcosa, —cosfsina, asing,
H, = ) : (5:14)
0 sinex, COS d,
0 0 0 1

Pinh nghia. Ma tran H, dugc xéc dinh bdi cong thitc (5.14) duge goi la ma
tran Denavit—Hartenberg. '
Ma tran Denavit-Hartenberg H. 13 ma tran chuyén toa d6 ctia hé quy chiéu
(Oxyz), , d6i vé6i hé quy chigu (Oxyz),. Chinh xdc hon can phai k¥ hiéu ma tran
nay bing ~H,. D& don gian cdch viét sau nay sir dung k¥ hiéu H, vdi nghia

', cdn T, duge ding véi nghia “H, .

5.3. Phuong trinh xac dinh vj tri khau thao tac (ban kep) cia rébot _
Ap dung lién tiép cdc phép bign déi (5.8) d6i véi robot n khau thu duge

phuong trinh xdc dinh vi tri khau thao tdc (ban kep) clia Robot
D ="H =°H'H,---""H =H,-H,--H, - (5.15)

5.4, Cac thi du ap dung

a) Thi du 5.16: Hinh 5.38
la so d6 ro6 bot phang.
Hay thiét lap ma tran
Denavit—Hartenberg D, vi
phuong trinh xdc dinh
diém P.

Lot gidi. Tir hinh vé
538 d& dang thiét lap
bang cdc tham s6 dong
hoc Denavit—Hartenberg % Hinh 5.38
cho thi du nay

Ap dung cong thic (5.15) tinh duge ma tran D,

Tryc & d, a a;
i q, 0 a . 0
2 s 0] a;
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C, =S 0 aC |C, =S, 0 aC,
D,=HH, = S, G 0 aS s G 0 a5,
S0 ¢ 1 0 0 0 1 0
0 0 0 1 0 0O 0 1
7 C =S, 0 EI]Cl-i-azC12
_ Stz . 0 aS +as,
1o 0 1 0
0 0 0 1

Ba thanh phdn ddu tién cla cot cudi cing clia ma tran T, chinh Ia céc toa
*do cha céc diém P. Vay ta c6:
xp = a,Cy + a,Cy, Vo =S, + @S,
Trong th di._l néy cling nhu céc thi du sau sir dung ky hi¢u
C, =cosq, S, =sing,
C,, =cos(g, +4,),S, =sin(q, +q,)

b) Thi du 5.17. Phan tich dong hoc rob6t khong gian ba bac tu¢ do. Hinh 5.39 1a
so d6 mot loai 16 bt khong gian ba bac tu do. Hiy thiét lap ma tran T, va
phuong trinh xdc dinh cdc toa dg diém P.

RN
—J

Hinh 5.39

A

Loi gidi. Tir hinh v& d& dang x4c dinh bang cdc tham s¢ dong hoc Denavit—
Hartenberg cho thi du iy
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Trl'lc ax di i al
1 dq\ d; 71:/2
2 /5 0 a, 0
3 qs 0 as 0
Ap dung cong thifc (5.15) tinh dugc ma tran
c, 0 5 o]jc, -85, 0 aC|C, =S, 0 aC,
D3 =H[H.,H3 — S] 0 _C[ 0 S2 Cg 0 azsz S3 C3 0 a3S3
) 01 0 4|0 o 1 oo o 1 o0
0.0 0 1] 0 0 0 1 0 0 1

, CCy -GSy &5 C (asczs + azcz)

_ SC; =883 € S(aCyh+alC))

’ hys Cy 0 &S, +a8,+d,
0 0 0 1

D

Vay toa do diém P c6 dang -
xp =C, (,Cy; + a,C, )
yp =5 (asczz + azcz)
70 = a,S,, +a,S, +d,

G B6 mon Co hoc tng dung Trudng Dai hoc Bich khoa Ha Néi, phdn mém
ROBOTDYN da dugc xay dung dé thiét 1ap tu dong cdc phuong trinh déng hoc,
déng Iuc hoc cha cic rob6t cong nghiép va tinh todn mo6 phong chuyén dong
clia cdc robot dang chudi.




PHAN 3. BONG LUC HOC VAT RAN

MG DAU

Péng luc hoc nghién citu chuyén dong co hoc clia cdc vat thé dudi tac dung
cua lyc. Trong phin nay trinh bay dong luc hoc clla mo hinh chit diém, mo
hinh vat riin, mé hinh co hé gém # chat diém va p vat rin.

Néu nhu céc kich thude noi tai chia mot vat thé cé thé bd qua khi khao st
chuyén dong clia nd, thi ¢6 thé xem vat thé d6 1a mot diém c¢é mang khoi
lugng va goi 1a chat diém (hoic vat diém). Néu nhu cdc kich thudc noi tai cla
mot vat thé dnh hudng dén dang diéu chuyén dong ciia cdc diém thuoc vat, thi
khéng thé sit dung mo hinh chat diém, ma phai s&r dung mé hinh vat rin tuyét
dsi, vat thé bién dang v.v... Vat ran tuyét d6i (dugc goi tit 1a vat rin) 1a mot
vat thé c¢6 mang khoi lugng, ma khodng cdch glua céc di€ém cua n6 luon ludn
khong déi.

Nhur thé, khi sit dung mo hinh chét diém ta khong cin quan tam dén dang
hinh hoc cu thé ctia vat thé, con khi sir dung mé hinh vat rin cin phai quan tam
dén dang hinh hoc cu thé clia vat thé. Do dé, phai quan tam dén sy phan bé khéi
lugng cha vat thé. Dé xét dén dang hinh hoc cu thé clia vét rin ngudi ta dua ra
khai niém khéi tam cta vét rian, mo men quén tinh khéi cda vat ran. Ching ta
cdn chd ¥ ring chat diém va vat rén 1a hai loai mo hinh ciia vat thé.

Galilei (1564-1642) 12 ngudi di thyc hién nhitng nghién ctu ¢ h¢ thong
ddu tien vé dong lyc hoc. Bing con dudng thuc nghiém, Galilei di tim ra dinh
luat v& chuyén dong roi ty do, dinh luat vé chuyén dong parabol. Nam 1638 ong
da tim ra dinh luat quan tinh. Dé dédnh gid ding cong lao clia 6ng, can phai chd
¥ ring vao thdi ky d6 chua c6 phép tinh vi phan va tich phan chua c6 cdc thiét
bi do dac nhu ngay nay.

Nam 1687, Newton (1642 —1727) di dat nén moéng cho dong luc hoc bing
viéc xuit bin tic phdm ndi tiéng “Cdc nguyén 1y todn hoc clia khoa hoc tu
nhién”. Trong dé, 6ng néu lén ba tien dé 1am co s& x4y dung co hoc (dinh luat
qudn tinh, dinh luat co ban, dinh luat vé tic dyng va phan tdc dyng). Chad ¥ rang,
hai tién dé ddu tién chi ding trong hé quy chidu quan tinh.
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D. Bernoulli (1745}, L. Euler (1746) va D’ Arcy (1747) {a nhilng nguoi dau
tién néu len dinh 1y bién thién mémen dong lugng. Dinh Iy bi€én thién déng luong
va dinh 1¢ bién thién moémen dong luong 13 co s& xay dymg Co hoc véc to.

Nim 1829, G.G. Coriolis (1792 — 1843) da dua ra khai niém cong cua luc,
Sau dé 6ng da dua ra khéi niém “lyc séng” sau nay goi la dong nang. Ong 1a
mot trong nhitmg ngudi ddu tién néu [én dinh 1y bién thién dong nang.

Mot cach ti€p can khac dé nghién ctu co hoe 13 xay dung céc nguyén 1y co
hoc. Cac nguyén 1y co hoc duge nghién cifu va phat trién béi cac nha khoa hoc
ndi tiéng nhu d’Alembert (1717 — 1783), Lagrange (1736 — 1813), Gauss (1777
— 1859), v.v... Trong gi4o trinh nay ta gidi han chi trinh bay moét s6 nguyén 1y
quan trong nhu Nguyén 1y cong &o, Nguyén Iy d’ Alembert, Nguyén 1y d’ Alembert —
Lagrange va Phuong trinh Lagrange loai hai.

Bén canh mot s6 khdi niém da duge dua vao trong phan finh hoc va dong
hoc (khong gian, thdi gian, luc, mémen cla hre, diém, vat ran, van tSc va gia
t6c ciia diém, van t6c gée va gia téc gée cha vat ran v.v...), trong phin dong lyc
hoc ta s& dua vio mot s6 khai niém méi nhu chat diém va vat ran (mang khdi
lugng), dong luong, moémen dong luong, xung huong cla Iyc, dong nang, the
nang, mémen qudn tinh khdi, cong cla luc, di chuyén 4o, v.v...

Cic phuong phdp tinh todn dong luc hoc ¢é thé phan thanh ba nhém: cédc
phuong phap dong lugng, cic phuong phdp nang lugng va cdc phuong phap cla
co hoc giai tich. C4c phuong phdp dong luong dua trén cic khdi niém véc to nhu
dong lwong, momen dong luong cha chat diém va vét rén, xung lugng cla lyc va
tién dé Newton hai. Cdc phuong phép nang lugng dua trén céc khéi niém vo
hudng nhu dong ning clia chét diém va ciia vat rén, cong cha luc, the vi cla lyc
c6 thé va tien dé Newton hai. Cdc phuong phdp c¢o hoc giai tich dua trén khéi
niém di chyén 4o ctia chat diém, cla vat rin va cdc nguyén Iy co hoc.

Cac phuong phdp nghién cttu co hoc k¥ thuat néi chung va déng luc hoc
néi riéng 1h phuong phép tién dé va phuong phdp mé hinh. N&u nhw céc tién
dé co hoc hodc céc nguyén Iy co hoc vé co ban gin nhu da hoan chinh, thi
vige xay dung cdc mé hinh co hoc cho cdc hé k¥ thuat Ja van dé con dang
duge nhiéu nha khoa hoc quan tam nghién citu. Vi gée do d6, Co hoc ky
thuat 12 mot linh vuc khoa hoc dang trén da phat trién. Vi sy 1ro gitip cia tin
hoc va k¥ thuat dién tr, nhiéu bai todn quan trong ciia co hoc, nhi€u phuong
phép tinh méi dang duge nghién citu vé mat Iy thuyét va dang dugc dua vao
ting dung trong k¥ thuat. ‘

202




C‘hufdng 1
CAC PINH LUAT CO BAN CUA
PONG LUC HOC CHAT PIEM

Nam 1687 trong tdc phadm "Cdc nguyén 1y toén hoc cia khoa hoc ty nhién"
(Philosophia Naturalis Principia Mathematica), nha bac hoc ngudi Anh Isaac
Newton (1642-1727) da téng két va néu ra ba tién dé cha dong luc hoc chit
diém, l1am co s& nghién cdu dong luc hoc chat diém va hé cédc chat diém. Trong
chuong nay, trinh bay ndi dung hé ba tién dé Newton. Tir d6 thi€t lap cic
phucng trinh vi phan chuyén dong cla mo hinh chat diém trong hé toa do
Descartes va trong hé toa do ty nhién.

1. HE TIEN PE NEWTON

1.1. Hé ba tién dé Newton

Tién dé 1 (Dinh ludt qudn tinh). Khi khong cé luc tdc dung lén chdt diém,
dong lwong ciia né dugce bdo toan.

Trong dé, déng lugng cla chdt diém (ky hiéu 14 p) 1a mot dai lugng vécto
bing tich s6 kh6i luong m cha chét diém véi van téc ¥ clia nd.

p=mv (1.1)

Tién dé Newton 1 ¢6 thé vi€t dudi dang biéu thitc nhu sau

Khi F =0 thi p=mv =const (1.2)

Theo tién dé nay, mot chat diém s& chuyén dong thing déu (¥ = const)
hoic ditng yén khi khéng chiu tac dﬁng ctia lyc. Chinh Galilei (1564-1642) 1a
ngudi da tim ra tién dé nay vao nim 1638 va 6ng goi 1a dinh luat quan tinh
(V = const).

Tién dé 2 (Pinh ludt co bdn). Dao ham theo théi gian dong lwong ciia
chat diém bédng luc tdc dung lén né.

Tién dé nay cé dang biéu thic nhu sau

dp _d(m9) _; (1.3)

dt dt
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Néu khai lugng cla chit diém trong qué trinh chuyén dong 13 hing s, thi
tir (1.3) suy ra
' dav -
m?r—ma—F (1.4)

Tién dé 3 (Pinh ludt vé tdac dung va phdn luc tdc dung). Cdc hee tde dung
tuong hé gifta hai chdt diém la hai liic ¢6 cing dudng téc dung, ciing cuong do
nhimg ngitoc chiéu nhau. '

Dé dé nhd tien dé 3 6 thé viét dudi dang biéu thitc bing chit nhu sau

actio = reactio . (1.5)

Trong d6 actio 13 tic dung, reactio 13 phan tic dung. Chi ¥ riing, hai lyc
tdc dung tuong hd gilta hai chat diém khong phéi 13 mot cip lyc can bing vi
chiing dit vio hai chit diém khadc nhau. Do mo 14 tuong tdc giita hai chat diém,
nén tien dé 3 1a co s& dé khdo sat dong luc hoc hé nhiéu chat diém.

Chii y: Ngoai ba tién dé néu trén, trong phan Péng luc hoc ching ta ciing
cong nhan va st dung mot s& tién dé tinh hoc nhu Tién dé hinh binh hanh luc,
Nguyén Iy giai phéng lién két Lagrange.

1.2. Hé quy chiéu quan tinh

a) Pinh nghia hé quy chiéu qudn tinh. H¢ quy chiu qudn tinh la h¢ quy
chi€u, ma trong dé céc tién dé Newton 1 va 2 duoc nghiém ding. Ngudi ta con
goi hé quy chi€u quén tinh 1a hé quy chigu ¢6 dinh. D3i véi da s6 bai todn 4p
dung trong k¥ thuat, trai dat ¢ thé xem mot cdch gén diing 1a hé quy chiéu c6
dinh. Viéc dp dung tién dé Newton 2 trong he quy chi¢u khong c6 dinh s& duge
ban dén trong chuong déng lyc hoc chuyén dong tuong doi.

Chii ¥ ring, tién dé Newton 3 khong lién quan dén cdc y€u 16 dong hoc nén
ding vdi moi hé quy chi€u.
b) Gidi han dp dung ciia Co hoc Newton. Co hoc dugc xay dung trén co sOf
céc tien dé Newton duoc goi 1a Co hoc Newton. Co hoc Newton chi ding vdi .
chét diém c6 kich thudc di 16n so véi kich thude nguyén tir, va ¢6 van t6c di
nhd so v6i van 8¢ 4nh sdng. Chinh vi vay co hoc Newton con duge goi 1a Co
hoc ¢6 dién, dé phan bigt v6i Co hoc lugng ti va Co hoc twong doi.
¢) Chit y: Nhu trén da néi hai tién dé Newton 1 va 2 chi diing trong hé quy
chiéu quén tinh. Néu cong nhan cé hé quy chigu quén tinh, thi tién dé 1 13 mot
hé qua cha tién dé 2. Tuy nhién dé ghi nhan ¥ nghia lich sir cong trinh khoa hoc
clia Newton, ngudi ta vin trinh bay ca ba tién dé.
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2. CAC PHUONG TRINH VI PHAN CHUYEN BONG CUA CHAT BIEM

Nhu da bi€t trong phin dong hoc, d€ xdc dinh vi ti cha chdt diém
trong khong gian, ngudi ta thudng sir dung cdc hé toa do Descartes (D€ céc)
vuéng goc, hé toa dé tw nhién, hé toa ¢ tru, v.v... Dudi day trinh bay
phuong trinh chuyén dong chia chit diém trong hé toa do Descartes va
trong hé toa d¢ tu nhién.

2.1. Cac phuong trinh vi phan ch_uyt'gn dong trong hé toa do Descartes

Trong toa 49 Descartes vuéng géc (hinh 1.1)tacé z P

d=deé +ae, +ae =Xé +yé +ie,
Trong d6: a, =de,,a,=dé,a =de,. _

e —

- - - . - Z F

F=Fe +Fé, +Feé,. 7 0 g, y
Tl cong thic (1.4) suy ra: /

ae LI T ex
ni¥ = F, (1,x,y, z,x,y,z) ’ Hinh 1.1
myp =F, (z.x,, z,J'c,}';,z') 2.1

mZ=F, (t,x, ¥V, Z, X, jz,z')

Hé ba phuong trinh vi phan cdp (2.1) duge goi 13 hé phuong trinh vi phin
chuyén dong clia chit diém trong hé toa do Descartes. D€ giai hé phuong trinh
vi phén (2.1) c4n biét sdu diéu kién tai thdi diém dau 1 = 4,

x(tg)=xp. *(t)=%
y(t) =y, 3t} =30 22
z(ty) =25, 2(t5) =1

Cic diéu kién dau (2.2) duge xédc dinh tir cdc dif kién ban ddu cia bai todn.

2.2. Cac phuong trinh vi phan chuyén déng trong hé toa dé tu nhién

Trong hé toa dé tr nhién ¢hinh 1.2) ta cé "
G=a,8, +a,@, +aé, =vé +(v/p), +08,,

F =’F|TET +FH§H +Fbeb. . L4

Tix dinh luat co ban (1.4) suy ra = g T
mv=F, P
2
m—==Fr
P (2.3)
0=F Hinh 1.2
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Cac phuong trinh (2.3) duoc goi 1 hé ba phuong trinh vi phan dai s6 mé ta
chuyén déng cta chit diém trong hé toa do ty nhién.

2.3. Su phan loai cac bai toan déng luc hoc chat diém

Céc bai todn dong lyc hoc chét diém c6 thé phan loai thanh ba dang nhu sau:

— Bai todn mot: Cho biét chuyén dong clia chét diém, tim lyc tdc dung 1én
chét diém.

— Bai todn hai: Cho biét Iyc tic dung lén chit diém vA céc diéu kién ddu
ctia chuyén dong, xédc dinh quy luat chuyén dong clia chét diém.

— Bai to4n ba: Cho biét mot phin cdc lyc tdc dung lén chat diém va mot s6
théng tin vé chuyén dong. Tim céc luc chua biét tic dung lén chat diém va cdc
thong tin chua biét vé chuyén dong cta chét diém.

3. CAC THI DU AP DUNG
Trong muc nay ta trinh bay mot s6 thi du dp dung dién hinh cla déng lyc

hoc chat diém. Su phan loai & day chii yéu dya trén dic diém cta lyc tic dung
lén chat diém.

3.1. Chuyén déng ctia chit diém tu do

Thi dy 1.1. Khdo sdt chuyén dong clia vién dan ban véi van t&c diu ¥,
nghiéng véi phuong nim ngang mot gée « . Bd qua siic can cia khong khi.

Léi gidgi. Xem vién dan nhu mot chat |
diém. Phuong trinh vi phan chuyén déng
clia vién dan la :

mi=10 =0 ¥
. hay 4 (1
my =—mg y=—g
Tich phén hai ldn hé phuong trinh (1) ta dugc:
. 2 (2)

Theo dau bai ta ¢6 c¢dc diéu kién ddu nhu sau
% (0)=0, x(0) =v;coser
¥5(0)=0, 7(0)=vysine
Tir cac diéu kién ddu trén, xac dinh dugc cédc hing sd tich phan
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Cy =0, C =y cosx
C4 = 0, Cz =¥y sing
Vay phuong trinh chuyén dong ciia vién dan Ia

x = (v, cosax)s

(3)

y= ——;—gtz +(vp sinex)z

Khir thoi gian t, nhan duge phuong trinh quy dao chuyén dong cua
vién dan

g 2
=——"x" 4 (tg 4
y(x) 2v§ coszafx ( a)x_ @

Viay qu¥ dao chuyén dong cia vién dan la dudng parabol bac hai ¢é truc
d6t xting thing ding. TAm xa cha vién dan dugc xdc dinh tir diéu kién y =0. Tir
phuong trinh (4) suy ra

W2
Xy =-g9—sin 2a 5

Nhu thé khi o =45°, sin2x =1, vién dan bin di dugc xa nhét
i |
v
xmax :i
Chd ¢ ring, néu dat ﬂ=g~——a thi 28 =7 -2 vi do d6 sin2a=sin22.

Vay tdm xa cla vién dan dat dugc nhu nhau, khong phu thudce vao huéng clia ¥,
nghiéng véi phuong thing ding hay phuong nim ngang mét géc o .

Pé tim d6 cao cuc dai cta vién dan, ta tim cyc tri clia ham y(x)

2 2
atgo
QZ—%xﬁ—tga:O :;,x*:vo_co_s__i (6)
dx  vycos“a g
dy =—£ <0
dx* A cos”
Thé (6) vao (4) ta dugc do cao cyc dai cha vién dan
1 . 2
*=——(vysina (7
Y Zg( (¢ )
z vg
Khi a=>-tacd =—-.
5 Ymax e
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Tir két qua trén thdy rang, véi ciing van t6c géc ban déu ¥, ban véi géc do

khdc nhau, vién dan vach nén nhiing quy dao parabol nim trong mat Oxy, bi

gidi

mot ho cac parabol phu
thudéc vao tham s8 a . Tim
hinh bao cta ho cdc parabol

nay

cong, gidi han phin mat _ Y
phang hoat dong cta vién T 2g
dan bin véi cling van téc ban |
diu,

han bdi hai dudng

%o, %

Xmax =0 Yoax =

Cédc qu¥y dao dang (4) 1a Y

ta s& dugc mot dudng.

Parabol an toan

dudi ciac gbéc do khac

nhau. Bay gid ta tim hinh e

bao cha ho dudng cong (4).

Parabol (10) di qua dinh cao nhat v qua didm bin dat duoc xa nhét (hinh 1.4).
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bat tga=p.tacod

1

COS2 [#4

Thé vao phuong trinh (4) suy ra

=1+t =1+ p°

y=px—§‘—i§(l+p2)

Pao ham biéu thifc trén theo p, ta dugc
d :
& _ giz P
dp v

Tu diéu kién Py _ 0 gidi ra
dp

V
p=—.
Zx
Thay vao phuong trinh (8) ta dugc phuong trinh hinh bao
.82
2g 2v§

(8)

&)

(10)

Phuong trinh hinh bao (10) 13 mdt parabol, duge goi 14 parabol an toan.




3.2, Chuyén déng clia chit diém chiju lién két

Dang chuyén dong phd bién nhat ciia chat diém bi rang budc 1a chuyén
dong cia chat diém trén mot dudmg hoac mot mit di cho. Khi d6 s6 bac ty do
clia chdt diém s& nhd hon ba. Trong phdn Pong hoc di dinh nghia, s6 bac tu do
ciia chét diém 13 s6 toa do 61 thiéu A0 d€ xéc dinh vi trf clia chét diém .

Thi du 1.2. Xét chuyén dong clia mot chat diém & bén trong nira dudng tron

bén kinh r (hinh 1.5)

Phuong trinh vi phan chuyén dong cla chat diém trong hé toa do ty nhién

n

Hinh 1.5 N P

MV =mgcos @
2 1
mv—zN—mgsingo )
P
~ Trong phin déng hoc biét ring v=r¢, v=r@, p=r. Th cic biéu thic
nay vao phuong trinh (1) ta dugc

mr@ =mgcos @

(2)

j".'zrqb2 =N—mgsing .
N oaa P \ 21 N P PP d@ d@ . d@’
O day ta ¢6 h¢ phuong trinh 2 4n la ¢ va N. V6i chi yp=——L=¢p——,
de dt do

phuong trinh thit nhit clia (2) dua duge vé dang
| pdo = %cos edp
Tich phan pﬁucmg trinh trén va chd ¥ dén diéu kién ddue(0)=0,$(0)=0
xdc dinh dugce:
9 ~Esing 3

Thé biéu thitc (3) vao phuong trinh vi phan thit hai ctia (2) tinh dugc bidu
thite xdc dinh phén luc lién két dong:

N:mrz—gsin(o+mgsinqoﬂ3mgsin¢) “4)
F
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Tai diém thap nhit (p =7/2)phén lyc lién két dong 16n gdp ba lan phan
luc lién két tinh.
Tir (3) dé& dang xéc dinh biéu thifc van t6c cia chét diém

V= ?"gﬂ = gf" S]ﬂ Q?
Nhu thé, khi (@ =7z/2}, van tc chat diém dat cuc dai, v, = 1/2_g?~ . Néu
ta muén tim biéu thic () thi cdn phai 4p dung phuong phép tich bi€n mot lan
nita. Tir (3) suy ra

. dop /2g — do /Zg
—_— |——.]8 = = _dt
a  \Nr ne JJsing r

Viéc tinh tich phan I \/__ ¢6 thé tra trong cac bang tich phan.
sin

3.3. Chuyé&n déng clia chat diém chiju tac dung cta cac lyc can

Cic luc can c6 mot vai trd hét sitc quan trong trong k§ thuat. Khdc v6i bai
toan tinh hoc, cdc luc can chuyén dong clia chét diém Ja cdc luc hoat déng,
ching xudt hién do chit diém chuyén dong va c6 thé phy thudc vao chuyén
déng ciia chét diém. Cac thi du vé luc can chuyén déng cha chat diém la lyc ma
sat Coulomb giiia chdt diém va vat gay lién két (gid d&), lyc can khong khi v.v...

Biéu thiic gdn ding cha lyc ma sdt trugt dong, hay con goi la lyc ma sat
Coulomb, cé dang

F, =uN (3.1)

Trong d6, N 1a d6 16n cia phan luc phép tuyén, 4 1a hé s6 ma sat trugt dong
-~ trung binh. Nhu véy lyc ma sat Coulomb khong phu thuge vao dé 16n van téc.

Khi chét diém (hoic vat rin) chuyén dong & trong moi trudng nudc hoac
khi, lyc can chuycn dong phu thudc vio van tdc chuyén dong. Biéu thiic luc can
thutmg dugc xéc dinh bang thyc nghiém. O day ta néu ra hai trudng hop dic
biét hay gap trong k¥ thuat.

Khi van t6c nhé, dong chdy 12 én dinh. Luc can F, ty 1¢ bac nhat véi van toc

Fo=ky (3.2)

Trong dé, hiing s6 k phu thudc vao hinh ding cia vat thé chuyén doéng
trong moi trudng 1éng va vao hing s nhét y clia dong chat long. Nam 1854
Stokes da tim ra quy luat can vat thé hinh cdu bén kinh r, chuyén dong trong
moi truong iéng vdi van tac v
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Fp = 6myrv - (3.3
Su phu thudc tuyén tinh giita lyc cdn nhdét va van toc thudng duge st dung
trong 1y thuyét dao dong k¥ thuat.
Khi van t6c 1én, dong chdy 13 chay r6i. Luc can trong trudng hop nay cb
thé bidu dién mot cdch gin ding dudi dang
F =k’ (3.4)
Trong d6, k 13 hing s& phu thude vio hinh ddng vat thé va mat do p clia

moi trudng quanh vat thé. Ngudi ta thudng viét dinh luat trén dudi dang
F.=¢, gA,,vz (3.5)

Trong (3.5} A, 1 hinh chi€u cla vat thé lén mit phiing vuéng géc véi dong
chay, ¢, 12 hé s6 can xdc dinh bing thyc nghiém. Chéng han véi 6 10 thi ¢, ndm
gitta 0,3 va 0,4.

Thi du 1.3. Mot chat diém c6 khdi luong m chuyén déng trén mat phang
nghiéng nham nhu hinh 1.6. Cho biét hé s6 ma sét truot dong 14 z, hay xéc dinh
phuong trinh chuyén dong cla chat diém.

Léi gidi. Phuong trinh vi phan chuyén
déng clia chit diém trong heé toa d6 Decartes
cé dang

nzjc":mgsina—Fms (D
~ my=N-mgcosa {(2)

Do y=const, ¥ =0, tir phuong trinh (2)
* ta suy ra N =mgcosa. Theo dinh luit ma

sdt Coulomb F, = uN biétring . Hinh 1.6
Fys = pimg (3)
Thé (3) vio phuong trinh (1) ta duge '
¥=g(sine — pcosa) = const 4)

" Tich phan phuong trinh (4) va chi § dén céde diéu kién ddu x(0)=0,
%(0)=0 tinh dugc ‘

% =g(sina — ucosa)t

2 (5)

. 4
r=p{sime —,ucpsa)zt



Thi du 1.4. Mot vat khéi lugng m roi tu do W
chiu tic dung ciia luc cin khéng khi R =k,
- Hay xdc dinh van t6c roi cla vat thé,

Y
Loi gidi. Phuong trinh vi phan chuyén dong
cia chat diém Ia
miy = mg — by’ ¢
Néu ta dat o =mg/k, thi tir phuong trinh (1) c6 dang
. Hinh 1.7
, "
y= g[l - y“z] @
o
Ap dung phuong phdp tich bién giai phuong trinh vi phan (2) biét ring
Y _a, = Laegnd i (3)
ad

.2
y g -
1____._ LTI
g[ azj |

Tix diéu kién ddu »(0)=0 suy ra C=0. Vay tir (3) ta c6
= agh® 4)
a .

Thi du 1.5. Mot bang tai chuyén dong déu vdéi van t6c v, =3 (m/s). G thot
diém t = 0, mot vat nang B c6 trong luong P = mg bit ddu chuyén dong trén bang
tai tir vi trf A (hinh 1.8) véi van t6c ddu 14 vy =0,5 (m/s). Cho biét hé s6 ma sit
trugt dong gilta vat nang va bang tai 1a ¢ =0,2 . Hiy xdc dinh khoang thoi gian
vat ning dich chuyén loc xoc trén bang tai. Khi vat nang hét loc xoc né da di
chuyén trén bing tai mot doan 1a bao nhiéu.

9% Xy B

Elge
1> & N 'B0) | NER)
QOO0 00O o | s
A(0) 2 | A1)
Hinh 1.8 -
L& gidi. Phuong irinh vi phan chuyén dong cla vat nang B 1a
ij'B :Fms =pumg = j‘EB =HE (1)
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Tich phan phuong trinh (1) suy ra
Xg=pugt+C, xp =J7:,ugt2 +Cit+C,

Do céc diéu kign ddu x5{0)=0, %(0)=v, d& dang xic dinh dugc cic
hiing s6 tich phan C, =0, C, =v,. T 46 x4c dinh dugc quy luat chuyén dong
clia vat ning

. - 1 :
Xp=Vvp=ugt+v,, xpg :Eugt2 + vyt ' (2)
Qu4 trinh chuyén déng Ioc xoc cla vat ning trén bang tdi s€ két thic khi
vat nang cd van t6c bing van tdc clia bang tai. '
vy =Vy, MG Vo=V, =T 3)
HE
Quing dudng van nang dich chuyén trong khodng thoi gian £ 1a

* % 1 *2 * .
Sg =x3(t ):Eygt + vyt (4

Trong khoang thoi gian ¢ trén, diém A cha bing tai dich chuyén duge mot
doan 1a

5 =55 (1) =vial” 5)

Khoang cdch tir vat ning B dén diém A clia bang tai tai thoi diém £ 1a
* « 1 %2

b=s5y—Sg=vbt -~ gt — vt (6)

Thay s& vao cdc phuong trinh (3), (4, (5), (6) ta dugc
«  3-0,5

£ = =1,27(s), g =10,2.9,81.1,27% +0,5-1,27 =2,2(m)
0,2-9,81 2

5y =3-1,27=3,8(m), b=3,8-2,2=1,6(m)
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Chuong 2

€O SO PHUONG PHAP PONG LUONG

Viéc nghién ctu co hoc bing cdc phuong phdp dong luong (Momentum
Methods) cé mot vai trd hét siic quan trong. Day chinh 1a n6i dung chinh clia
Co hoc Newton (hay Co hoc vécto). Trong chuong nay ta trinh bay nhimg ndi
dung co ban cia Co hoc vécta. D6 1a cac dinh nghia dong lugng ciia chat diém
va clia vat rén, momen dong luong d6i v6i mot didm cia chdt diém va cla vat
rén, cdc dinh 1y dong lugng, dinh 1y chuyén dong khéi tam, cdc dinh 1§ momen
déng luong va cdc dp dung cia cédc dinh 1y nay trong dong luc hoc vat rin quay
quanh mot truc ¢ dinh va vat rén chuyén dong phéng.

1. M3 PAU VE CAC HE CO HQOC

1.1. Su phan loai cac md hinh cd hoc

Céc co hé c6 thé phan thanh: Hé cdc chat diém, h¢ cdc vat ran, hé lién tuc
(chét 16ng,vat rén bién dang), hé cdc phén tir hitu han, hé hén hgp. Nhu da trinh
bay trong phdn md ddu, trong gido trinh nay ta chi xét cdc hé gom cdc chat
diém va cac vat rdn, ma chii y&u la céc vat rin phang. Thuat nglr hé co hoc hodc
goi tht Ja co hé trong gido trinh niy quy udc ding dé chi mot tap céc chat diém
va cdc vat rin ma chuyén dong cta ching phu thuge 1an nhau.

1.2. Toa dd suy réng, s& bac tur do clia co hé

a) Co hé tu do va co hé chiu lién két (khéng tu do)

Trong phin dong hoc di biét ring, vi trf clia méi chat diém tu do duge xédc
dinh bing mot véc to dinh vi, van téc ciia né duge xdc dinh bing dao ham cia
vécto dinh vi theo thai gian. Vi tr ciia mot vat ran tu do duge xéc dinh i vi tri
clia mot diém dinh vi bat ky thudc vat va hudng quay clia nd, van téc cia vat
ran duoc xac dinh boi van t6c clia mot diém dinh vi thudc vt va van toc géc
cha né. Diém dinh vi clia vat rin déi khi con dugc goi 1a diém cyc.

Céc co hé duge phan thanh co hé tr do va co hé chiu lien ket (khong ty do).
Co heé tu do 1A co hé ma vi tri va van téc clia cdc chét di€m va cdc vt ran thude
hé c6 thé nhan céc gia tri tuy ¥. Nguoc lai, co hé duge goi 1a co hé chju lién két.
DGi véi co he chiu lién-két-vi-iri-vh-van-idc-chia-cdc-chit diém va cic vat rin
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thudc hé bi rang budc bdi mot s6 diéu kien hinh hoc va déng hoc. Trong k¥
thuat thudng gap cdc co hé chiu lién két.

Ciéc co hé chiu lién két duge phéan thanh co hé chi ¢ cdc lién két hinh hoc
(hay cdn goi 12 lién ket holonom) va cdc co hé ngoai cdc lien ket hinh hoc ¢6
cic lien két dong hoc khong khé tich (hay con goi la lién ket khong holonom).
Trong gido trinh nay chi xét cdc co hé chiu cdc lién ket hinh hoc. Céc co hé
chi chiu cac lién két hinh hoc (lién két holoném) duge goi 1a cdc co hé
haloéndm.

b) Toa dg suy rong
Dinh nghia 1.1. Cdc tham s& ding dé xdc dinh vi tri clia co hé trong mot h¢
quy chidu duge goi 1a céc toa 4o suy rong. Trong gido trinh nay k¥ hi¢u toa d@
suy rong b&i ¢, ¢z, G - ¢ Thong thudng, céc toa do suy rong la cic 4o dai,
céc gée quay.
¢) S6 bédc tw do cua co hé
Dink nghia 1.2. $6 bac ty do cha mot co hé chiu cdc lién ket hinh hoc la s&
céc toa do suy rong doc lap t6i thiéu, dit dé x4c dinh vi tri clia co h¢ . Ky higu f
12 6 bac tu do ciia co hé. (Trong chuong 4 s& néu ra dinh nghia 16ng quat vé s§
bac tu do clia mét ¢o h¢).
d) Toa dé suy réng du va toa do suy réng du
Dinh nghia 1.3. Néu s& toa d6 suy rong ding dé xdc dinh vi trf cia co h¢
diing bing s6 béc ty do ctia co hé va doc lap v6i nhau, thi cdc toa do suy rong
nay dugc goi 1a céc toa do suy rong di. Néu s6 toa d¢ suy rong dung dé xéc
dinh vi trf clia co hé 1én hon s¢ bac ty do clia co hé, thi cdc toa 4 suy 1ong nay
duoc goi 1a cdc toa do suy rong du.
Trén hinh 2.1 13 mot & thi dy don gidn vé cdc toa do xdc dinh vi tri va 50
bac tu do cia co he. ' '
Néu co hé gém n chat diém chuyén dong trong khéng gian, chiu r diéu
kién rang buoc, thi sd bac tr do clia co hé 1a
f=3n-r ‘ _ (1.1)
Néu co hé gém n chét diém chuyén déng trong ciing mot mét phing, chiu r
diéu kién rang budc, thi s6 bac ty do clia h¢ 1a :
f=2n-r" - (1.2
Néu co hé gém p vat rén phing chuyén dong trong ciing mét mit phéng,
chiu r diéu kién rang buoc, thi s6 bac tu do clia hé la
P — - 3)

215



Ta

d)

Hinh 2.1 ]
a) Cihit diém P chuyén déng trong khéng gian. Cac toa dd dinh vi: g, =x,, 4, = ¥p,
q, =Zp.S6bactudo: f=3.
b) Hinh phéng chuy&r ddng trong mat phing Oxy. Cac tea do dinh Vii g, =X, gy =V
g; =@ .S6bactude: f=3.-

c) Con l&c eliptic gdm hai chat didm A va B ndi véi nhau bing day mém khdng dan. Cac toa
dd dinhvi: g, =x,,¢, =¢ .S6bactydo: f=2.

d) Vi tri cila cd céu bdn khau OABC dude xéac dinh hoan toan khi bigt géc quay . That vay,
khi biét géc quay @ ta biét dugc vi tri cGa diém A. Con diém B la giac cla hai cung tron.
Cung thir nhat tam A ban kinh /,. Cung thit hai tdm C ban kinh /,. 56 bac tf do cla cd ciu
bon khau f =1. :

1.3. Su phén loai cac luc

Cac phuong phdp tinh todn duoc sit dung trong déng luc hoc 1a phuong
phdp dong luong (hay phuong phip vécio) va phuong phdp ning lugng. Tuy
theo viéc sir dung phuong phép tinh, ngudi ta phan loai lyc theo hai quan diém.
a) Quan diém 1. Phan loai cdc luc tic dung lén co hé thianh ngoai luc va néi luc.

Ngoai luc 14 cdc lyc tir bén ngodi tic dung vio hé khao sat. Néi luc 13 cic
lyc tdc dung tuong hd gilta cdc vat thé trong cling mot hé khéo sdt. Ta ky higu
ngoai luc bdi vécto F",f (external force), noi lyc bdi vécto F; (internal force).
Mt lyc ¢6 thé 1a ngoai luc hay néi luc tuy theo sy lua chon hé khao sat.

Né&u co hé 13 hé cdc chit diém va cdc vat rin thi he noi lyc cha co hé c6 hat
tinh chit sau:
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— Vécto chinh cia cac noi luc biang khong,
— Vécto momen chinh clia cic noi Iuc déi véi mot diém O bat ki bing khong
SE =0, >m,(F)=0. (1.4)
b) Quan diém 2. Phan loai cc lyc tdc dung 1én co hé thanh luc hoat dong va
luc lién ket . ‘

Luc lién két 1a cdc luc do céc vat gay lién két tic dung lén cdc vat clia he
khao sat hodc cdc lyc thay thé cho tdc dung cla cdc lién két giita cdc vat thé
trong ciing mot he khdo sit. Ky hiéu luc lien két 1a vécto F (constraint force)
hoic R, (Reaction force). Luc hoat dong 1a cdc luc khong phai 1a iuc lién ke,
ky hiéu la vécto F (applied force, active force). Trong luc, sifc ddy cha gid
v.v... 1a cdc luc hoat dong. -

Quan diém 1 vé phan loai luc dugc si dung khi ta ding phuong phap dong
lugng dé tinh todn, quan diém 2 dugc sit dung khi ta diing phuong phép ning
lugng d¢ tinh todn. Chd ¥ riing, ndi v ngoai lyc déu c6 thé 1a lyc hoat dong
hodc luc lién két va nguoc lai. .

Chit y. Céc luc tdc dung 1én mot vat rin duge phan thanh céc Iyc tap trung
{mdi ngéu lyc xem la hai lyc) va céc lyc phan b6 (luc mat va lyc khai). D& don
gidn ta ky hiéu luc tdc dung 1én mot phan t6 nho dm cia vat rin B 1a 4F. Khi
d6 véc to chinh clia cdc luc tic dung 1én vat rin 1a

F=[aF

Mat khéc, c6 thé gia thi€t thay th€ mét hé Iuc phan b6 bing mat luc va mot

ngau luc. Do dé ¢6 thé xem ¢6 mot h¢ lyc ( F), E,,...,F, ) téc dung Ién vat rén B.

o on n z
1.4. Khdi tam ctia cd hé R c
n
a) Khéi tdm cila hé n chdt diém _F
Dinh nghia 1.4. Khéi tam cta hé n chit Tnf T 7, P,
diém 12 mét diém hinh hoc C duge xdc dinh 5 P,
bdi cong thitc sau : ' o UL 7 y
I e "
G _};;m‘r’ (1-5) x Hinh 2.2

Trong dé m;1a khéi luong chét diém thet ¢, 7 12 vécto dinh vi cla nd, con
m=> m, 1akhoi lugng clia t4t ca cdc chat diém cla co hé.

Chiéu cong thic (1.5).Ién cic truc toa do.x., y.va z tinh duge
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[ 1 & 1
e :;;msxf s M :;;;;m!yr ’ Zo :;§mi2f (1.6)

b) Khoi tém ciia vdt rdn
Dinh nghia 1.5. Khéi tam cia vat rdn B 12 mét diém hinh hoc C duge xéc
dinh béi cong thitc
U '
Vo =— |Fdm (1.7)
my _

Trong dé m 12 khéi lugng cla vat rin. Tir cong thitc (1.7) suy ra

m

1 1 |
R fxdm, ye = [ydm. 2= [zdm (1.8)
B

B

B

Tou

X Hinh 2.3 x Hinh 2.4

¢) Khéi tdm ctia co hé
Dinh nghia 1.6. Khéi tam clia co hé gém n chat diém va p vat rin 1a mét
diém hinh hoc C dugc xac dinh bdi cong thitc sau

n P
7. :i(Zm,mekFﬂJ , (1.9)
A i k=1

Trong d6 m, 1a kh&i hugng chat diém thé £, m, 12 khéi huong vat rin thd k, 7
12 vécto xdc dinh vi tri cia chét diém thi i, 7, 14 vécto xac dinh vi tri kh6i tam
C, clia vat thn thd k, m = m,+ > m, lakhGi lugng toan co he.

T (1.9) suyra
1 1
X = ;(ijxs + kax(,‘k) » Yo '_‘;(Zm;‘yr' + kay(:k)’

Ze :—;}T—(Zm:zf + kaz(.'k)' | (1.10)
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2. PINH LY BIEN THIEN PONG LUQNG

2.1. Cac khai niém co ban

a) Pong lwong cria chdt diém
Dinh nghia 2.1. Dong lugng cia chat diém Ja
mot dai luong vécto, ky hi¢u 1a p, bang tich khoi

luong chdt diém véi van téc clia né o

p=mv 2.1) /
X Hinh 2.5

b) Péng luong cia vdt rdn
Dinh nghia 2.2. Dong lugng mot phan t6 nho _ Vdm

[

chia vat rén la vdm. Pong luong cha vat rén B la
mot dai luong vécto duge xdc dinh béi cong thiic
= [vdm (2.2)
B
Theo dinh nghia khéi tam vat rin (1.7), suy ra o
bidu thitc dong luong vat ran Jﬁ/ Hinh 2.6
p=mv, (2.3)

Trong d6, m 1a khéi lugng, ¥. 1a van t6c khoi tam vat ran.

c) Pong luong cuia co hé
Pinh nghia 2.3. Pong luong clia co hé (g6m n chét diém va p vat rin) Ia
téng cdc dong luong clla cic chét diém va cdc vat ran thuge co hé

ﬁ = Z v, + Z M Ve (2.4)
i=l k=1

Trong 46, m; 12 kh6i lu’o'ng chit diém thit i, m, 14 khéi lugng vat rén thi &, #
13 56 chét diém, p 1a s6 vat ran.
Chu ¥ dén cong thiic (1.9) vé dinh nghia kh01 tam co hé suy ra

p=mv, _ (2.5)
Trong d6, m 1a khéi luong cla toan hé, m= > m, + > m, , con ¥ la van
10¢ kh6i tam co hé.
d) Xung luc

Pé danh gia tdc dung ciia lyc trong khoang thoi gian hitu han tir t; dén t,,
dua vao khai niém xung Tuc dugc dinh nghia boi cong thiic sau
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§ = ’]th (2.6)

i

Duéi dang hinh chigu ta cé

S, = l]'de:, s, = r]Fy-a'r, S, = ‘]de: :
4 4 5

2.2. Binh ly bién thién déng ludng

a) Dinh Iy dang vi phdn
Dinh Iy 2.1. Pao ham theo thoi gian dong lugng cha co hé bing vécto chinh
clia cdc ngoai luc tdc dung lén cdc chat diém va cdc vat ran thudc he

dﬁ o D'
= > Ff=R 2.7)
Chiing minh: D€ don gin, ta ching minh cho trudng hgp hé gém n chat
diém va trudng hop hé gdém mot vit ran.
o M6 hinh hé gém n chdt diém. D61 v6i chit diém thi & thudc he, chiu tac
dung clia ngoai luc £ va noi lyc F/, theo tién dé Newton 2 ta ¢
@ = --—d(m“'vk) = f_‘;ke + ﬁ;‘i
dt dr

L&y téng ha1 vé theo & va chi ¥ ring vécto chinh clia hé noi luc bang
khoéng, suy ra

d, .. d . dp )
Zf—(nzkvk) =—kavk = —P = ZFk =R,
e M6 hinh vdt rdn. Ky hiéu luc tdc dung lén phan tlr nho ¢ kh01 lugng dm
clia vat tin B 13 dF . Theo tién dé Newton 2 ta cé hé thiic

d(Fdm) _ iz a5 o
dt
Tich phén trén toan vat rin zA
IM d vdm— p _"a’F“ + J-a’F'
dt dt

i3

Do Idﬁ " = 0 nén tir cong thifc trén suy ra

df’ e e B
E=IdF = F =R, .

: Hinh 2.7
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Bing cich tuong tr ta ¢é thé ching minh dinh 1y trén cho trudng hop he
nhiéu vat.rin.
Hé qud. Tix phuong trinh (2.7) suy ra ba phirong trinh trén ba truc toa do

P _pe Wy W _Spe
D VS DR =LK @8

b} Pinh ly dang hitu han
Pinh Iy 2.2. Bign thién dong lugng cia co hé trong khoang thoi gian hitu
han bang tdng céc xung luc ngodi tdc dung lén co hé trong khoang thoi gian do

Blt,) - Bt)=S; . 29
Chitng minh. Tir cong thitc (2.7) suy ra

dp=YFdt = pi)-pa)=y [Frd

&
Né&u sir dung khai niém xung luc S = jﬁk’dt , thi biéu thitc trén c6 dang

Ll

pl) - pe)=>.5;

2.3. Pinh 1y chuyén déng khéi tam cta co hé
a) Pinh Iy 2.3. Kh6i tam cha co hé chuyén dong nhu 12 mot chét diém c6 khéi
lwong bing khoi lugng ci hé va chiu tdc dung clia mot luc bang vécta chinh cia
hé ngoai Iy tac dung 1én co hé
mi. =Y F . (2.10)
Chiing minh. Theo dinh 1y bién thién dong lugng (2.7) . ta c6
B ez
P _oSFE =R
dt 2LF =R,
Theé biéu thitc p =mv,. vao phuong trinh trén suy ra
md, = Z ’E;
b) Phuong trinh vi phdn chuyén dong cia vdt rdn chuyén dong tinh tién

Tir corig thic (2.10) suy ra phuong trinh vi phan chuyén dong clia vat ran
chuyén dong tinh tién

mic =2 Fe, myc=9 Fn, mic=) F; @.11)
Trong d6, m 13 KhGi-ong-vat-rin, X -Ver-2-la-t0a.do-khdi 1am ciia vat ran.
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2.4, Pinh Iy bao toan dong lugng clia cd hé

Tix cic cong thitc (2.7) va (2.8) suy ra
dp -

Khi DE=0 = = =0 = P=mv =const (2.12)

. dp. .
Khi SFE=0 = %:0 = p.=mi, = const C(213)

Céc cong thic (2.12) va (2.13) duge goi 1a dinh 1y bao toan dong lugng
(hoac dinh 1§ bao toan chuyén dong khéi tam).

2.5. Cac thi du ap dung

Thi du 2.1. Cho mé hinh co hoc clia con
tdu mang cdn cdu nhu hinh 2.8. Cho bi€t kh6i
lugng cha con tdu va cin céu I
m, =20.000 kg , khoi luong cta vat nang la
m, =2.000 kg . Thanh AB dai /=8m, liic ddu
& vi trf nghiéng véi phuong thing ding mot
g6c g, =30°- B0 qua trong lugng thanh AB va
siic can chia nuée. Xdc dinh di chuyén ngang
cha con tau khi thanh AB quay quanh diém A
mot gée 30° dén vi tri thing ding.

Loi gidi. He khdo sit gom con tau cdn cdu va vat nang. Céc ngoai lyc tic

dung 1én co hé gém c6 trong lugng P (vl ning), P, (con tau) va phan lyc phip

Hinh 2.8

tuyén N (Lyc day Acsimet). Céc ngoai luc tic dung 1én co hé déu song song vdi
~ truc y thang ding. Theo dinh 1y bao toan kh6i tam ta ¢6
S FP=0 = mi. =mi.(0)=const (1)

Lic ddu con tdu ding yén mx,(0) =0 nén ti (1) suy ra
mi(0)y=0 = mx. =mx +mx, =mx (0)+mx,(0) (2)
Trong dé, x, 1a toa do cha vat nang P, con x, 1a toa d6 cua tau P, theo
phuong ngang,
Dé dang xéc dinh dugc céc toa d6 nay & thai diém ban ddu r = 0 va & thoi
diém thanh AB & vi tri thing dimg ¢ = 7.
%(0)=0, x(0)=a+/sina

x{t)=s5, x()=a+s

3)
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Trong dé s 1a toa ¢ dich chuyén con tau theo phuong x.
Thé (3) vao (2) ta duge
m(a+s)+mys =ma+Isina)+m,0 (4
Tix (4) suy ra
g mdsing 4 G 36m
m, +m, 1
Thi du 2.2. Mét dong co duge
gilt ¢4 dinh trén san biang bulong.
Phin c¢6 dinh cha dong co cd trong
lugng P, phidn quay c6 trong lugng
P,. Trong tam cla phdn quay cach
truc quay mot doan OA = e. Cho
biét dong co quay déu véi van toc
goc Q=const . Tim phan luc cla
nén tic dung lén dong co va téng
cdc lyc cit ngang buldng. : Hinh 2.9
Lot gidgi. Khao sét chuyén dong cila déng co gém phén roto quay va phan
vo ding yén. Cic ngoai lyc tac dung lén dong co gém cdc trong luc f’l, f’z ,

phan Iuc N ciia nén va téng cdc Iyc cét ngang buléng R. Ap dung dinh Iy
chuyén déng khoéi tam ta cé
mi.=P+B+N+R : (O
Tir (1) suy ra
N=R+P +mj,+m,y, (2)
Do y,=y,+ecos@;y,=0;nén ¥, =—ep’cosg = e cos QU

Thé bidu thic trén vao (2) ta duge

N=R+Pz—£3—eQECOSQt 3)
2 .

Do truc y thang ditng va di qua tam O cha vé mdy, tir (1) ta ¢6

P,

R="2j%, | )
g

Tir hinh v&

x, =esinQ = m,X, -5 sin Q¢ (5)
g
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Thé (5) vao (4) xdc dinh dugc
2 .
R=-— FeQ sin (3¢ (©)
g

3. MOMEN QUAN TiNH KHOI cCUA VAT RAN

3.1. Mdmen quan tinh khdi cda vat ran ddi vdi mét truc va déi vai

mét diém :

a) Mémen qud tinh khoéi cha vdt rdn déi véi mét truc
DPinh nghia 3.1. Mémen quén tinh khéi M E

cla vat rin d6i véi truc z (ky hiéu 13 J. hoiic

J.. ) duge dinh nghia boi cong thic

J,=J.=[Wdm (3.1
B

Trong d6 h 1a khoang cdch ti phan t§ dm
dén truc z. Do A%, dm déu la céc s6 duong nén
J.> 0. Pon vi ctia J_ 1 kgm® hogc kgen?.

Hinh 2.10

Tiv hinh v& (2.10) ta ¢6 #* =x" +y*. Tt dé suy ra
J.=J. = [(x +)*)dm (3.2)

B
Bang cdch tuong tu, ta ¢6 cdc cong thifc dinh nghia mémen quén tinh khéi
ciia vat ran déi voi truc x va truc y .
J.=J_ = J'(yz +z%)dm, J,=J, = _[(x2 +2z%)dm (3.3)
B B .
b) Mémen qudn tinh khéi cida vit rdn doi véi mot diém
Dinh nghia 3.2. Momen quén tinh khéi clia vat ran déi véi mot diém O (ky
hi¢u 1a J,) duge dinh nghia bdi cong thic
Jo= J-rzdm = J(x2 + 3 +z2))dm (3.4)
B B
Trong dé, r 12 khoang céch it phan 16 dm dén diém O.

i 1 1
Do r*=x’+y +z"==(x" + )y }+=()* +2)+=(27+ X
x4y a2 (4 ) e (P 7)o+
nén tir (3.2), (3.3), (3.4) suy ra cong thiic lién hé

J, =%(Jx +J,+J.) (3.5)
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¢} Bdn kinh qudn tinh
Dinh nghia 3.3. Trong ky thuat ngudi ta hay sit dung khai niém bén kinh
qudn tinh clia vat rin ddi véi truc z, k¥ hiéu 14 p, duoc dinh nghia bdi cong -
thuc sau |
pr=Jd,Im : ) (3.6)
Trong d6, m 1a khéi luong vat rén, J, 1a mémen quan tinh kh6T ciia vat ran
déi vdéi truc z.

d) Cdc thi du vé tinh mémen qudn tinh khéi cia vdt rdn

Thi dy 2.3. Xac dinh moémen qudn Y

tinh khéi clta dng tru tron thinh moéng AL SIS,
dsi véi truc z di qua khéi tim va song z
song véi ong (hinh 2.11). C

- Loi gidi. Gia st bé day ca thanh
ong s ?kha’ nhp so véi l?an kmlj trung 77,
binh cua 6ng r,. Theo dinh nghia (3.1)
ta c6 Hinh 2.11 1 —

J.= jrzdmz r,f Idm =r’m : 3.7) -

Thi dy 2.4. X4c dinh mémen qudn tinh khéi cla 6ng try tron thanh day va
clia tru tron dac d6i véi truc z di qua khéi tam va song song véi 6ng. Cho biét
khéi lugng cia dng 1a m chiéu dai 6ng 1 1. '

Loi gidi. Khi chiéu day clia thanh éng kha lén; khéng 4p dung cong thiic
(3.7) & trén dugce. Gia sir-chia bé day clia 6ng thanh cdc thanh nhiéu vanh tron
(hinh 2.12). Ky hiéu bé day cia méi vanh trdn 13- dr. Goi o 1a mat d¢ khoi, dé
dang tinh duoc S

dm = pdv = p2nridr

Str dung cong thite (3.Dtaco

J. = 2 rdm = p2xl ]r""dr ='ﬁ‘%(rz4 -r*)

H

' : 2 2 2, .2 ’
=[ pr(rZ —r2 )1 |20 = 2 X (38
Trong cong thuc trén, r, 14 ban kmh trong, r, 1a ban kinh ngoai cia éng try
thanh day. Khéi luong cia.éng tru.duoc tmh theo cong thitc.
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)

m= p:rr(rz2 - )l

Khi chon r; = 0, r, = r, tif cong thiic

(3.8) suy ra biéu thic tinh mémen quin

tinh khéi cia tru tron dac ddi vai truc z

di qua khéi tim cda hinh tru va song
song v6i mit bén cua dng :

1 ' '
J =5m_r2 (3.9 . Hinh 2.12

z

Thi dy 2.5. Xé4c dinh mémen qudn tinh khéi clia dia tron mong déi véi truc
x nim trong mat phing dia va di qua khéi tam cla dia (hinh 2.13).
Lot gidi. Do bé day s clha dia nhd so
v&i ban kinh r cuta dia, khoang cach tir truc
x dén mot phan t& khoi lugng dm xap xi
bingy (z <<y = y* + = y*). Do d6
J, = _[(y?‘ +z20)dm~ jyzdm

Do tinh déi ximg cla dia tron nén
Jo=J, = szdm

Hinh 2.13

Téng cita hai tich phan trén ta dugc
Jo+d, =20, =2], % [(F 4 y)dm = [rPdm =,

Chi ¢ dén cong thitc (3.9) ta c6

1 mr?
J =J, gEJZ = (3.10)
Thi dyu 2.6. Xac dinh mémen quéan tinh khoéi cia tdim mong hinh chi¥ nhat
(hinh 2.14). y y y
b
\ v dm 1] _l_aj)
N el fn W
\i | x z dnt T x
c N |
| -\ ||
|
51
Hinh 2.44
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Loi gidi. D61 véi tryc z ta cb
J, = Irzdm = J‘(x2 + v ydm = J-xzdm + Iyzdm
Khi tdm di mdng, st dung cong thitc gan ding,.
J, = Iyzdm . Ixzdm
D& tinh J, gid sit chia hinh chif nhat thanh cic dm nhé nhu hinh 2.14. Goi s
la chiéu day clia tAm, p 13 mat«d khoéi, ta cé

dm=p dV = psbdy

h

2 LK B oW ,
J_ = psh | ydy = psb—(—+—) = psbh— = m— 3.11
p {y ly = p 2‘(8 8) psbh = =m— (3.11)
2
Tinh todn tuong o
. b2 )
J omm—. 3.12
Tir dé suyra '
P m d*
J ==y dm=m—+m—=—(F +b)=m—
o= JO7 e dm = e m = B =me
voi d*=Hr +b".

3.2. Cdng thirc tinh mémen quan tinh khdi cua vat ran déi vdi cac
truc song song )

Dink 1y Steiner” (1). Momen quén tinh khéi clia vat rdn d6i véi truc z, bang
momen quan tinh khéi<cia vat rin d6 14y v6i truc z di qua khéi tam, song song véi
truc z, va tich khéi lugng cla vat rin véi binh phuong khoang céch giia hai truc

Y

iiC X
X

i(' xp *
HinW 25
* Jakob Steiner (1796 — 1863) nha todn hoc Thuy Si.
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J 4 =J. +md’ (3.13)
Chitng mirh. Tk hinh (2.15) suy ra

H=Xp X =Yty

Ju= _[(112 +}’12)th = ,[[(xl(,‘ +X)* + (Ve + yY Idm
b B

= J(xz + Y dm+ (xk + Y 2%, dem_+ 2y Iydm
B 5 4

Do xdm=x-m=0 , Iydm =y.m=0, néntaco ;]zl =J. + md> .

Thi du 2.7. X4c dinh mémen quén tinh khéi clla thanh ménh déng chat d6i
V6l truc vubng goc véi thanh. Gia thiét thanh dai 1a /, kh6i luong m.

Loi gidi. Trude hét tinh mdémen quén a ch.
tinh doi véi truc di qua diém A ddu thanh
(hinh 2.16) ' o
m 2
J, = Irzdna == afrzdr = gml (3.14) , € T &
Ap dung dinh 1§ Steiner ta c6 Hinh 2.16
J, :Ja—m[éj =%mlz—%mlz :]—12—71»1;"2 ' (3.15)

Thi du 2.8. Xac dinh momen quén tinh kh6i cia hinh try tron khéi luong m,
dai /, ban kinh r d8i v6i truc x trong mat phing vudéng géc véi hinh try va di qua
khéi tam C c¢ha nd (hinh 2.17).

Loi gidi. Ta chia hinh try tron thanh céc dia tron day dz, khéi luong
dm= prt’ds =(m/l)dz. Momen quén tinh khéi clia dia tron méng d6i véi

truc & // truc x dugc xdc dinh boi céng thic (3.10). Sau dé dp dung dinh 1y
Steiner :

2 2
B LAy WYY
4 14

Tich phan lén ta ducfc

Z i
2 1 2 377 2 2
= [, | e fae = e o L
1.9 4 Y B . | 3] 4 12
- . 2
Do tinh d6i xiing-nén ‘
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S & i ‘
Jy=.fx-:m[2“+'i'"2—J (316),

Thi du 2.9. X4c dinh mémen quan tinh d6i v6i truc quay z clia mét bénh xe
nan hoa bing gang dic (hinh 2.18). Cho mat d6 khéi p =7,2kg/dm’, céc kich
thudc cho trén hinh ve. '

Hinh 2.17

Loi gidi. Truée hét ta xdc dinh khéi lugng cac bo phan cia banh xe. Tu
hinh v& (2.18) ta tinh dugc khéi lugng clia cac bd phan nhu sau.
Khéi lugng clia vanh xe ‘
m, =2 (5% —4%)dm* . 1dm.7,2 kg3
4 , dm

=50,9 kg

400
500

-+

Hinh 2.18 —* 100 je—o
Kh&i lugng cha mdi nan hoa
0,5dm . 0, 4dm.x
m, =

n

.1,4dm.7,2k;g3=1,583 ke .
dm
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Khéi lugng ctia moay ¢
my = (1,22 0,52 )dm 1, 4dm.7,2 -8 =9 42 kg, -
47" - dnt

Khéi lugng ciia toan banh xe
m=m,+6m,+m, =69,8 kg. _
Bay gi, x4c dinh m6men quz’ni tinh khéi clia timg bo phan banh xe déi véi
truc nhir sau.
Moémen quén tinh khéi clia vinh banh xe déi v6i truc z theo (3.7) ta ¢é
rn+n 50,9%kg

J, =m, (25% + 20 )em® = 26100 kgem?

Momen qudn tinh khéi cha ting nan hoa dét v6i tryc z (4p dung cong thic
(3.15) va dinh 1y Steiner)

-

J, = mnf—;+ﬂ1,,rn2 = 1,583kg[%+ 132]cm2 =290 kgem®,

Momen quén tinh khoi cha moay o d6i véi tryc z theo cong thic (3.7)
J o—m ntrn _ 942k (6
- Tu d6 tinh duge mdémen quén tinh khéi clia toan banh xe d6i véi truc z
J, = J+6.J +J =(26100+1740+200) kgcm” = 2,804 kgm*

Chii y: Moay o chi€ém 13.5% khdi luong banh xe, ¢6 gin 0,7% momen
quédn tinh khéi, 6 nan hoa chi¢m 13,6% khdi lugng va cé gin 6,3% momen
qudn tinh khoi. Vanh xe chiém 73% khdi lugng va cé gén 93% momen quén
tinh khéi.

+2,5%)em’ = 200kgem?.

3.3. Cac momen tich quan tinh, truc quan tinh chinh, mémen quan
tinh chinh
a) Cdc mémen tich qudn tinh cua vdt rdn

Dinh nghia 3.4. C4c momen tich quén tinh c@a vat rdn 13 cdc dai luong
duogce dinh nghia bdi cdc cong thic sau

T, = jxydm, T = [yzdm, J, = [zxdm GBI
B B B

Theo dinh nghia (3.17) cdc momen tich quan tinh clia vat rin c¢6 tinh chat
ddi xing '
S (3.18)
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Thi dy 2.10. Thanh manh déng chat dai I = 40cm, khéi lugng m = 2,2kg,
nghiéng véi truc quay z mét gée ¥ =10°. Hay xdc dinh momen tich quén tinh
J,; ctia thanh (hinh 2.19). ‘

Léi gidi. Chon céc hé toa do nhu hinh vé
(2.19)tacd

z=nsiny,y=ncosy (D

Thé (1) vao cong thife (3.17) ta duge

12
J,.= _[yzdm =sinycosy? _[ ndn
=12

. ml>  mi® 4
=sinycosy——=——5sIn2y
12 24 " Hinh 2.19
Thay s& vao biéu thic trén suy ra

B 2,2kg(40cnf)s
24

J

3=

in20° = 50,2kgem’

b) Truc qudn tinh chinh va mémen qudn tinh chinh

Dinh nghia 3.5. Truc Oz dugc goi la truc qudn tinh chinh cla vat rin tai -
diém O, néu cic diéu kién sau day dugc thoa mén |

J.=J.=0.

Mémen. quén tinh khéi clia vat rdn d6i v6i tryc quén tinh chinh dugce goi la
momen quan tinh chinh. '

Dinh Iy vé si tén tai ba truc qudn tinh chinh: Tai mbi diém cla vat rén
Judn tén tai ba truc qudn tinh chinh vuéng géc voi nhau.

Ta cong nhan khong ching minh dinh 1y nay. Chd ¢ ring, ngudi ta hay
dimg k¥ hiéu /, 2 va 3 (hoac I, 11, 1II) dé chi cdc truc quén tinh chinh. Khi dé6

céc momen quén tinh chinh ky hieu 1a J,, J,vaJ; (hode J,,J,;,J ).

¢) Cdc truc qudn tinh chinh trung tam

Dinh nghia 3.6. Céc tryc quén tinh chinh tai kh6i tam chia vat ran duge goi
}a céc truc qudn tinh chinh trung tam. Céc momen quan tinh clia vat rén d6i véi
cdc truc quén tinh chinh trung tam dugc goi la cdc mdmen quin tinh chinh
trung tam. ' '
d) Pinh ly Steiner (II). Cic moémen tich qudn tinh cta vat ran déi v6i hai hé
toa d6 song song c6 lién hé sau

Sy = Sy A Ve R
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Trong d6 hé toa 46 &g gén & khdi tam C clia vat rin, con hé toa do xyz cb
cdc tryc tuong Uing song song véi cde truc clia hé toa do &r¢ .
Chiing minh. Theo dinh nghia ta ¢6
= fodm= [z + O+ p)dm
= XY, Idm + I«fndm + X J'ndm + ¥y Ifdm
Do fndm mn. =0, Ifdm mfr =0, nén
Sy =dg tmx;y,

Chitng minh tuong t suy ra
S, =St myz,
(3.20)
. Jo=dp + mxoz,
e) Xdc dinh cdc truc qudn tinh chinh cua vdt rdn dong chdt doi xing
Bmh 1y 3.1. Truc vudng géc vGi mat phang d6i xing cha vat rin déng chat

12 truc quén tinh chinh tai giao diém cilia tryc va mit phang déi ximg.

 Chitng minh. Goi yz 1a mat phang d6i L x
xing c1:1a vat ran B. Dung Ox vuong géc véi 5 dm, (3,7, )
mat phang yz. Can phai ching minh J,, = J,,
= 0. Do yz 1a mit phdng d6i xing nén v6i / o /_’ z
phan t& dm; c6 toa d6 ( x, y, z ) ta cd phan t§ /
dm, cé 19a dd (— x, y, z) vOi dm, = dm,.

T d6 suy ra y/

@ dm,(—x,y,x)
Al = xydmy - xydm, =0 Hinh 2.20
Vay J,, = 0. Tuong tu J,. = 0.
Pinh Iy 3.2. Truc d6i xing clia vat rén dong chit 1a tryc quan tinh chinh
cla vit rin tai moi diém trén truc do.
Chitng minh tuong ty nhu cdch ching minh dinh 1y trén.

3.4. Cong thifc tinh mdmen quan tinh khai cla vt ran

a) Pinh Iy 3.3. Momen quén tinh clia vat ran d&i véi trye x di qua khdi tam cia
né duge xdc dinh béi cong thiic sau
J, =J cos’a, +J,cos’ B +J,cos’ y, - (3.21)

Trong d6, J;,J,,J; la cdc mémen quén tinh chinh trung tam, o 13 géc
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giifa truc x vi truc quén tinh chinh trung tam 7, §, 1a géc gitta truc x va truc
qudn tinh chinh trung tam 2, % la gbc gitra truc x VA truc quan tinh chinh trung
tam 3 (hinh 2.21).

Hinh 2.24 Hinh 2.22

- Chting minh: Ly di€ém O thuoc vat rin B lam gde toa do. Dyng hé toa do
vuong géc Oxyz. Tryc . di qua O. Huéng clia trie L duge xéc dinh bing ba goc
a, f va ¥ (hinh 2.22). Goi khoang cdch MH tif phan t6 dm bat ky thudc vat rin

dén truc L 12 A ‘
Theo dinh nghia ta ¢c6
J = [wdm (n)
B
Tir hinh v& thdy ring
W=0M -OH =X + ¥ + 2 — [(xcos ) + (ycosB)+ (zcosy I
= 2(1-cos* @) + Y(I—cos’ B+ Z(1-cos’y)
—2xycosacos f—2xzcosacosy — 2yzcos feosy (2)
Do cos’ +cos’ B+cos’y=1,nén biéu thitc (2) c6 dang
h? = x*(co f+cof ) +y*(cod a+cos P)+z(cos a+cos’ f)
~2xycosqcos f— 2xzcosaéosy —2yzcosfeosy
= (y? +z%)cos’ @+ (2" + x*)cos’ S+ (x* + y*)cos’ ¥
- 2Xycosacos B 2xzcosacosy —2yzcos feosy (3)
The (3) vao (1) ta dugc
J,=cos' e J(yz +z%)dm+cos’ ﬁj(zz + x2)dm + cos’ ;/J'(x2 +y*)dm
B 8 H

—2cosecos 'J.xydm —2COSCOS Y Ixzdm —2cos fcosy .[yzdm
) 8 B8
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T do suy ra
J,=J cos’a+J cos’ f+J cos’ y—2J,  cosercos B
—2J,, cos fcosy—2J  cosycosa (3.22)

Néu 18y diém O 1a khéi tam C ciia vat rén, cdc truc 1, 2, 3 12 cdc truc quén
tinh chinh trung tam, con truc L la truc x bat k¥ di qua khéi tam C, nr (3.22)
suy ra

J, = J,lcos2 a, +J,cos’ B+ J,cos’ ¥,

Chii y. Cong thic (3.22) duoc diing dé tinh mémen quédn tinh khéi cha vat
ran déi véi mot truc L bat k¥ di qua gbc toa do, con cong thite (3.21) dugc ding
dé tinh momen quan tinh khéi clia vat rin déi véi mot truc L bat ki di qua khoi
tam ctia vat rén.

b) Pinh Iy 3.4. Momen tich quan tinh ca vat ran trong hé toa do xyz bat ky ¢
gbc & khdi tam duge xdc dinh bdi cong thic sau day
J,, =—J,cose,cosa, —J,cos B cos B, —J,cos ¥, cos 7, (3.23)

Xy

Trong dé, J ,,JE,J_; 14 cdc moOmen quén tinh chinh trung tam, ¢, 5, %, 1a
cic géc dinh hudng cia truc x d6i véi hé céc truc qudn tinh chinh 1, 2 va 3
(hinh 2.21), con @,, B,, %, va &, F,. 7,12 géc dinh hudng cta céc truc y va z
déi véi hé truc qudn tinh chinh ké trén. '

Viéc chitng minh cong thic (3.23) s& khong trinh bay & day. Doc gid c6 thé
ty chitng minh dya trén cong thitc dinh nghia J , va céc suy luén turong tu khi
chiing minh céng thitc (3.21).

Thi dy 2.11. Céc truc toa do y va z clia hinh try tao thanh véi truc quén tinh
chinh cédc géc B,,7, vd B,y (hinh 2.23). Hay xdc dinh J,va J ..

Hinh 2,23
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Lot gidi. Tirhinh ve ta cé:
ﬁ . ﬁ o
o5 =&, ZE:ﬁg =705 :-2—*}f3, ¥, =90% + ;

Str dung cong thitc (3.21) suy ra

2 2 2
J, =J, cos”a; +J,c08" f +.J,€05" y;

J, = J, cos® % +.J, cos” (% 4913] +.J,cos’ 7,

Do cos £J= 0, cos[ir——;gJ:siny] nén
2 2
J. =J,sin’ y, +J,cos’ 7, (1)

Ap dung cong thic (3.23) ta co

J,, =-J cosa; cosar, —J, cos B, cos B, —J;c08y,c08¥,
. 3 ' 7
7 J,=-0-J, COS(E — 7, )cosy, —J, cos ¥, cos (-2— +¥,)
b . T .
Do cos(—2~ +y;)=—siny;, 005(5 —y,)=siny;,suyra

J,, =—=J,siny;cosy; +J;c08, siny,

Vay J_,_V=J3;J23in2y3. 2)

Déi véi hinh tru tron khéi lugng m, béan kinh r, dai /, ta c6 cdc cong thic
xdc dinh momen quén tinh khoi
J *_lmr2 J, = m(r2 +£2—) 3
P T 4 12

Thay (3) vao (1) tinh dugc

J.= mr +_n112 sin® +mr2 cos’
z 12 3 > Y3

4

mr” . . mr? o ml* ., mr* (mrt oml? Y .,
= (cos‘y3+smz;v3)#(T— = ]sm“;@:——-— - 1 siny, (4)
Thé (1) vao (2) suy ra

1 mr®  mr?

)
»=5305

235



€ . o« Fuows yuey,
NNE]” r=r \
! )
"
-E?mtw.n r="p _ i
¢ 1 X e—f————g === -
: 3
0="r="r="r 0="r M=yd=u « 4
z="z
watp 8D
xzu = °p ((A+ yw="r d="24
2w ="p (x+ 2wu="r x=x
4
Do = “p (,2+ Cp="p w ,
yun wgnb (o1 U] yuy ugnb uatioy urg) 3oy ‘Suony 143 A YUY

[t 3f}(1 /) = 1 TR A UOP 10T U} FUON 10YY] “BUQNP BA WP BUBP I 1EA OB

uel JBA end [oyy yun uenb uswow Bueg

236




g+
€71 qupye onn o) [{q+0) 4 g+ _ 26 O 2N YuLy
araopraoytou L &
. " ]+ 17
NS|+3 .uMu e E.u 2x
gp+v b o P
(Q+m) 71
AL P Ind —
giop w= T (g+o)'1f =w
A=
o 0509 ETN::. . » i=x
ouls e I r ous
» 0PSO~ LEMH T 407 = w
VU R
At="p
N L1y A 1
pA—="p="p AU =

237



(ht cup="r B GURA YUIH
( M+ %&EMH e
Ry = oY 1 » V AN ] o ¥,
0= f="r="r (p1+ N.&EMH I8 (=~ ' =w
az 2 M P
o= =r="r ANQ..TNﬁM.EM”i.\.
P . ? 0
qou——= (a+ pyu—="r p
! ! < ) q
. X
(yuro onx 28) AN ot 1 =, P —
¥z 4 A I . —= ¢ =
0="r="r="r | ¥ 1 < ! Y s
“pgp=Fr m = o wel Yuiy
q
s =, 81 _ Al l%l — X [
A T T
x Y
CM A7 wﬁ o N ¥
(g—o)yu—="r Mu—="p yg—"1=uw
! ﬁ ! SR Y
1juI} ugnb §or} usuIgA yuy ugnb udwQ we) fuoy ‘Suont 10yy 3A quIy

[ 3}y ju)="rqap u

AP iA wop 10w v} Sudnj 10

Y3 ‘BuQuws 0a ¢4 wey Juep _wﬁ WA

238




239

A="r : Suow Yyl SuQ)
{yuu2 oihn 98D} {1+ M.ésmm ="
T, o, ey Nw 0
o= "= \uﬂ\. A~H+mgov:~ﬂﬂ r T.&Nwlus_
080a—1 9 . EN =%
(0 WS- $)0$05—p ws prsoa—14
gD WOt YU H
(1Yo oh 287) 0560 —] xml i
(0 ws—p)0s00—p * w r 7
x
o="r="r="r 08001 Tml - (0s0o—1)_axz i=w Pl - 2
(0 ws+7)os0o—7 7 wr r ¢ ( !
m.:m_.mn =r © .Tm =y
! ows g
1enb quiH
0 . :
ﬁ - DS0D+ LEWH “p .
ous R | Iy
X Y
Xz o ax « 3
g="r="r="r Toﬁ:mang Q N.:awu e A0 = 27
. F
d




ng3 YUty
(Yuitpo 20 9gD) “r="r="r < P
1z A AN o ’ m
0="r="r="r xsm”zs 0=
[4 A
1 = doy yur
(g+ NEEN|H r o4 it
3 e
b -
. (ot o =ip x| 12/
(quyyo o84 28)) | <
] ]
”ﬁ."ﬂ\ A M|n—. UHUQ”E ¥ q m
0= r=r=17r° | (24 G = r i : e
[ a5 gu
mL_Eﬂ =r
(yusyo oin 950) V="
xz Ey £ . Cl .
=" f="f="r . Tl
° (Gl ek P [ o420 =
1fan ugnb YoI) UAWOA yuy ugnb uswoy wg) Suoa) ‘Suony 10y A my.

[/ BY1 4/ ue) = 0 4o 2y ia uop Houw ug.y Buong 19

b

Eb:

10

by

Y3 qury 3uep ay) 18498

240




S no¥dng yuiy
===
(4+ .9 _ r i
71
m A
“(yuyo on 28D) (,p+ N.&EMH r - J N -
"
. S mM
=p="p="5p (2+ ﬂﬁsmn I ogpud . u m
| -
S (pt N.ﬁsmﬂn =r
L ¥
(yuiyo o0 280) (¥ N.@Emln I's
£ [
= . L . RQI...-
o="r="r="r AT ="r Ptd S
#
(4+ NLEEWH “r aﬂu 2x ugu Yy
08
(Ut 918 98) (it === r
M t
W Han —=" dud—=uw
O0="r="r="7r, N.E..m iyt 0

241



4. PINH LY BIEN THIEN MOMEN PONG LUQONG

4.1. Cac dinh nghia
a) Momen déng luong cia chdt diém

Pinh nghia 4.1. Momen dong luong clia
chat diém d6i véi diém quy chiéu A, k¥ hieu
12 Z,, 12 mémen clia vécto dong lugng cla
chit diém d6i véi diém A d6

I, =i, (mv) =7 x my 4.1)

= ol

Hinh 2.24
Chi ¥ dén cong thitc tinh tich ¢6 hudng cia hai vécto trong todn hoc ta c6
) e &, &
la=|x y =
mx my mz
=m(yz—zp)e, + m(zt ~x2), + m(xy — yx)E, 4.2)
Dinh nghia 4.2. Moémen dong luong cia chét diém d6i vé6i truc z 1a hinh
chi€u trén truc z ctia momen dong luong ciia chét diém d6i v6i mot di€ém A bat
ky trén truc z, va duge xac dinh béi cong thikc

= I, = he i, (mv) = m(xy — y%) (4.32)
Tuong ty ta cé momen dong lugng cla chit diém d6i véi truc x, tuc y

i = he m (mv)=m(yz—zy) ‘ (4.3b)

I, = he, i, (mv) = m(zx - xz2) (4.3c)

b) Mé men dong luong cia vdt rin

Binh nghia 4.3. Moémen dong luong clia vat
ran déi véi diém quy chi€u A (hinh 2.25) Ja moét
dai lugng vécto dugce dinh nghia bdi cong thiic

I, = J'(in:‘)dm (4.4) . / Hinh 2.25

R

LA

Momen dong lugng clia vat rin doi véi diém A phu thudc vio dang chuyén
déng cua vat ran.
Vat rdn chiyén dgng tinh tién. Do van t6c moi diém cha vat rdn bing nhau
v bang van t6c khéi tam C clia nd, nén tir (4.4) suy ra
I,= [ jfdm) XV, = mift. x ¥, = i, (mv,) (4.5)

B
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Vét rdn quay quanh mot-truc c6 dinh. Momen
dong lugng cla vat rén quay quanh mot truc z 8 4
dinh d&i véi truc quay z clia vatran c6 dang
I =J,w, (4.6)
That vay, tit hinh vé& 2.26 ta ¢
dl_ = hvdm = o hdm

L=, [idn=Jo,

9 i

vdm

C =i

B
Vdt rdn chuyén dong phdng. Goi C 1a khdi tam Hinh 2.26
clia tdm phéng chuyén dong phéng, tryc Cz vudng
g6c v6i mat phing cla t&m nhu hinh v& 2.27. Theo
cong thic (4.4)
I = j(axv)dm = lax (e +@xim (1)
Chii ¥ ring

dx(@xi)=u'd—(1.0) =u"d (2)
Thé (2) vao (1) ta duge - Hinh 2.27
L. =({Pdm)d =J. b (4.7a)

Chiéu vécto (4.7a) len truc Cz vudng géc véi mat phéng Oxy suy ra
le.=J .0, . - (4.7b)

¢) Momen dong lugng cia co hé

DPinh nghia 4.4. Mémen dong luong clia co hé (gém n chit diém va p
vat rin) déi véi diém quy chiu A 12 mot dai hr(mg vécto bing téng cac
moémen dong luong cia céc chét diém va cdc vat rin thudc co h¢ lay déi voi
diém A dé. '

Zr X MY, +Z I(r x V)dm 4.8)
k=l g .

Pinh nghia 4.5. Momen dong lugng cha co he déi v6i mot truc z 1a hmh
- chi€u frén truc z cha momen dong luong chia co he 1dy déi v6i mot diém A bat
k¥ trén truc dé

I.=hel, v6i Aez. (4.9)

4.2. Binh Iy bién thién mémen déng ludng

a) Dinh Iy bién thién momen dong lrong etia-co-hé-ddivéiamgt diém O cd dinh
Dinh 1¥ 4.1. Dao hang theo thdi gian momed défig luong cla co he doi val
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diém © ¢6 dinh bing téng momen ciia cdc ngoai lyc tic dung len co h¢ 14y d6i
véi diém O dé. :
=" iy (Fe) =M ' (4.10)
Chiing minh.
* M6 hinh h¢ gom n cht diém. Tir bidu thic (4.8) ta c6

Z(rkxmkvk) Zd(r"xmkv") Zv&xmv,‘+2(rkxmkak)
—Z’}XF +Zr,,><F' z
Do Zmo( ) Y ExF =0,suyra - i,

dl, ~ - -
()_Z I?:=Z’ﬁ0(}-;.‘;)=Ms Ro =

0O 77T - y

t

"V,

Y4774

A

* Mo hinh vat rdn. Dao ham theo thoi .
gian momen dong lugng clia vat rin d6i véi  x Hinh 2.28
diém O ¢6 dinh (bi€u thiic (4.4)) ta duoc |

di,

Jz% (r>fv)dm vav)dm+ jrx

dt

vdm)

d (vdm) —
=[7 dF* 1 di') = [FxdF< =Y i (F)
H Fx dt j]" x ( ) J-r Z ﬂio k
Bing cdch tuong tw, ta ¢6 thé chifng minh dinh 1§ d6i v6i hé cdc chdt diém
vi c4c vat rin.

Hé qud: Tix cong thiic (4.10) ta suy ra
dl, _,
== (F) | (4.11)

b) Pinh 1y bién thién momen ding lugng ciia co hé déi véi mot diém A
chuyén dong '

Dinh 1y 4.2. Pao ham theo thei gian mémen dong lugng cla co hé ddi véi
diém A chuyén dong duoc xdc dinh boi cong thic

__Z ( )vAxp (4.12)

Trong d6 p 1a dong Iugng clia co hé, ¥, 1a van t6c clia diém A trong he
quy chiéu c6 dinh. o
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Chiing minh. Dé don gidn ta ching minh cho trudng hop he gom n chit
diém. Theo hinh (2.28) vi cong thic (4.8) suy ra

Iy = Z’_';f XV, = Z(FA +il, ) X ny Y,
I, =7 x S m¥, + Y 4, xm,
Vay ta ¢6 cong thifc lién hé moémen dong luong cua co hé d6i véi hai diém
OvaA S

I=I,+7xp (4.13)
Dao ham theo thdi gian bidu thitc (4.13) va chd ¥ dén (4.10) ta dugc
di, dl, df, . . _dp L e
—d?—=7:‘+-a-:4xp+r4x£=2rkx}7k
=Z(F{4+ﬁk)xﬁ;f=ZFA><EE+ZﬁkxF,f
Do %:Zﬂ" nén
de = - | = e _ o e - e
E""VAXP*"'A)‘ZF:: =rAXZﬂ +ZmA(Fk)
 Tirdé suy ra '
dl. e - L
XA A

Hé qud: Khi chon diém A 12 khéi tam C clia o he, tit cong thifc (4.12) ta
suy ra '

df — e 3 1y 77 Fe
7;’22”% (Ec )_VC XMy = Zm‘:(E‘ )

Tir d6 ta c6 dinh 1y bién thién moémen dong lugng clia co h¢ déi voi khéi
tam ctia no

dl sy o
&5 (7)1 @0

~ 4.3.Dinh ly bdo toan ménien dong luong
Tir cdc cong thic (4.10) va (4.11) suy ra dinh 1y bao toan momen dong
lugng ctia co hé

Néu > i, (F}f ) =0 = %J— =0 = I,=const (4.15)
B} ., i |
Néu > mi(F)=0 =0 J=const (4.16)
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4.4. Cac thi du ap dung _
Thi du 2.12. Phuong trink vi phdn chuyén dgng ciia vt rdn guay quanh
mét truc cé dinh.
Cho vat rin quay quanh truc z 6 dinh, chiu tic
dung clia cdc ngoai luc F, F,...,F,. Ap dung cong
thac (4.11) ta cd

R

dt _,(Z:m (

Do L, =J,w, nén

‘)

do, . v
JZ%=JI¢:anz(Fk) (4.17)

Phuong trinh (4.17) ta phwong trinh vi phan chuyén
dong cla vat riin quay quanh mét truc ¢d dinh.

g

Hinh 2.29

Thi dy 2.13. Dao déng cila con ldc vt Iy.

Con lac vat 1y (hinh 2.30) 1a mot vat rdn phing e6-thé quay quanh mot truc
di qua O va vadng géc véi tree quay. Cho bigt khéi hegng con lic 1a m, mémen
quén tinh déi véi truc quay 1a J,, khodng céch tir O dén kh01 tam C 1 a. Hay
xéc dinh chu k¥ dao déng cilia con lic vat Iy.

Loi gidi. Ap dung phuong trinh (4.17) ta ¢
Jop =—-mgasing > @+ fﬂ

i}

sing =0

Néu dit a) = mJga va khdo sat dao dong
‘ 0

nho sing »~ @, tir phuong trinh trén suy ra
I 2 .
¢ +w,p=0 Hinh 2.30
Trong dé w, 1a tin s& riéng. Tir d6 suy ra chu k¥ dao dong clia con lic

722" o /L
@, mga

Thi dy 2.14. Mot dia trdon déng chat trong Iugng G, bén kinh R quay dugc
quanh mét tryc thing ding AB di qua tam clia dia va vudng géc véi mit phing:
dia. Trén vanh c6 mot chdt diém P ¢6 trong lugng G,. Dia quay quanh truc vé6i

vat 1y
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van 16c géc w,. Tal mot thoi diém nao dé chat diém P chuyén dong doc theo
vanh dia v6i van téc tuong d6i so véi dia c6 tj s6 khong déi 13 . Tim van tdc
g6c cha dia (hinh 2.31).

Loi gidi. Khio sat co hé gém mot vat ran
phing 1a dia vi chit diém P. Dia c6 thé quay
quanh truc c6 dinh z théng ding cdn chat
diém chuyén dong twong d6i trén mat dia theo
mot dudng trdn tam O, bén kinh R = OP. Cac
ngoai lyc tdc dung lén co hé gém cédc trong
luc G, G, va céc phin lyc R, R, tai cdc 6 43

(hinh 2.31). |
Do hé ngoai lyc tic dung lén cd he hodc M G,
song song véi truc z hojc cit tryc z, nén ta cé 7
S, (F)=0 1y Hinh 2.34
Ap dung dinh 1y bao toan momen dong luong d6i véi truc z ta c6
Ly=1(0) (2)

Biéu thic momen dong lugng cha hé tai thdi diém ¢ bdt ky sau.khi chét
diém chuyén dong c6 dang

Ly=0L+1* :Jza)+R§(u+Ra)) (3)
g

Do J. = %ﬁ R? nén bidu thic (3) ¢ dang
. g

L{t)= S R+ gA(RZw +Ru) = Rw(G, +2G,)+2G,Ru 4)
) 2g g 2g
Tai thoi diém £ = 0, @= @, u = 0, 1 (4) suy 1a
2
l,(O):R a,(G, +2G,) )
: — 2
Thé (4) va (5) vao (2) tinh duge
, Ppp— L (©6)
R(G, +2G,) 7
Thi du 2.15. Mot banh xe ban kinh r dang quay déu quanh A v6i van't6e

g6c @, Ngudi ta diing edn-ham.dé ham.chuyén.dong cla banh xe. Tim luc F
khong déi tic dung lén dauean ham sapchotrong Jshoang thoi gian T thi banh
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xe dimg hin. Cho bigt momen quén tinh clia banh xe d&i véi truc A 1a J,, hé s6
ma sat trugt dong gitta m4 hdm va banh xe 14 2. Céc kich thuéc cho trén hinh vé
2.32. Tim s6 vong quay ma banh xe quay duoc tir khi bit ddu hdm cho dén khi
dimg hén. Gia thiét chuyén dong quay clia cdn hdm c6 gia t6c géc rat nhd, cé

thé bd qua. Bd qua chiéu day m4 ham. ¥
0
b F
a —i J \ X,
o ] b) (8]
AN EEE B Ly
. w
Hinh 2.32a

Hinh 2.32b ~

Loi gidi. Ta tach co h¢ thanh hai h¢ con nhu hinh v& 2.32b. Phuong trinh vi
phan chuyén dong ciia thng vat rin c6 dang

JAgp HH (1)
Jp=Fb-Na=0 (2) |
T (2) suy ra: N:EF (3
a
The (3) vao (1) v6i chi ¥ F,, = 4N, tinh dugc
dw pbr y
J,—=—-"—F dw =dt 4)
A dr a ubrF (
Tich phan biéu thic (4)
s fda) J'dt 7= 2
ybrF pbrF
Tir dé suy ra dé 16n cia lyc F cén thiét
_ Jawa _ (3
bruT
Mat khéc tir cong thitc (4) suy ra
dw pbrF pbrF

do

J,—do=—- dgp = Jodo=-
A dr ¢ . a ? 4 a

.Tl’Ch phén hai vé€ ta dugc - -
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}wdw:ﬁybrﬁ’wj-dqy 1, ubrF
J

w0, A a o ‘]Aa :
. T
Vay o, = Ja0%0 P 1Dy (g
2ubrF 2
Tir céng thitc chuyén déi n = —22— suy ra s vong quay thém cla banh xe [a
¥/
- w,T
Yo4x ©

Thi du 2.16. X4c dinh momen qudn tinh bang phuong phép thyc nghiém.
Trén hinh 2.33 1a m6 hinh thanh bién cha dong co. Khéi lugng cta thanh la
m = 1,2 kg, chiéu dai thanh / = 12¢m. Xem thanh bién 1a mot con lic vat Iy
(hinh 2.33a) ta do duogc thdi gian thanh thye hién 20 dao dong nhd 1a 12,6s.
Bing cich xdc dinh phan luc goi d& nhu hinh 2.33b ta doc dugc m, = 0,8 kg

(F, =my,g ). Hay x4c dinh: Vi trf trong tam ., momen quén tinh khéi J,. .

Hinh 2.33a Hinh 2.33b

Lo gidi. Tt phuong trinh can bang momen d6i v6i tam O (hinh 2.33b) ta c6
mgr, =mpgl =¥, =My : (1N
m
Thay s6 vao (1) dugce

0.8%k¢g

veo= 12¢m = 8cm
- L2kg .
Theo thi du 2 v& dao dong con lic vat 1y ta cé cong thitc
J 7Y
T = Jprr{==te==syjr=mgr: [w—) ' 2
nig,« N 27
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Thay s6 vao (2) suy ra

0,63 Y
g, :I,Zkg.981mn/sz.80m.( é SJ =94, Tkgem®
z

Ap dung dinh 1y Steiner tinh dugc momen quén tinh J,.

Jo=dy - mrl =94, Tkgem® — 1,2;’55_:;(84:?71)2 =17,9kgem’

5. PHUGNG TRINH VI PHAN CHUYEN DONG CUA VAT RAN PHANG

5,1. Thiét lap phudng trinh vi phan chuyén dong cta vat rin phing

Xét hinh phing S chuyén dong trong mat phang Oxy cfia nd va chiu tic
dung clia cdc luc F, F,,...,F, cling nim trong mat phing Oxy. Ap dung dinh 1y
chuyén dong khéi tam ta co

md,. = ZE 5.1 ¥,
T (5.1) suyra
mi, =3 F, 52y ¢
my, = ZEH (5.3)
Ap dung dinh Iy bign thién momen o

Xe-

dong luong d6i véi khéi tam C cla tim :
i ’ Hinh 2.34

phing chuyén déng phang ta ¢6
dl. = _ '
}?? =Y (F,) (5.4)
Chon truc Cz vuéng gée v6i mat phing Oxy va di qua khéi tam C, tir (5.4)
biét dugc

%:Zn;(,z(ﬁ) o (5.5)
Do i, =J. w=J.¢ nénti(5.5)suyra
e = ch:.— (FA ) (3.6

Két hop cdc phuong trinh (5.2), (5.3) va (5.6) nhan duoc hé 3 phuong trinh
vi phan chuyén dong cia vat rin phing

mx, = ZFkr _ .
my,. = Z Fy, : (5.7)

o= ch:z (F:’c )
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Chit . Trong cdc bai toan dp dung ngudi'ta hay gip trudng hop vat ran
chuyén dong song phéing. Chi nhing vat rin chuyén dong song phing c6 mat
phang déi xting dong e (vat ran ¢6 mat phing d6i xung, céc lyc tac dung lén
vat rin cé thé bién déi twong duong thanh céc lyc nidm trong mat phing doi
Xdng) thi mdi dp dung duge cdc phuong trinh vi phan chuyén dong (5.7).

5.2. Gac thi du ap dung

Thi du 2.17. Mot dia tron’
déng chit khoi lwgng m bén
kinh r chuyén dong trén mat
phing nghiéng nhém (hinh
2.35). Cho biét hé s6 ma sit
truot finh 1a 4, hé s6 ma sat
trugt dong 1a 4 Hay khdo sat
chuyén dong cta dia. Bo qua Hinh 2.35
ma sat lan.

Loi gidi. Gia sit lic ddu dia tron lan khong truot trén mét phang nghiéng.
Phuong trinh vi phan chuyén dong cia dia

m¥. =mgsina — F ' (1)
my. =N —mgcosa =0 (2)
Jo$=rF,, ' (3)

e

Trong d6 J,. = %mr F,, 1a ma sét truot tinh. Do dia lan khong trugt, ta co
diéu kién ring budc

e

X =rg = (p:_r- . (4)
Tix (1), (3) va (4) suy ra
= - Jo . .. gsingg 2 .
mi, =mgsing -~£¥. = ¥ =S—-=_gsina
2 7.
1+
mr
Tix (1) tinh dugc
F”’”—m(gsina—jé(_.)=%mgsina N (5)

Tir-d6 suy ra dé cho dia lan khong truot thi hé s6 ma sdt truot tinh 4 phai
tho4 man diéu kién sau

)
L
b



!

ljrngsina: 1 .
=g - ®

Y — =
3

E <uN = p=
N mgcosa
Né&u hé s6 ma sét trugt tinh khong thod man diéu kién (6) thi dia s& vira lin
vita truot. Trong trudng hop nay cdc phuong trinh (1), (2), (3) s€ ¢6 dang
mi,. =mgsinag —Fy N=mgcosee, J.¢=rFs  (7)
Khic véi trudng hop trude, ta khong cb diéu kién rang buodc (4). Tuy nhiéen
theo dinh luat ma sat trugt dong ‘
F=uN - ®
Tix (7) va (8) giai ra dugc
¥.=g(sina—pcosa), ¢=
Thi dy 2.18. Mot t&m hinh chit nhat ddng chdt dai 4a, réng 2a, treo trong
mit phing thing ding bing khép ban 1é tai A vh day mém khong dan tai B

2
—’u"&cosa
r

(hinh 2.36a). Cho biét khai luong clia tdm 1a m.
a) Xdc dinh phan lyc tai ban 1€ A va sifc cang cla day.
b) Gia sir tai mot thoi diém nao dé day treo b dift. Xac dinh phan lyc dong.

tai A, ngay sau khi day treo dut.

QB

_a 3a
e

Hinh 2.36a ~ Hinh 2.36b
L&t gidi. Lyc tic dyng lén tdm gém trong lugng P=mg, luc cang day §,,

2a
:,_:<1
3 ———“—%
1
" .
|
W

va phan Iuc X, ¥, tai ban 1€ A.
a) Phdn luc tinh. Céc phuong trinh can bang finh hoc
‘ (1)

D F=X;=0 _ _
2 Fu =Y, —mg+ Sy =0 | (@)
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S iy (F,)=—mga+35,a=0
Giai cdc phuong trinh (1), (2), (3) ta dugc

X,=0Y,=— mg,S %mg

b) Phdn lic dong. Sau khi day dut, S,, =0, tém phéng chuyén dong quay

quanh A
Jp= mga\/i sin @ (4)
Momen quan tinh kh6i
J,=Je +2ma’ =]—31—mav2 (5)
. o D4 e . 3 g
Tai @(0)=45",taco @(0) :—]_ (6)
a

Ap dung dinh ly chuyén dong khai tam ta c6

mi, =X, my. =Y, —mg (7N
Tix hinh (2.36b) dé dang tinh dugc
X.=a 2sin¢, Yo =ay2cosg (8)

Tu (8) suy ra

5. = av2pcosp - aN2¢7 sing ©)
Yo = ——aﬁg’v’ sin ¢ —'a\/._’iqbz cos @

The (9) vao (7) ta duoc

X, =ma\2(§cosp— ¢ sing) (10)

Y,=mg —ma\/_(gpsmqp+q) cosp)

Ngay sau khi day ditt (0) = 45°, $(0) =0, 5(0) = %E . Dodé
a

N E¥ SR
11a 2 11
g «/_ 3 8

=mg - ma\/——ﬂT mg — 1] g——-l-“l“ mg
Thi du 2.19. Mot thanh déng chét AB khéi lugng m, dai 2a dat trong mat
phéng thang ding. Dau A tya vao mat tudng nhian thing ding, ddu B tya vao
mat nhin nim ngang. Giit-cho-thanh-ding.yén.1ao véimit phang ngang mdt géc
@, tdi tha cho thanh chuyén dong dudita¢ |dung afiaarong lyc. Xéc dinh van toc

mg
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g6c, gia téc géc cla thanh dudi dang ham ctia géc @ (hinh 2.37). X4c dinh phan
lyc do tudng va nén tdc dung vao thanh theo géc @ va cic dao ham clia né. khi

ddu A ctia thanh roi khoi tudng, géc @6 gia tri bing bao nhiéu?

| Léi gidi. Phuong trinh vi phan chuyén déng y
cha thanh AB | ' 17
mi. =N, (1)
my. =N, —mg (2)
J =N, asing— N acos@ (3) N,

Vi tri ciia thanh AB duge xédc dinh bdi géc ¢
Ta ¢6 cdc phuong trinh lién két

. WY
X, = acosg, Yo = asin@ 4 B
Pao ham biéu thifc (4) theo thdi gian ta duoc Hinh 2.37
X, =—a@sing, %. =—a@sin@—a@’ cosp
Vo =agcos, Y. =agcos@-—-a@’ sing
Thé céc bidu thic trén vao cdc phuong trinh (1) va (2) ta ¢
N, =-ma(psin @+ ¢’ cos ) (5)
N, =mg +ma(¢5cos¢—¢)2sinqﬂ) (6)

Thé (5) va (6) vao phuong trinh (3) va chid ring J,. = %ma2 , Suy ra

B mga 3g
=———"——COoS@ =~—"-C08 ¢))
14 Jotma’ $= 4 a ¢

Nhan hai vé& cta (7) véi deg ta duoc

. dg | 3g
dp=--—dp=—d =—==-cos@d 8
pdp=-rdp=—d(¢’)=-7Zcospdp (®)
Tich phan hai v&€ phuong trinh (8)
Id =~H——— Icos pdy
Vou
- o2 3g . . 3g . n
tinh dugc @ =—>2(sin @ —sin @, ) === (sin @, —sin @) )
2a Za

Khi ddu A ciia thanh r&i khoi tuong thi N, = 0, tird6 ta cé
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3 o 3g
ma{—zgcos @, sing, —z—i(sm @, —sin gao)cosgpl:\ =0
Do cosg, # 0, suy ra gid i géc @ khi dau A 1di khoi tudng 1a
3sing, — 2sing, =0 = ¢, = arcsin( % sing,)

Thi dy 2.20. Mot tru tron dong
chat khéi luong m, ban kinh 7 tai thoi
diém r = 0 ding yén tai vi tri x(0) =0
wén mot bang tai nhdm. Bang tai
chuyén dong véi van toc v, khong déi
(hinh 2.38a). He s8 ma sét truot déng
giffa tru tron va bang tai 1a g Cho biét
a, r, m, vy, t=2tga. Hay tim:

a) Thoi diém 7, ké tix d6 tru tron Hinh 2.38a
Iin khong trugt trén bang tai. '

b) Gid tri cuc dai clia x, ma trong tam try tron dat dugc.

Lo gidi. Liic ddu try trdn vira lan vira trugt trong khoang 0<7<1,. Sau dé
try trdn lan khong trugt trén bang ti.

a) 0<f<r, try tron viia lan vira trogt. Phuong trinh vi phan chuyén dong
ctia try tron (hinh 2.38b) la

mi,. = Fl —mgsina (1)

mj,. =—N +mgcosa =0 (2)

Jep==F T (3)
Tir (2) suy ra

N = mgeosa 4)

Thé (4) vao dinh luat ma sit Coulomb

Hinh 2.38b
F! = uN = 2mgtga cosa = 2mgsina (3)
Do  J.= %mﬁ i (1) va (3) ta c6
X =gsina _ (6)
gb’=—§gsina | N

Chi ¥ dén cdc diéu kién ddu x.(0)=0, @(0)=0 suyra

X.(t) = gtsina, Gii) = —4 gisina (8)
a :
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Tru tron s& lin khéng trugt khi van t6¢ twong déi tai diém ti€p xic bing
khéng, hay

i (D) =re)+v, - &)
The (7), (8) vio (9) ta duoe
PRPS. (10)
S5gsina

b) Khi # > 1, try tron lan khong truot trén bang tai
Iy =rp(0)+v, (11)
Ciac phuong trinh vi phan chuyén dong cta tru tron ¢6 dang nhu (1) 2)va(3)
chi khdc ta thay lyc ma sdt trugt dong F? béng Iy ma sdt truot tinh F,, . Ta cé

mz, 'F;:n' —mgsina (12)
Jcco =-F, (13)
T (l1) tacd %- (t) =r¢ () . Thé vao hai phuong trinh trén suy ra.
%, = '_é gsina a4
Tich phéan léﬁ suy ra
RO —§ g(t—t)sina +%.(t) (15)
Véi %.(t) xac dinh tir phuong trinh (8), ta ¢6
X.(6) = _ég(t ~ 1 )sina + gt; sine =§gt, sinex —%gtsin o (16)
Gid tri cuc dai cha x.(f) dattaif =t khi %.(,)=0.Nén
X (t)— gt SIna—gggsina:O = IZ:%II 17
Tich phan biéu thue (16) ta dugce
2 (1) =x.(1) —%g(l‘ —1,) sina+ g (t—14,)sina (18)
Tit (8) suy ra
( ) g ‘ L1 sinex (19
Thé& (19) v (18) vao (17) x4c dinh duge
maxx = (1) = 52— * 20)

20gsma
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Chuwong 3

O SO PHUONG PHAP NANG LUONG

~

C4c phuong phép nang lugng (Energy Methods) dugc sit dung trong hau
hét céc linh vuc chia khoa hoc va k¥ thuat. Troag chuong nay, s& trinh bay co sd
phuong phép nang hrong tinh todn dong luc hoc chét diém va vat ran. Trude hét,
frinh bay cdc khéi niém co ban clia phuong phap nay nhu dong nang ciia chat
diém, dong nang cla vat rin, cong cia luc, thé vi cha luc cé the, dong ning cla
co hé, thé ning cta co heé. Sau d6, xudt phat tir tien dé Newton 2, thiét 1ap cac
dinh 1y bién thién dong nang va dinh 1y béo toan co ning.

1. CAC KHAI NIEM CO BAN

1.1, Céng cua luc

a) Cong nguyén td cia luc’

Dinh nghia 1.1. Cong nguyén t8 cla XY M
lyc F khi diém dat clia né di chuyén trén C/ v
dudng cong C mot 4o doi vo cing bé ds B o
duge dinh nghia bdi cong thiic sau r PYOM)
d'A(F)=Fdscosa (1.1 Sl Y
SR n ol & iy
Trong d6, « 1a géc gifia luc F va uep 2 _ >
tuyén v6i quy dao tai diém dat cha luc.. x : Hinh 3.1
Do ds = vdi nén biéu thitc (1.1) co thé ‘
bién déi vé dang .
d'A(F) = Fvcosadt = Fvdi (1.2)
Chi ¥ dén quan he dF = vdr , biéu thic (1.2) ¢d dang
d'A(Fy=F dF = Fudx+ Fydy + F.dz (1.3)

Trong do
- F=F@ +Fg +Fg, , dF =dsé, +dyé,+dzE,

* Nam 1829, nha Co hoc Phip- GG €oriolis (1792, 1843) da dua ra khéi niém cong
cua lyc. : . = nauv. ' : 5\ ER
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b) Cong hitu han cia luc

Dinh nghia 1.2. Khi diém dat ctia luc F di chuyén trén dudng cong C tir
diém M, dén diém M,, cong cla luc F trén doan di chuyén dé duge xédc dinh
bdi cong thic

Ly FZ__ )
A= [Feosads= [Fdi= | Fdx+F,dy+Fdz (1.4)
o Gl MM,

Pon vi ciia cong 1a Nm. Trong hé don vi SI ngudi ta sit dung tén nha Vat Iy
ngudi Anh J. P. Joule (1818—1889) lam don vi cong J (Joule), 1J = I Nm.
¢c) Chit y: '

* Tirbidu thitc (1.2) tathdy dA=0 khi ¥ L dF hodc khi dF =0.

e Ta sir dung ky hiéud’A(F)dé nhin manh cong cha luc néi chung khong
phai 14 vi phan hoan chinh clia m§t ham nao dé.

1.2. Céc thi du tinh céng cia médt sé Iyc thudng gap

a) Céng ctia trong lue G . Tir hinh vé 3.2 ta c6 y
dA = F,dy =-mgdy

Khi trong luc G di chuyén wr diém M, dén
M, biéu thiic cong c6 dang

¥
A=-mg [dy=-mg(y,— )
» .

Hinh 3.2

Khi trong hwe G di chuyén tir diém M, dén M,

N
A=—mg [dy=mg(y,~y)

2
Néu ky hieu h=(y, —y,), thi cong ca trong luc ¢6 dang
A=tmgh | ' - (1.5)
‘Dau cong ldy khi trong tam cia vat di chuyén tir cao xudng thap; ddu trir
14y trong trudng hop nguoc lai.
Nhén xét: Cong clia trong lyc khong phu thude vao hinh ddng quy dao, ma
chi phu thude vao vi trf ctia diém ddu va diém cudi cia quy dao.
b} Cong ciia luc dan hoi tuyén tinh. Lyc dan hoi yén tinh o6 dang Fy, =ex
(trong d6 x 12 do dan ¢01a 19 X0, ¢ 12 d6 cifig ¢lia 15 X0). Tithinh 3.3 thiy ring
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d'A = Fdx =—cxdx

T d6 suy ra

Appas, =—¢ dex =—%c(x§‘ —xlz)

¥

Hinh 3.3

Néu chon x; =0, x, = x ta cé hé thic

Apsnt, =—%cx2 . (1.6)

¢) Cong ctia ngdu lyec. Ngiu luc cé mémen M tic dung vao vat ran quay quanh

truc cé dinh ngiu luc ndm trong mat phing vuéng géc véi truc quay. Dua vao

tinh chét ngéu lyc, c6 thé bién déi ngiu luc vé cap lyc (F, F') ma F' diqua O.
Tix hinh 3.4 thdy ring

d'dA=Fds=Frdp=Mde (1.7)

Lay tich phan theo géc @ suy ra

@2
A= [Mmdg
2
d) Cong cua luc tic dung lén vit
rdn quay quanh mot truc cd dinh
Ta phan tich lyc 7 thanh hai lyc:
F, song song véi truc z, F, vuong
g6c voi truc z. Sau dé phan tich luc
FE, thanh hai lyc: E,; doc theo duting
kinh va lyc F,, vuéng géc véi dudng
kinh OM (hinh 3.5).
Theo dinh nghia ta cd a)
dA(F)=d4(F)+dd(Fy )+d4(Fy) Hinh 3.5
Do d'A( K, ) :a”A(ﬁz] ) =0, nén ta cé
d'A(F) = d'A(FH) = Fo,rdp =m, (F)a’q) -
Vay  dA(F)=m,(F)dg ' (1.8)

Chit ¥: Céc luc tdc dung lén-vat rin thudng phan thanh ¢dc lyc phan bé (luc
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mat va luc khéi) va céc luc tap trung. Cic luc khéi ciing nhu cdc luc mat ¢ thé
thu gon vé& mét s hitu han cdc lyc tap trung. Vi vay, khong gidm tdng quat, c6
thé gia thiét cac lyc tdc dung lén vat rin gém mot s6 hitu han luc tap trung:
£, F,...,Fy . Khi d6 biéu thifc cong ciia cic luc tac dung 1én vat rén c6 thé bicu
dién mot cdch hinh thirc duéi dang

N

d'A=Y F.d .

k=1

1.3. Cong sust va hiéu suit

a) Cong sudt

Pinh nghia 1.3. Cong cia luc sinh ra M
trong mot don vi thoi gian duge goi 1a  ww ( s
cong suat ™ g
<
dA F vt -y (1.9) - Hinh 3.6
Tdat

Trong k¥ thuat, ngudi ta hay phai tinh cong suﬁt clia ngéu lyc tac dung vao
truc may quay quanh mot truc c6 dinh. Tir cong thic (1.7) tacé

d'd=Mdg = N=TA§~@=M¢9 (1.10)

Don vi cong sudt la _tén nha khoa hoc ngudi Scotland J. G. Watt (1736-1819),
-1 J/ =
1W =1 /=1 Nnmis.

b) Hiéu sudt
Trong k¥ thuat co khi, mét phan cong bi tiéu hao do ma sét & cdc 6 d&. Do
dé chi ¢é mot phin cong sinh ra 12 cong hitu ich. K§ hiéu cong hitu ich la 4, ,

cong toan thé Ja 4, ngudi ta dva ra khai niém hiéu sudt (ky hiéu 7 ) duge dinh
nghia bdi cong thitc ' '

= : - (1.11)

1.4. Péng ning cUa chat diém va vat rén
Gaspard — Gustave de Criolis (1792—1843) nha Co hoc Phédp, 1a ngudi

~ddu tién dua ra khai niém “luc song * (Living force), sau nay dugc goi la

dong ning.
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a) Pong ndng ciia chdt di€m

Dinh nghia 1.4. Dong ning ca chat
diém (k¥ hiéu la T) 12 mot dai lugng vO
huéng bing mot nira tich cGa khéi lugng
cha chdt diém véi binh phuong van t6c
clia né

T=-;~mv2 (1.12)

Pon vi clia dong nang 1a fegm® 15> .

b) Pong ndng cia vdt rdn
' Pinh nghia 1.5. Dong nang cia mot
phan t5 dm clia vat ran 1a

dT = lVza'm
2

Tir @6 ta c6 bidu thic xdc dinh dong
nang clia vat rfan

T=%ij"-dm'

x/
Hinh 3.7

x/ Hinh 3.8

(1.13)

1.5. Bidu thirc tinh déng ning ctia vat ran chuyén déng

Bidu thiic dong pang cta vai rin (1.13) phy '

thuoc vio dang chuyén dong cu thé cha né. O day
ta dua ra biéu thic tinh dong nang cha vat ran .
chuyén dong tinh tién, vat ran chuyén dong quay
quanh mot truc ¢& dinh va tim phéng chuyén
dong phéng. Biéu thic dong nang cia vat rin
chuyén dong quay quanh mot diém c6 dinh va
chia vat ran chuyén dong tdng quat s€ trinh bay

trong chuong 5.

a) Vit rdn chuyén déng tinh tién. Xét vat ran B

Hinh 3.9

khoi luong m, chuyén dong tinh ti€n voi van toc
khéi tam 13 ¥ . Theo cong thiic (1.13) suy ra

1 5 1 9
T =—va ldm=—my
) Ct_!‘ ) C

(1.14)
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b) Vit rdn chuyén dong quay quanh mot truc cd’dinh. Xét vat ran B quay
quanh tryc ¢& dinh z véi van t6c géc @ (hinh 3.9). Liy mot phan t6 nhd dm cia
vatrdn. Do v=r® nén theo (1.13) ta ¢6

=1 jrzcuzdm Loy jrzdm :l.fza;ﬁ2 (1.15)
2] 27 ) 2

Trong dé J, Ia moémen quén tinh khéi clia vat rin d6i véi truc z.
c) Tdm phdng chuyén dong phdng. 1.8y mot phan nh6 dm ciia t4m phéng S.
Tix hinh v& (3.10) suy ra
x=xC+§=xC+rcosgo} T
Y=Y +n=ys +rsing
Pao ham cac hé thiic (1) ta duge N S
X=Xo —r@sing =Xx. ~on
V=3 +rQcosg =y + mg}

1

1

1
o Xe x x
Tl d6 suy ra Hinh 3.10

vV =32 452 = (e —on) + (e + o)

=32 + 9%+ (n? + &) - 20mic + 208y, (2)
Thé (2) vao (1.13) tinh duoc
T=l Ivzdm 1 I(xg + JE v’ (172 +§2)—2a)rp'cc + Qméyc)dm
25 25

_ 1 2 -1 ) 2 . .
= Evc ‘!dm + Ew é[r dm Axca)é[ndm + yca).i!é’dm
Do _[qdm=mr;rc =0, Ig*dmszc =0, nén biéu thitc dong ning cha tim
B B .

phing chuyén dong phang cé dang |

1 1 5
Tzamvé+5Jca) | (1.16)

1.6. Bong niing cua co hé
Pinh nghia 1.6. Dong nang cta co hé (gém n chit diém va p vat rin) Ja

téng déng nang cha cdc chét diém va cdc vat rin thudc hé

T 13 ms? 1% [viam (1.17)
21':] 2k=13k
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Khi hé gém gém n chat diém va p vat rin chuyén dong trén cling mot mat
phéng ta ¢6

& 5, 1& 5 1 2
T=2>"my} += Y myvg, +- Y Jo o (1.18)
2i=1 2k=l 2.k=1

2. PINH LY BIEN THIEN BPONG NANG

2.1. Pinh Iy bi&n thién déng ning

a) Pink Iy 2.1. Bién thién dong nang cua co hé (n chét diém va p vat ran) trong
mot dich chuyén nao d6 cla co hé bing tdng cong clia tit ca cdc ngoai lyc va
cédc noi lyc tic dung én co hé trong dich chuyén dé.

o Dang vi phan: dT =Y dA(F)+ > d'4(F)) (2.1)

e Dang gidi noi: 7Ty =D AF{)+ > A(F) _ (2.2)

Chitng minh. Dé don gidn ta ching minh cho trudng hop hé gdm n chat
diém va hé gém mot vat ran. '

o M& hinh hé gém n chdt diém. Xét chat diém thit k clia co he, theo dinh
Inat Newton 2 ta ¢6

dmyv,) _ze |z
S 34 S N (1)
df k k .
T doé suyra
d(n;'w—k) e =d [%’"kvfj = Ff dFy + Fy.d¥. 2
t

Cong lai ta dugc |
Zd[%mkvf): d[%kaviJ: S FL A+ F, R (3)

hay  dI' =Y dA(F{)+ Y d'A(F)

Mat khéc tir (3) suy ra
'I';l_ 1 ) F:k - ‘ ?" N .
jd(az mpyD)=y [Fidi+Y [F .dr, 4
Chay  T-Ty= AFE)+Y AF) )

o M6 hinh vét rdn. Ldy mot phan tlr phé dm cla vt rén, theo cong thic (2)
ta co
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d[%vzdm) = dF.dr + dF' dF _ (6)
Tir d6 suy ra
Lo e R o
d Ejv dm | = [dF .dF+de .ﬁ:ZFk.@+ZFk@ ')
B B B k=1 k=1 .
hay dT =3 dAFH)+S dAF]) | C(®)
Bang cich tuwong nhu trén, tich phan he thic (8) ta dugc
T—Ty =Y A(F{)+ > AF) 9y

b) Pinh Iy 2.2. Pao ham theo thdi gian dong ndng cha co hé bing téng cong
suit cia cdc ngoai luc va cic ndi luc tic dung 1én co hé.

dT : e - i -
E:ZF,‘ B+ Y F3, (2.3)
Chiing minh. Dao ham biéu thic (3) theo thdi gian, ta suy.cong thitc (2.3).
¢)Chi y
e Khdc véi dinh 1y bién thién dong lugng va P
dinh ly bién thién moémen dong lugng, trong dinh ly /
bién thién dong nang ta phai quan tam dén céc ndi E,
luc, vi téng cong cia cic noi lyc téc dung lén hé ¢é A /
thé khéc khong. P& [am vi du ta xét hai chét diém bi s
hiit vao nhau bdi hai lyc nhu hinh 3.11. Ta ¢6 Hinh 3.11

Zdi‘ﬂ; = Fy iy + Fy df, >0

Tuy nhién, d&i v6i mot hé gédm mot vat ran hodac hé nhiéu vat ran lién
két v6i nhau bdi cdc ban 1€, ddy mém khéng gian thi

- Y a(F)=o.

e Khi 4p dung dinh 1 bi¢n thién dong ning ngudi ta thudng phan chia céc
lyc tac dung 1&n hé thanh hai tap con: Mot tap goém céc lyc sinh céng (thudng la

cdc luc hoat dong {ﬁk“}) va mdt tap hop gém cdc lyc khong sinh céng (thudng
la cdc phan lyc lien ket khong ma sat {Re}). Khi d6 dinh 1y bi¢n thien dong
nang cé dang

ar =3 d A(F¢) (2.8)
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T-T,=Y A(F) | (2.9)

dar — '

—&7=ZF,( 7, (2.10)
Ta quy udc x€p cac lyc lién két ¢6 sinh cong vio tap cac luc hoat dong.

2.2, Cac thi du ap dung
Thi du 3.1. Mot ngiu lyc ¢6 mo men M, khong déi tdc dung vao tang cla
mot truc tdi . Tang cita truc 1ot duge xem 1a mot dia tron d6i xtng ban kinh R,
trong lugng O, moé men quén tinh d6i véi truc vudng géc voi mit phing tang va
di qua tam O 14 J,. Quin vao tang tdi mot s¢i day mém nhe khong gidn, réi
budc viio ddu day tu do mot vat ning A ¢ trong lugng P = mg' va dit vat nang
niy lén mat phing nghiéng véi phuong ngang mét géc « (xem hinh v 3.12).
Cho biét hé s6 ma st trugt dong gilta vat A va mit phing nghiéng 13 £. Tim
biéu thitc van t6¢ géc clia toi dudi dang ham cla g6c quay cud né. Biét ring ban
déu hé ding yén.
Loi gidi. He khao sat gém tdi va vat M
ning A. Toi chuyén dong quay quanh
truc O ¢ dinh. Vat nang A chuyén dong
thing theo phuong clla mit phéng
nghiéng. Cdc luc sinh cong gém ngiu lyc
M,, trong lugng vat ngng P, va luc ma

sét truot dong F, . (xem hinh 3.12).

ws

Hinh 3.12 =
Biéu thitc déng nang clia hé

1 1
5!’25110692 +5mvﬁ (1)
Do lién hé dong hoc v, = Rw ta cod
_ 1 2\ .2 o .
T—E(JO+mR Jo , )

Téng cong chia cdc lyc khi tdi quay mot géc ¢ (s=Rg ) 1a

Z Ay = Myp—mg sina.s — Fy.5 = (My —mgRsina — F,R)p
Chu ¢ t6i dinh luat Coulomb vé lyc ma sat trugt dong

Fo = uN = u(mgcosa)

bidu thic tdng cong cé.dang
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> A= I:Mo —mgR(sina + ycosa)]go

3

Do ban dau h¢ ding yén (7 = 0) nén theo dinh 1y bién thién déng ning ta ¢

T- TD—ZA = (J0+mR')a7 —I:Mo—ng(smo:+ycoso: :lqo

T do suy ra

Z[MG —mgR(sina + /.Lcoscx)]qo
) =
Jo+ mR*

Thi du 3.2. Mot dong co dién kéo mot hé
théng truyén dong dimg xich nhu hinh vé 3.13. He
théng dé 1am viéc nhu sau: Lic m& mdy xich bat
ddu chuyén dong véi gia téc a. Khi van téc cla
xich dat gid tri v, thi diéu chinh momen phét
dong clla dong co dé gitt nguyén van téc do.
Pudng kinh ctia truc chinh gin véi dong co a2,
“dudng kinh cba hai rong roc khdc 1a2», va2s. Doi
vdi truc quay clia ching, momen quén tinh khoi
cla tryc quay chinh la J,, mé men ciia cic rong
roc la J, va J;. Trong lugng clia vat nang dugc
kéo lén 13 A va clia vat dugce ha xuéng 13 A,. Xich

(5)

Hinh 3.13

c6 chiéu dai I, trong lugng trén mot don vi chiéu dai cla xich 1a ¢ . Hay tmh
cong sudt cla dong co trong qud trinh m& méy va qua trinh binh én v=v,,,

" Lot gidi. He khao sdt g6m 3 vat rdn quay quanh céc truc ¢6 dinh tuong tng
0,, O,, O,, day xich va hai vat ning chuyén déng thing trén hai qu¥ dao song
song. Céc lyc sinh cong gébm moémen phat dong M, , cdc trong lugng 7, 2 cla

hai vit nang.
Biéu thitc dong ning clia hé ¢d dang
1. 501 i 17,

T=—Jwi+-Jyw; +—Jy@wi +=Lvi +—
510+ 5120 233 >

Do céc méi quan hé dong hoc, ta cé
V=V =V = HE; =0, =i,

Thé vao biéu thic dong ning ta duge

O AT S W B B L
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Tt (3) ta suy ra .
dT(LLLLP_qud
) rz ¥ g
Biéu thifc cong ciia cac lyc khi dong co quay mot géc de,
” . M,
d'd=Mdo + Pds—PBds =| —+ P, —F |ds
?HI .
Ap dung dinh 1y bién thién dong nang dT =d'4 tacd
7 _
[Lgiuﬂ_]d[&”]d
R O g A .

Chia ca hai v€ ctia (6) cho df suy ra

M
_[LJ_J_LP_W](,DP)
g g

LT & )

Vay cong suat clia dong co trong giai doan md mdy la

M
N =M o, :ﬁl_vz{[i;+ir§_+i§_+ﬁi_w}a+(ﬁ _Pz)ilv
A

TR CU g
Cong suét ciia dong co trong giai doan binh 6n

v=v., a=0 = N=(B-B)vu

)

(3)

(6)

(7

(8)

Thi dy 3.3. Sau khi nhan dugc van téc ban dau khé nho, try trdn déng chat
ban kinh » Ian khong trugt khoi bé ndm ngang AB (hinh 3.14). Bé ¢6 canh bién
B nhon vA song song véi duding sinh clia try. Khi tru roi khdi be, mat phéng di
qua truc cha try va canh bién B nghiéng v6i phuong thang ding mot goc
CBC, = a . Bb qua ma sat lan. Xdc dinh van t6c géc clia try lic né tich roi khoi

bé va gid tri ctia géc « khi do.

Hinh 3.15

Hinh 3.14
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Loi gidi. Ap dung dinh 1§ bién thién dong nang
T-Ty=) 4 (1)
Trong bai nay, biéu thitc déng nang cla tru ¢é dang ‘

1

=0, T=5J33a)12 -1 (JCZ +'mr2)a)1"' =%mr2w12 (2)

2
Biéu thic cong cla trong luc 14

> A, =mgr(l-cosc) ' S )
Thé (2) va (3) vao (1) suy ra

%mr2w12=mgr(l—cosa) = a)f=%g+(l—cosa) (4)
' ¥

Ap dung dinh 1y chuyén dong khéi tam ta c6

mis =N+P+T (5)
Chié&u (5) lén tryuc phdp tuyén chinh #, ta duogc

map =N —mgcosa | ()]
T d6 suy ra: N =mgcosa —moyr

Khi tru bt ddu rdi khoi thanh B thi ¥ =0. Thé (4) vao (6) suy ra

cosex =§(1 —cosar) =

cosx=4/7 = a=arccos(4/7) - (D
Van tdc gdée cha tru khi roi khdi bé ndm ngang 1a
w,2-=4—g[1—iJ > o =22 (8)
3r 7 Tr

Thi du 3.4. Khoi d(’_‘)ng moto dién. Pé khéi dong mo to dién tix trang théi
tinh ta tdc dung vao roto mét mémen M{w) cé db thi nhu hinh v€ 3.16b. Cho
biét mémen quan tinh khéi clla méto d6i véi truc quay 1a J. Hay xac dinh

a) Van tdc goc cia roto @(¢). Cho biét @(0)=0, '

b) Khi nao thi van téc @ () dat gi4 tri binh én @,

¢) Cong sudt W (f) clia momen phét déng M(t),

d) Cong ctia mémen phét dong M(f) trong qué trinh m& mdy.
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M4
M,
a)l‘l
b) @
Hinh 3.16
Loi gidi.
a) Tir dinh 1y bién thién mémen dong luong _
L dw @
Y M@)= 2
7 (@)=M, (1 ﬂ’n} (1)
Tir 46 1a suy ra
dw M
49 | iw=iw, V6 A=—*
& ® . VOi Jo, (2)
Nghiem téng quét clia phuong trinh vi phan (2) c6 dang
ot)=a, + Ce ™ (3)
Hiing s& tich phan C dugc xdc dinh ti didu ki¢n ddu @(0)=0.Tacé
w(f) =, (1 - e”“) 4)
b) Tix (4) suy ra _
- lime(t)=o, (5)
f-pc0

Nhu thé, v& mat 1§ thuyét khi ¢ — oo thi &(f) > @,.

¢) Cong sudt cha momen phét dong. Theo dinh nghia cong suit ta c6
W M[ot0]ot0 - g [1-{1- 1)
=M,w, [g-lr _ e-uz] o ©

d) Cong clia momen phat déng rong qua trinh m& mdy. Do T, = 0, theo
dinh Iy bién thién dong nang xac dinh duge

T—T0=A:_>A=-;_Jw§ - G,
Thi du 3.5. Mot co-cau-hanh.tinh nim trong mat phéng ndm ngang (hinh

3.17) chuyén dong tir trang théi {inh nhémot ngdu-lye c6 momen khong doi My
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dat vao tay quay. Tay quay OA quay
quanh truc ¢6 dinh di qua O lam cho
banh ring 2 lan khong truot trén banh
ring 1 cd dinh. Xem tay quay OA la
thanh d6éng chdt va cé trong lugng 1a
O, banh rang 2 la dia trdn déng chat
ban kinh r,, trong lugng la P, bdnh
ring 1 hinh trdn, bian kinh r,. Bd qua
cac luc can. Hay xdc dinh gia t6c géc Hinh 3.17
cla tay quay.

Loi gidi. Khao sat chuyén dong ctia co ciu hanh tinh. Trong dé tay quay
OA quay quanh O, banh 1 ¢& dinh, banh 2 chuyén déng phang. Co hé cé mot
bac ty do. Luc tdéc dung sinh cong 1a ngu luc M,

Pau tién ta tinh ddng nang cia hé

Trong do
2
TOA=lJoa’2 _10x+n) >
2 2g 3
1 2 1P 2 P 2.2 1P 2
L==J +=——vi=—ra; +——v
27 Al Ty = A

Dov,=(h+n)w, w,=v,/r =0 +r)o/r, nén

20+9P

1
r=7 6o (n+n) e’ )

Biéu thiftc cong
Z Ay =Myp 3

Thé (2) va (3) vao dinh 1y bién thién dong nidng T-Ty =Y 4,

20+ 9P

ta dugc (n+r) o’ =My @

Pao ham theo ¢ hai v& cia phuong trinh (4) ta dugc
. 6Myg
(20 +9P)r+1)"

=const (3
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3. PINH LY BAO TOAN CG NANG

3.1. Cac khai niém cd ban
a) Luc co thé _

Cho # 1a lyc phy thuge vao vi tf diém dat cla né F = F(x,y,z). Trong
trudmg hop tong quét, cong nguyén 16 cha luc d'4 = F,dx+ F,dy+ F.dz khong
phai la vi phan ding cia mot ham. Tuy nhién trong mot s6 trudmg hop dac biét,
d'4 ¢6 thé 1a vi phan clia mot him nao dé.

Dinh nghia 3.1. Lyc chi phu thuoc vi tri F(x,y,z) duge goi 1a luc c6 the,
néu cong nguyén t& cla né 1a vi phan ding ciia mot ham U(x, y,z) nao dé

oU . U, aU

d'AFy=dlU = —dx +—dy +—d 3.1
(F) ox +5y 4 Oz ’ . 3.1

Khi d6, ham U(x, y,z) duge goi 13 ham luc.
b) Thé vi cita luc cé thé
Dinh nghia 3.2. Cho F(x,y,z) 1a luc c6 the. Ham II(x, y,z) xdc dinh bdi
cong thic
dTI(x, y,z) = —dU(x,y,2) = —d'A(F) (3.2)
dugc goi 1a thé vi clia luc ¢ the F(x, y,z) . _
- Chii y: Do the€ vi clia luc ¢6 thé duge dinh nghia boi biéu thidc vi phan (3.2)
nén thé vi cla luc cé the duge xdc dinh sai khac mot hing s6 cong.
¢) Tinh chdt cida luc co thé

—Tinh chdt 1: Néu F(x,y,z) 1a luc ¢6 thé, thi

Fo=- g M (3.3)
ox gy oz
Chimng minh. Theo dinh nghia
d'A=Fdx i Fdy+Fdz (3.4)
. Mit khic theo dinh nghia vi phan clia ham sd ta ¢6 hé thiic
dﬂzggdx+§ﬂdy+@dz (3.5
ox ay Oz

Tir cdc biéu thic (3.2), (3.4) vi (3.5) suy ra (3.3).
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_Tinh chdt 2: Néu F(x,y,z) 1a luc ¢6 thé, thi cong hitu han cha né khong
phu thudce vao hinh déng quy dao ma chi phu thuoc vao vi tri di€m déu va diém
cudi cia qu¥ dao. '

Chitng rarh. Theo (3.1) va (3.2) ta cé

d'd= F.di = F.ds+ F,dy+ Fdz =—dTL

Tirdé suyra

Ao = (L(de“ Fydy+adz)x—idn
M3y MM
=TL(x, 1,21 ) =T %2, ¥2,22 ) (3.6)

—Tinh chdt 3: Thé vi clia luc c6 the F(x,y,z) tai vi tri M(x,y,z) so v6i vi tri
M (x,Y0,20) 12 cong ciia lyc F(x,y,z)khi diém dat cla lyc di chuyén tir vi tri M

161 vi tri M,,.
Chiing minh. Theo cong thic (3.6) 7
M,
A = j (Fdx+Fajz+Fdz)—— fdn
Mty .
=IX(x, y,2) —T(x, ¥y, 2g) - o E ‘f
V@Y H(x:ysz):n(xosy():z())"“Am- MD

Hinh 3.18
d) Cdc thi du minh hoa .
D€ minh hoa ta x4c dinh cdc biéu thic thé vi clia trong luc va the vi cua luc
dan héi tuyén tinh. Thé vi clia trong lyc cé dang (hinh 3.18)
11= Am = mgy (].)

Bay gi& chuyén sang tinh thé vi cla luc dan
héi tuyén tinh (hinh 3.19). Ta1 M, 16 xo chua bj
dén, ta co

T T T T

Hinh 3.19

1 2
II= Am—gcx (2)

d) Thé ndng cua co hé

Dinh nghia 3.3. Thé niang ciia co hé & vi trf khdo st so véi vi trf quy chiéu
da chon trudc 12 téng cédc the vi cha cdc fuc ¢6 thé, tic dung 1én co hé, & vi tri
khéo sdt so véi vi tri quy chiu da chon.

Chu ¥: .

— Do thé vi cha luc-cé.thé dugexac.dinh.sai khac.mot hang s6 cong nén the
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nang cha ca hé cling dugc xdc dinh sai khdc mot hiing s6 cong, phu thudc vao vi
tri quy chi€u ta chon. '

~ Ch ¢ dén dinh nghia the vi clia luc 6 the ta c6 thé phat bi€u dinh nghia
3.3 duéi dang khdc nhu sau: Thé ning clia co hé & vi uf khdo sit so vdi vi tri
quy chiéu di chon trudc la téng cong cla clia cic lye cb thé tic dung lén co hé
khi co hé chuyén tix vi tri khdo sét vé vi trd quy chiéu da chon.

e) Khdi niém truong luc
" Dinh nghia 3.4. Khoang khong gian vat 1y ma khi cdc chat diém va céc vat

rén chuyén dong trong d6 chi chiu téc dung clia cic lyc phu thuge vao vi tri
duoc goi 1a trudng lyc.

Khoang khong gian vat Iy ma khi cac chat diém va cdc vat rén chuyén
dong trong d6 chi chiu tac dung chia cac Iuc c6 the duge goi 1a trudng luc thé.
) Su phén loai cdc luc. Dén day ta di dua ra ba cdch phén loai cdc luc tac
dung lén mot co hé:

— Ngoai lyc va ndi luc,

— Luyc hoat dong va phan lyc lien két 1y tudng,

— Luyc c6 thé va lyc khong c6 the. '

Tuy ting bai toan chiing ta ¢6 thé 4p dung méi céch phan loai Iurc khac nhau.

3.2. Pinh Iy bao toan co nang

a) Khdi niém co hé bdo toan. Co hé chi chiu tic dung cla céc luc hoat dong
c6 the duge goi 12 co hé bao toan (hay goi tét 12 hé bao toan).

b) Pinh Iy 3.1. Khi co h¢ chi chiu tic dung cha céc lyc hoat déng c6 thé, thi
téng dong nang va thé nang ciia co h¢ luén ludn 13 hing s6

T+II=const. - (3:8)
_Chitng minh. Theo dinh 1y bi€n thién dong nang ta co -

dT =d'A=-dIl
Do dé d(T+)=0 = T +II=const

Thi dy 3.6. Cho mot soi day co khoi luong vit qua rong roc A. Cho biét,
moémen quén tinh khéi cha rong roc d6i véi truc di qua A 14 J 4, ban kinh rong
roc r . Céc kich thuéc cho trén hinh v&. Day c6 khéi luong 14 m, chuyén dong
véi didu kién ddu 2(0)=0, x(0) = x,. Bo quama sat. Hay xac dinh

a) Van t6c cta day phy thudc vao x khi x<a.

b) Quy luat chuyén dong eua day x(t).
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a+x

Hinh 3.20

Lot gidi. Hé khdo sdt 1a rong roc va day ning. Khi day vit trén rong roc,
néu bd qua ma sit thi moi diém trén day cé van t6c 1a v ¢é tri s6 nhu nhau:
v=rm. '

Poéng nang cha hé 1a

1 1 t{J
T=—J0 +—mi’ =~ L+ m |3 (1)
2 2 2

F‘Z

Thé néng ciia hé gém c6 thé ning cha hai phdn day vat & hai bén rong roc,
hai phédn day nay c6 khoi lugng tuong dng 14 #2 v m, . Phan day vét trén rdong
- roc ¢6 trong tam khong déi, nén khi tinh ¢ong ho#ic thé néing, ta khong cin quan

tam. Tir hinh (3.20) ta ¢6 ' |

a+x a—x

I[1=m, 8xc, +magxc, =mg + g———2 (2)

Khéi lugng trén mot don vi dai cia day la
mn ,
= 3
2a+xar ©)

Tir d6 suy ra

my, = p(a—x), m, = p(a+x) | 4)
Thé (4) vao (2) ta duge

M= pg(a’ -+’ ®)

Ap dung dinh 1y bio toan co ning ta cé

%(nn):o = (J—§+m]xje—2pgxx=o
r

Tir d6 suy ra phuong trinh vi phan

-

___gfzg_x:() (6)
JA/r +m '
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Néu dua vao ky hieu

=205 %
S+ m
thi tir phuong trinh vi phan & tréa suy ra
¥-k*x=0. (8
Nghiém t6ng qudt clia phwrong trinh (8) dwge tim dudi dang
x(0)=Ce" +Cye™ (9)
Céc hang s& tich phan duge xdc dinh tir diéu kién déu x(0) = x;, %(0) =0
xX(M=C +C, =x _
{xioi_(cl:l—éz)kozo G ZCZ:%xO
Vay
x(t):lzxo (e’“ +e4"):x0 cosh(kf) (10)
Mt khéc cling tir dinh 1y bao toin co ning
Ty + Ty =1, +11,
ta cé
pg(az—xg)z-l—(']—;+mji2 +rpg(az—x2) (11)
2\ r '

T dé suy ra

% =kx® —x; (12)
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Chuong 4

MOT SO NGUYEN LY CO HOC

Trong cdc chuong trudc, Xudt phét tir cdc tién dé Newton, chiing ta di khao
sat chuyen dong cha co he. Tuy nhién, ciing c6 thé xudt phdt ti¥ cdc nguyén 1y
co hoc khéo sat chuyén dong chia co hé. Nguoi ta thudng sir dung céc nguyén 1y
co hoc dé thiét lap phuong trinh vi phan chuyén dong cba co hé. Trong chuong
nay gici thiéu mot s§ khdi niém quan trong trong co hoc cdc he chiu lién két.
D6 12 khéi niém di chuyén do va khdi niém s bac ty do cia c¢g h¢ mét cach
t8ng quat. Sau dé trinh bay mot s6 nguyén 1y co hoc co ban va hay dugc si
dung. D6 1a Nguyén Iy céng do, Nguyén 1y d'Alembert, Nguyén Iy d'Alembert—
Lagrange. 3 cudi chuong trinh bay viéc 4p dung nguyén ly d’Alembert—
Lagrange thanh lap phuong trinh Lagrange loai 2.

1. CAC KHAI NIEM CO BAN

1.1. Li&n két va phan loai lién két. Co hé tu do va co hé khéng ty do
a) Lién két

Dinh nghia 1.1. Lién két 1a céc diéu kién rang budc chuyén dong clia céc
chat diém va cdc vat ran thudc hé.

Céc diéu kién rang buoc thudng duoc bidu dién dusi dang céc phuong trinh
hoac céc bat phuong trinh. Céc diéu kién rang bude doc 1ap véi cle Iy tic dung
len co hé va cdc diéu kién ddu clia chuyén dong.

b) Cdc thi du vé thiét lap cdc phuong trinh lién két

Trudc hét chiing ta xét hé gém ti nang vat nang (hinh 4.1). Tdi O ¢ ban
kinh r. Khi 13 quay quanh O mét géc ¢ thi vat ning A di chuyén dugc mot
doan s. Ta c6 phuong trinh lién két

fs,@)=s—rp=0

Pé 1am thi dy thi hai, Xét banh xe béin
kinh r lan khéng trugt trén doan dudng thang
(hinh 4.2). Do P’ la tam van t6c tic thdi ta cé
hé thifc

Hinh 4.1

Vo =Fa
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L

’ Hinha.2 '( - Hinh43  ~
Tich phan phuong trinh trén ta dﬁqc phuong trinh lién két
fxe,@)=xc~rp=0 ‘
~ Cudi ciing ta xét chuyén dong clia co cdu 4 khau ban 1€ (hinh 4.3). Tir hinh
ve ta c6 hé thic _
l +1 = 10 +l3
Chiéu hé thdc rén lén hai truc toa do x va y ta dlIo'c hai phu’o‘ng trinh
lién két
Si(@1. P2, @3) =] cos@ +1, cos g, —Lycosp; —Ip =0
Fo(@1 @2, 03) = hsing +1;sing; —Lysing; =0
‘ Qua céc thi du trén ta thiy cdc phuong trinh lién két thudng c6 dang
F1€a1- 925 4m) =0, k=12,...;7) (1.1)
DPink nghia 1.2. Khi céc lién két duge biéu dién dudi dang cdc phuong trinh

rang budc cdc toa do suy rong clia hé nhu cdc phuong trinh (1.1) thi lién két
du’o’c goi 12 lién két hinh hoc, giit va dimg.

¢) Su phdn logi lién két

Dua vao dang cha cic phuong trinh lién két hodc cdc bat phuong trinh 11en
két, ngudi ta phan loai céc lién két nhu sau

— Lién két gift va lién két khong giit: N&u c4c diéu kién rang bugc chuyén
dong ciia co hé duge thé hién bang cac phuong trinh thi lién két duge goi 1a lién
két giit (hay lién keét hai phia). Ngugc lai néu cdc diéu kién ring budc chuyén
dong co hé dugc thé hién bing céc bat phuong trinh thi 11en két dugc goi 1a lién
két khong gill (hay lién két mot phia). '

Fi(@ys du-1)> 0 lién két khong gitt
filae, 4, t)=0: lién két giit

Dudi day ta chi xét cdc lién két gift.

— Lién két holomom” va lién két khong holomom: Néu céc phuong trinh lien

' Nam 1894, nha bic hoc nguoi Die Heinrich Herz (1857-1894), sir dung thuat ngit holonoém
lan d4u tién. ‘
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két khong chita y&u t6 van tdc (hodc néu cé chifa cdc yé&u 16 van toc thi ¢6 thé
tich phan 18n 1am mat chning di) thi lién két dugce goi 14 lién két hélomom (hoic
lién két hinh hoc). Néu cdc phuong trinh lién két ¢é chifa cdc yéu t6 van t6¢c ma
khong thé tich phan Iam mét chdng di thi lién két duoc goi Ja lién két khong
h61omom (hoac lién két dong hoc).

fi(q,, 4. 1)=0: lién két khong hotonom,

fi(ge,1)=0  : lién két holonom.

Duéi day ta chi xét cdc lién ké&t holonom.

— Lién két dimg va lién két khong dimg: Néu phuong trinh lién két khong
chita r& bién thai gian thi lién két duge goi 1a lién két dimg. Néu phuong trinh
lién két chita rd bi€n thdi gian thi lién két 1a khéng dimg.

fi(g,.1)=0: lién két khong ditng,
fi(g,)=0: lién két dimg.

d) Co hé tu do va co hé chiu lién két (khong tir do)

Dinh nghia 1.3. Co hé tu do 1a co hé ma vi trf va van téc ctia cdc chat diém
va cdc vat rin thudc hé c6 thé nhan cdc gid tri ban ddu wy ¥. Nguoc lai, co hé
duoc goi la co hé chiu lién két. D&i véi co hé chiu lién k&t vi tri va van t6c cla
cac chat diém va cédc vat ran thudc hé bi rang budc bdi mot sd diéu kién hinh
hoc va dong hoc.

Pinh nghia 1.4. Mot co hé khong ty do ma chi chiu céc lién két hélonom
duge goi la h¢ holonom. Nguge lai, n€u ton tai ft nhdt mot lien két khong
h6léndm, co hé duge goi 1a hé khong holonom.

Trong k¥ thuat ta thudng hay gap cic co hé chiu cic lién két holoném (lién
két hinh hoc), gilt va dimg. Trong gido trinh nay ta chi Xét cdc loai co hé chiu
lién két holonom, gii va dimg. '

1.2. Di chuyén kha di, di chuy&n 30 va s8 bac tu do clia cd hé
a) Di chuyén khd di va di chuyén do cia chdt diém

Binh nghia 1.5. Di chuyén kha di cla chat diém 12 di chuyén v6 cling bé

cha chat diém tir vi trf dang xét sang céc vi trf 1an c4n ma phi hop véi lién két.
Ky higu 4’7 .

Dinh nghia 1.6. Di chuyén 4o cha chat diém 13 di chuyén vo cling bé tudng
tugng ciia chat diém tix vi tri dang xét sang cdc vi trf 1an cAn ma phi hop véi lién
két tai thoi diém khdo sar. Ky higu 87 .
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Thi du 4.1. Xét mot chat diém P di
chuyén trén san cba mot thang mdy
dang chuyén doéng lén phia trén vdi vin
t6c # (hinh 4.4). O day, chat diém chiu
lien két khéng dimg (phuong trinh san
thang mdy). '

Di chuyén ao ciia chdt diém P I
cic di chuyén nhd §7 nam trén san
thang mAy (tudng tugng thang may bi
dimg lai tic thai). Di chuyén thuc cua
chat diém P 11 téng hop hai chuyén dong d7 =67 +ail (o 1a mot hing s6
duong). Di chuyén kha di clia diém P 12 hai di chuyén

" Hinh 4.4

di=dF=6F+aui va d'F=0r-ai

Chu y: :

1) Di chuyén kha di 1a di chuyén v6 cling bé phit hgp véi lién két, khong
guan tam dén nguyén nhan gay nén chuyén dong (lyc tic dung), con di chuyén
thyc vé ciing bé vira phit hop véi lien ket vira bi chi ph6i béi lyc tdc dyng. Nhu
thé di chuyén thuc vo ciing bé la trudng hop riéng cia di chuyén kha di. ‘

2) Di chuyén 4o la di chuyén vo ciing bé tuong tugng ma phi hop véi lién
ket tai thoi diém khao sdt (nghia 12 trong phuong trinh lién két, thoi gian 1 xem
la c8 dinh, &t =10).

3) Néu lién két ia dimg (khong phu thude hién vao thdi gian) thi cdc di
chuyén 4o s& tring vdi cdc di.chuyén kha di va khi d¢6 di chuyén thyc vo cling
bé 1a mot trudng hop riéng cha di chuyén do. Néu lien két 1a khong dimg thi di
chuyén 4o la di chuyén hoan toan do tudng tugng, khong thé xdy ra trong thuc
t&. Trong truong hop nay di chuyén thyc v6 cling bé khong nam trong tap céc di
chuyén &o. '

b) Phuong trinh rang buéc cdc thanh phdn di chuyén do cia chdt diém

Xét mot chat diém P chuyén dong trén moét mat = dang chuyén dong.
Phuong trinh lién két ¢6 dang

fxy,z0=0. (1.2)

Phuong trinh (1.2) 1a phuong trinh ca mét mat £ di chuyén irong kKhéng
gian ba chiéu x, y, z. Do cdc toa do clia chdt diém luén thod man phuong trinh
(1.2) nén dao ham theo th&i gian ta dugc

df _ofde ofdy ofdz & , (1.3)
dt  Oxdioydl 03 dip OF
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Nhan hai v& ciia phuong trinh (1.3) véi df ta ¢d

df:idx afdy+afd + fdt 0. (1
ox dy oz
Di chuyén thyc cha chit diém EN
dF =dxi +dyj +dzk c6 céc thanh phén | f?f\‘sj o
trén cdc truc toa do 1a dx, dy, dz. Nhu thé -
cdc thanh phan dx, dy, dz cia di chuyén 2 ‘ >
thyc d7 phai thod man (1.4). k4 r
o B4

Xét tap cdc vi tri P’ cua diém P rat - : ..
gan véi vi tri cha P tai thdi diém xdc dinh
t v phil hop véi lién két tai thdi diém nay x Hinh 4.5
(hinh 4.5). Vi trf cta diém P

F=xi+yj+zk.

Vi tri ctia diém P’
F=F +é‘r =(x+6xX) +(y+8y)] +(z+82)k .

Trong do ox,dy,5z l1a hinh chleu clla 67 trén cdc truc Ox, Oy, Oz
SF=6xi +8y] +0zk

Do toa do diém P’ phii thod man phuong trinh lién ket tai thoi diém f xdc

dinh dé, nén ta cé phuong trinh
S(x+6x,y+8y,z+82,1)=0 _ (1.5
Ap dung khai trién Taylor
Ff(x+6x,y+6y,z+0z,1)= f(x, ¥, z, t)+—5x+af5y+ af52+ =0
’ dy

B3 qua cdc vo ciing bé bac cao hon 1 so véi Sx, 5y, 5z ta ¢é phuong trinh

rang bugc cdc ox,8y, 6z | _
g§J¢c+Ej’f—&)iJr?f—é'z=0 . : (1.6)

o oy z . _
" Nhu thé céc thanh phén 6x, 8y, 5z cla di chuyén 4o 67 phai thod min
phuong trinh (1.6). ‘
-Ngudi ta thuong goi di chuyén 40 5 7 1a bién phan ding tho’1 cla vécto 7,
con céc hinh chi€u clia né §x, 5y, 5z duge goi 13 cdc bién phan ding thdi cla
toa d6. Khi thiét lap biéu thic (1.6) ta coi thdi gian £ 1a khong déi (51 =0), nén
cdc bién phan 8x, 8 y,dz-duge.goila-cic-bién-phan-ding thoi.
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¢) Di chuyén khd di va di chuyén do ciia vit rdn

Do chuyén dong cla vat rén ¢6 thé phan tich thanh thanh chuyen dong clia
Kkh6i tam cGa vat rén va chuyén dong quay twong d6i quanh khdi tam cta no,
nén di chuyén thyc vo cling bé cua vat rin c6 thé ky hi¢u bing hai véc t©
dr.,d@ . Trong d6 dr.1a di chuyén vo ciing bé cha khéi tam, con d@ la goc
quay vé cilng bé ciia vat ran guay quanh truc quay tifc thoi di qua khoi tam.

Dinh nghza 1.7. Di chuyén kha di cha vat ran 1a nhiing di chuyén vo cling
bé ciia vat rin tir vi tri dang xét sang cdc vi tri 1an cdn ma phd hop v6i lién két.
Ky hiéu la d'7., d'@.

Dinh nghia 1.8. Di chuyén 4o ciia v4t rin ]a nhimg di chuyén vo ciing bé
wdng tugng cia vat ran tir vi tri dang xét sang céc vi tri ]an can ma phil hop voi
lién két tai thoi diém dang xét. Ky hiéu 1a 87, 6 . :

Dudi day ta chi xét chuyen dong cla cdc vat tan chiu céc lién két dimg.
Khi d6 di chuyén o cla vat ran tring vdi di chuyén kha di cha vt ran.

Ky hiéu:

— Di chuyén 4o cia vat ran tinh tién 1 67,

— Di chuyén do caa \;at rén quay quanh mot truc ¢8 dinh 12 S (hinh 4.6a),

— Di chuyén 4o ciia hinh phang S chuyén dong trong mat phiing ciia né la
tap 67,,0p hay &x,,8y,, 6p (hinh 4.6b).

b) o -

L | Hinh 4.6

d) Di chuyén do ctia co hé

Dinh nghia 1.9. Di chuyén 4o clia co hé 1a nhimg di chuyén v6 ciing bé
tudng trong clia cdc chat diém va cdc vat rin thudc co hé tir vi tri dang xét sang
cdc vi trf 1an can ma phi hop vdi lién ket tai thoi diém khéo sat.

Khi chi khio s4t chuyén dong cila cdc co h¢ gém céc chét diém va cdc vat
rén chiu cdc lién két ditng,thi.di chuyén 4o ciia cg hé s& tring vdi di chuyén kha
di cua co hé.
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e} S6 bdc tu do cia co hé

BDinh nghia 1.10. S6 bac ty do cilia co h¢ 13 s6 i da cdc di chuyén 4o doc
lap tuyén tinh ctia co hé.

Chit y. D61 v6i he chiu céc lien két holonom, s6 t6i da cdc toa do suy rong
doc lap tuyén tinh du d€ x4c dinh vi tf cha co hé ciing bing s6 t6i da céc di’
chuyén 4o doc 1ap tuyén tinh clia co hé (k¥ hieu 12 f). Con d6i v6i he chiu lién
ket khong holéném, s6 cac toa do suy réng doc lap, di dé xédc dinh vi tri cha co
hé c6 thé 16n hon s6 bac ty do cla co hé.

1.3. Cdng 3o, Lién két ly tudng, Luc suy réng
a) Cong do
Binh nghia 1.11. Céng cha céc lyc tdc dung 1én co hé sinh ra trong mot di
chuyén 4o clia co hé duoe goi 1a céng a0
SA= 5A(F)= F.5% . (1.7)

Trong d6 67, 1a di chuyén do cha diém dat luc.

b) Lién két ly tuong .
Binh nghia 1.12. 1ién k&t 1y twdng 1a céc lién két giir, ma cong 4o cha tit
cd cdc phdn lyc lién ket trong di chuyén do bét k¥ clia co hé déu bing khéng
> F SR =0. (1.8)
Chat y: Sau nay ta quy udc x€p cdc thanh phén phan luc lién két ma khong
thoa mén he thic (1.8) vao tap cdc lyc hoat déng.
¢) Luc suy réng cda cdc luc hoat dong
Xét mot hé co hoc chiu tdc dung cla cée luc hoat déng £, FF,..., F&. Khi
do biéu thifc cong 4o c6 dang
N
A= FSF . (1.9)
k=t
Gia str co hé duge xéc dinh bdi cic toa do suy 10ng gy, ¢,,....q,, (M= f).
Khi dé, vi tri clia céc diém dat lyc duge xdc dinh bdi cdc cong thiic
’_‘;'c:ﬁ((q]nqzs"-sqm:t) (k=1=29'":N) (1'10)
Tir(1.10) suy ra '
H1 a;
57, = ¥ —£ 5q, ' 1.11
= ; o, . (11D
Thé (1.11) vao (1:9) tadiroe
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5A=§':[i ﬁ“-gi)ﬁqi => 0.8, (1.12)
q.

Pinh nghia 1.13. Lyc suy rong 0, (éﬁa hé céc luc hoat dong tdc dung VA0
co hé) ting v6i toa do suy rong g, duge dinh nghia bdi cong thic

Zﬂ“.a’l (=1,2,...,m) (1.13)
9y,

d) Cdc phuong phdp xdc dinh luc suy rong
Trong doan nay ta dua ra ba phuong phép dé xac dinh luc suy rong.

Phitong phdp 1. Tinh lyc suy rong dua theo cong thitc dinh nghia (1.12)
hoac (1.13).

Phitong phdp 2: Cho co hé thuc hi¢n cdc di chuyén 4o dic bi¢t d¢, #0,
dg,; =0 (j#i) kh d6 tinh dugce
sAa=[..]6q, = 0=[.]
Phitong phdp 3: Tinh luc suy rdng clia cac luc 6 thé.

SA=Y F; .67, ==dl (1)
Mot mat ta co
3Ry 8%, = 00g, + 0,09, +-+ 004, @)
Mait khac _
—éTl——g;HIr?q, 225612—---—% q; (3)
T (1), (2), (3) suy ra
Ql.——g—?' (i=1,2,....,m) ' (1.14)

e¢) Cdc thi du minh hoa
Thi dy 4.2. Cho mé hinh con lac vat 1y nhu hinh
vé 4.7. Hay xé4c dinh lyc suy rng Gng véi toa do suy
rong Q.
L&i gidi. Thé ning clia trong lyc 1a
L =—mgacosq .

Do dé

o I ——easmy, Hinh 4.7
og :
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Thi du 4.3. Mot con lic todn hoe
khéi luongm, , dai [ duge ndi vio con
trugt A khéi luong m, . Con trugt duge
néi vao tudng bing 1d x0 véi hé s6 cing
14 ¢ nhu hinh v& (4.8). Cho biét con trugt
A ¢6 thé truot khoéng ma sit trén nén
nhin. Hay tim c4c lye suy rong clia hé.

Loi gidi. Cho hé thuc hién di
chuyén ao &g, #0,5q,=0. Coéng 4o
tuong Ung Ia

Hinh 4.8

0A=F(1)oq —cq6q, =0 =F()—cq,.
Cho hé thuc hién di chuyén 40 8¢, =0, 8gq, #0.

Tl d6 suy ra

604=-m,glsing,0q, =Q, =—-m,gl sin g, .

2. NGUYEN LY CONG AO (NGUYEN LY DI CHUYEN AO)

Nguyén Iy cong 4o (hay con goi la nguyén 1y di chuyén 4o) thiét lap diéu

ki¢n cin bing t6ng quat chia co heé.

2.1. Khai niém co hé cin bing

a) Chadt diém va hé chdt diém

" Pinh nghia 2.1. Mét chdt diém & can bing
- d6i véi mot hé quy chi€u di chon néu nhu né
diing yén déi v6i hé quy chiéu dé ¢=0,7v=0.

Chii ¢ ring diéu kién d=0,%=0 cé thé
thay thé bing diéu kién a =0, %(0)=0.

Pinh nghia 2.2. M6t hé n chat diém & can
bang ddi véi mét hé quy chiéu dd chon néu nhu
timg chat diém cla hé & cin bing ddi véi he
quy chiéu do.

d, =0, v (@=0, k=1,2,...,n

b) Vit rdn va hé cdc vdt rdn

Y=

/o _ '
X Hinh 4.9

2.1)

BDinh nghia 2.3. Mot vat rin G can bang d&i v6i mét hé quy chiéu di chon

n€u nhu né ding yén ddi véi hé quy chidu dé.

G =0, Va(0)=0, F=0, 3(0)=0
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~ Trong d6, C 12 khéi tam clia vat ran.

Pinh nghia 2.4. Mot h¢ p vat rin & can bing d6i v6i mot hé quy chicu da
chon, néu nhu timg vt ran thudc h¢ & can bang déi véi h¢ quy chigu dé.
Gg, =0, o, (=0, £ =0, B(0)=0, k=12,...p (2.2)

2.2. Nguy&n 1y céng 4o (Nguyén 1y di chuyén &o)

Nguyén ly. Diéu kien can va di dé cho co he (gém n chét diém va p vat
rin) chiu céc lién két gift va dimg & can bing tai mot vi tri dang xét 14 téng cong
cha tit ci cdc luc hoat déng tic dung lén co he déu triét tiéu trong moi di
chuyén 4o bat k¥ clia co hg tir vi tri dang xét

> 54, = F 5% =0 (2.3)
Chiing mink. D8 don gién ta ching minh cho trudng hop co he gém .1
chét diém.
Chiing minh diéu kié¢n cdn. Gia thi€i co h¢ dang can bing & vi tri dang xét.
Xét mot chat diém P, thugc co h¢ chiu tic dung clia luc hoat dong E* valyc
lién két 1y tudng Fy . Do co hé can bang ta ¢6
md, =F' +F =0
Nhan vé huéng hai vé ciia ding thic trén v6i 67, va 18y tong theo tét ca cac
ch4t diém clia hé ta duge
S 5F, + Y Ff 87, =0
Do tinh chét cia céc luc lién két 1y tudng Zﬁ,“',é'ﬁ =0, nén
> F 67, -0
Chitng minh diéu kién dii. Ta s& ching minh dicu kién &0 bing phuong
phép phén chiing. Gid sit co h¢ dang & can bing ¥,(0)=0, céc luc hoat dong tic
dung 1én co hé thod man dicu kién Zﬁk” 5%, =0. Do tdc dung cla cdc luc hoat

dong, co hé c6 thé van ti€p tuc can bang va cling ¢6 thé khong o trang théi can
béng nita, bit ddu chuyén dong. Gid sir ca h¢ khong & can bing nita va bat ddu
chuyén dong, theo dinh 1y bién thién dong nang ta cb

dT =d'4="y F. dF,
Do T(0) :%kavf((}) _0 nén dT =TT, >0. Tirdé suy ra
S B i >0 (D
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Do co hé chju céc lién két dimg nén di chuyén thuc v6 cling bé cha hé dr,
thudc vio tap céc di chuyén do cha h¢. Hé thic (1) mau thudn véi gia thiét. Nhu
thé gia sir chia chiing ta vé co hé khong can bing nita 12 sai. Vay co hé van ti€p
tuc & can bang. :

2.3. Cac phuong trinh can biing ctia hé héléném
Gia st co hé holoném cd f bac tu do. Vi tri clia hé duge x4c dinh bdi f toa
do suy rong ¢y, q,, ..., 4, - Nhu di biét, biéu thifc cong 4o clia cdc Iyc hoat dong
trong toa do suy rong di cé dang '
L
> S Ay =D Ff 5% =Y 05q
i=1
Theo nguyén 1y cong 4o, diéu kién cin bing ciia co hé la
S
A=Y 0,6q,=0
i=1
Trong hé holénom cdc bién phan 8g; (i=1,2,..., ) doc lap v6i nhau do
g, 1a céc toa do suy rong di. Tir d6 ta suy ra cic phuong trinh can bang cia cd
hé hoélondm
S0 =0, (i=12,...,1) 2.4
Trong trutng hop céc luc hoat dong déu 1a céc luc cd thé, ta ¢ cdc phuong

trinh can bang ctia hé bao toan

=220, (i=1,2,..., /) 2.5)
0q;
2.4. Cac thi du ap dung

Thi dy 4.4. Cho co cdu culit trong mat phang nam ngang va chiu tic dung
clia cdc luc P va ¢ nhu hinh 4.10. Cho biét OC = R, OK = I. Tim diéu ki¢n
can bang cla co cdu.

Loi gidi. Hé khio sit 13 co cau culit. Vi tri cla co hé dugc xdc dinh bdi gée
quay ¢ . Cac luc hoat dong la P va 0. Khau OC ¢6 thé quay quanh O. Khau
AB c6 thé chuyén dong tinh tién. Con trugt A chuyén dong doc theo thanh OC.
Cho hé thyc hién mot di chuyén a0 S . Khi d6 di chuyén o cla cdc diém dat
luc ky hiéu 1a &s. va §sp. Tir hinh vé ta c6

Osc.=Rop, 05p =05,

286




Do s, =ltgep,suyra

8s,=—5—09 .

cos” @
Téng cong do cla cac luc hoat dong 1a

ZﬁAk =—08s, + Pdsg =~QRop + Pi op .
cos” @

Do dd

= i ) B1FT5-S‘B
Rcos® ¢

Pl Hinh 4.10

Qua thi du trén thay ring st dung nguyén 1y di chuyén ao tim dicu kién can
béing cha cd ciu tuong d6i don gidn.

Bay gi®y ta trinh bay viéc dp dung nguyén ly di chuyén &o dé xdc dinh céc
phan Iuc lién két, Nguyén téc chung gidi quyét bai todn nay la: Giai phdng timg
lign ket (hodc toan bo cdc lign két), thay lién ket bang phan lyc lién két, bién lyc
lién két 1y tudng cén tim thanh lyc hoat dong. Do dé lam tang s¢ bac trdo clha
~ ¢o hé. Sau d6 cho hé thuc hién nhing di chuyén ao thich hop dé tinh timg thanh
phén phan lyc lién két can tim.

Thi du 4,5. Cho ddm lién tuc chiu tic dung cla cic lyc va c6 kich thude
nhu hinh 4.11a. Hay xéc dinh cdc phan lyc lien két tai A, B, C.

Lo gidi. He khio sdt 1a ddm ghép ADC. Cic lyc hoat dong la B vib.
a) Xdc dinh phdn luc tgi B. Ta gial phéng lién két & B, thay lien két bang phan
Juc lien k&t (hinh 4.11b). Cho h¢ thuc hién mot di chuyén 4o nhu hinh v& 4.11c.
Ta tinh cong ao

- o - 3
5A=86A4(B)+SAB)+8AN) =R 00530(}.615(9+1’2.~§5(0—N3.2a540=0 (1

Tir (1) suyra

3

3 B3 +3R
PIT““%Pz‘ZNB:O» NBz_IQH_2

2
, 2

b) Xdc dinh phdn lyc tai C. Ta giai phong lién két tai C, thay bang phan lyc lien .
két ¢ (hinh 4.11d). Cho hé thuc hién mot di chuyén 4o nhu hinh 4.11e, ta ¢6

SA=8A(P)+8A(Ng) = Py.adp— Np.2adp =0 (3)
Tix (3) suyra Np = %Pz. 4

¢) Xdc dinh phdn lyc lién két tai A. Giai phong tat ca cdc lien két tai A, B, C,
thay thé lien két bang cac phan luclien kétr-(hinh-4:11¥)y Cho hé thyc hién di
chuyén 4o Sy ta dugc ‘
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SA=Y,5y-P ij—éfy+NB5y—Pz5y+NC5y=0 (5)

T (5) suy ra

YA:PI—JZE+P2—NB—NC=P]—\/§4_—%~ (6)
Cho hé thuc hién di chuyén 40 §x tacé
SA4=X,5x—PFcos60°5x =0 (7

Tir (7) suy ra X =%Pl.

a)
b)
»
'd)
e)
Pgl
—— 600

f) A B g C

~ 1 E

a Np Ne

Hinh 4.11 =
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3. NGUYEN LY D’ALEMBERT : S

3.1. Nguyén Iy d’Alembert ddi vdi chat diém | =

a) Luc qudn tinh ciia chdt diém 24

Xét chdt di€m P o6 khoi lugng m
chuyén dong véi gia téc & & trong hé quy _ a
chiu quan tinh Oxyz, chiu tic dung cha luc T F

téng hop F . Theo tién dé Newton 2 ta ¢6
- Y
ma=F an

Phuong trinh (3.1) ¢6 thé bién déi vé |
_ dang Hinh 4.12
F+(-ma)=0 ' (3.2)
V& trdi clia phuong trinh (3.2) 12 téng ctia hai vécto ¢6 cling thif nguyén 1a
luc. P& thuan tién, ngudi ta quy udc xem (—md) 12 mot luc goi 1a lyc quén tinh
Dinh nghia 3.1: Lyc quén tinh d’Alembert ctia chat diém 12 mot dai huong
véc to ciing phuong nguge chiéu v6i gia t6c cla chét diém va c6 iri s6 bing tich
56 clia khoi lugng chét diém vdi tri s6 gia t6c cia nd

E =-ma ’ ' (3.3)

qf

b) Nguyén Iy d’Alembert” doi véi chat diém

Véi viéc dua vao khdi niém tyc quédn tinh (3.3), phwong trinh (3.2) ¢6 thé
viét dudi dang '

.ﬁ+Fq, =0 | | (3.4)
" Phuong trinh (3.4) 1 noi dung cta nguyén 1y d’Alembert dGi véi chat diém.

Nauyén Iy d’Alembert: & mdi thdi diém h¢ lyc gom nhiing luc téc dung Jén
chét diém va lyc quan tinh clia né la mot h¢ lyc thoa man cic diéu kién can
béng tinh hoc -
y=0 (3.5)

¢) Chtr y R _

— Trong hé quy chiéu qudn tinh, lyc quén tinh cla chat diém 12 lyc ao,
khong thuc su tic dung 1én chét di€m. Luc quén tinh 13 lyc quy udc dé dua bai
todn dong luc hoc vé bai todn tinh hoc mot cdchhinh thitc.

* Jean Le Rond d’ Alembert ( 1/717—1783) A nha toanhod] nhid triet hoe va nha van ngudi Phép.
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— Trong nguyén 1y d'Alembert, ta néi ring cé mot hé ll,fc cén bang tac dung
lén chét diém, chid khong néi ring chat diém can bing dudi tic dung clia hé lyc
d6. Thyc ra, chit diém dang chuyén déng véi gia t6¢c & .

— Theo dinh nghia Fq, =—md , do d6 ¢én chil ¥ khi x4c dinh lyc quan tinh
bang phuong phap vé va phuong phdp giai tich.

Khi v& Fq, ngugc chiéu véi gia téc a, tri s6 F, =ma.

Khi chiéu lén cic tryc toa do:

Fl =—ma, =—mi, F{' =—ma, =—my, F¥ =—ma, =—mz .

3.2. Thu gon hé luc quan tinh cta vat ran

a) Thu gon hé luc qudn tinh cia vt rdn
Thu gon hé Iyc quén tinh clia vat rin vé

khéi tam C ciia nd ta duge mot luc va mot

ngiu huc. Luc duge x4c dinh béi cong thiic

R, = [achm = - [Fdm (3.6)
B B
Ngau Iyc duge xdc dinh boi céng thic /
M =~ [ixadm=~[ixidm  (3.7) % Hinh 4.13
B B ’

Nhu d3 dinh nghia trong phdn Tinh hoc vat rin, biéu thiic (3.6) xdc dinh
vécto chinh cha hé luc quan tinh cha vét ran, con biéu thic (3.7) la momen
chinh d6i véi khéi tam C cha hé luc quin tinh clia vat rén.

b) Quan hé giita vécto chinh, mémen chinh ciia hé luc gudn tinh cia vét rdn
va dong lwong, mémen déng lugng cia vdt rdn

Pirnh ly 3.1. Ta c6 cdc coéng thifc quan hé sau

Ry = - 68
MZ :—% (3.9)

Trong dé p 1a dong lugng cha vat rén, ic 14 moémen dong lugng cua vat
ran dai véi khéi tam C cia né.
Chitmg mirh: Pao ham biéu thic dong lugng clia vat rén ta c6
@ _d '

== |Fdm = J-r;':dmz—}_é'
gt
d dt Fii B o
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- Tirhinh 4.14 ta c6
I = Juxvdm, MZ=-[axddm (1)
B B
Pac ham cong thic thi nhat cua (1) theo
thdi gian ta dugc
dl.. i
%: j—uxidm+ i x adm )
d 8 ! a : Hinh 4.14

dt
Tir (2) suy ra

oo di _ _ S - - -
Do —=v -, ta suy ra I—ngdm: vavdm—vcxIvdm:—vcxmvczo.
B B

die _ 7 x adm =~MY (3)
it 3
¢) Biéu thitc thu gon hé luc quén tink cia vdt ran vé fkchoi tam C ciia né
R, = —ijg— - rg?(mﬁc)ﬂ R, =-md, (3.10)
Nhu thé vécto chinh clia hé lyc qudn tinh
cha vat ran khong phu thudc vao dang chuyén
dong cha vat ran va dugc xédc dinh boi cong
thic (3.10)
Vécto moémen chinh d6i v6i khéi tam C
chia hé hyc quén tinh clia vat ran dugc xdc 0
dinh bdi cong thic Hinh 4.15

o)

Y

Mg = [ixadm (3.11)
B
va phu thudc vao dang chuyén dong cy thé cla vat ran.
Vat rdn chuyén dong tinh tién. Theo (3.11) ta c6
.

Mg =—[ jﬁdm)x d, =0, do [idm=mii, =0
B B

Két Iugn 1: Thu gon he luc quén tinh cua vat rén chuyén dong tinh tién vé
khéi tam C ciia né ta duge mot hop lyc dat tai khéi tam C

R, =-mig . (12

Tdm phdng chuyén dong phdng. Theo cong thitc (3.9) suy ra
dlC:

d
Mo e O e )= T e 3.13
& Tz “Fidiy VIEN (3.13)
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Trong d6, Cz la tryc vudng géc véi tim phing va di qua khéi tam C clia n6.
 Két ludn 2: Thu gon hé lyc quén tinh cia tdm phing chuyén déng phéng vé
khéi tam C ciia né ta duge mot Iuc va mot ngéu luc

E;ﬁ =~ , ME =—J¢,. ‘ (3.14)

3.3. Nguyén ly d'Alembert d&i vdi co hé

Nguyén ly. 3 méi thoi diém néu ta dat vao timg chat diém vi timg vat rin
ciia co hé cac luc quén tinh thu gon cta né thi hé¢ gébm cdc ngoai luc, ndi lyc va
lyc quén tinh thu gon tdc dung lén co hé 1&3 mét hé lyc thod man cic diéu kién
cén bing tinh hoc.

Chitng minh. D€ don gian ta ching minh cho trudmg hop hé gém n chit
diém. Xét hé gébm n chit diém P.P,,.., P, chuyén déng véi cic gia téc
d,,d,..,d, . Ta phan cdc luc tic dung lén méi chdt diém thanh noi lyc £} va
ngoai luc 7. Theo nguyén 1y d'Alembert d&i v6i chét diém thi k ta cé

FE+F +FF =0 (k =1,...,n) (3.15)
Xét he lue {F¢, B, '} . He lyc nay c6 hai tinh chét

 R=YEAYE+YFE=0

MO =Zf—‘;c X(F‘ke +kaf 'f'ﬁkq‘):()
Vay hé luc {F;;F,f JF ‘} 12 he luc thod mén céc diéu ki¢n can bing tinh hioc.
Do tinh chat clia he néi luc Y. F{ =0 ,> 7 x F; =0 nén

S B+ TR =0

DR x(F+E)=0

Hé qud. Hé gbém cdc ngoai lyc va cdc lyc quén tinh tdc dung lén co h¢ 1a
mot hé lyc thod man cac diéu kién can bing tinh hoc.

3.4. Cac thi du ap dung

Thi dyu 4.6. Mot thanh AB déng chét dugc gin bing ban 1& vao mot truc.
- quay thing ding (hinh 4.16). Cho biét OA = a, OB = b. Truc quay déu vdi van
t6c géc @, chot ban 1€ nidm ngang. Bo qua ma sit. Tim hé thiic gita goc
nghiéng ¢ gitta tryc quay va thanh AB va véan t6c géc @ khi chuyén dong quay

binh Sn, géc @ 14 hing sé.
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Loi gidi. Thu gon luc quén tinh cla thanh
OB ta dugc mdt lyc Fy (do hé luc qudn tinh Ay o
song song ciing chiéu). Goi u 1a khéi luong
trén mot don vi dai clia thanh, ta ¢ E"

b
=bua, = b‘ua sin gv.coz

Lyc Fy' dat tai diém J, céch B mot doan

CI"

la 3 Tuwong ty, thu gon hé luc quan tinh cla

thanh OA ta dugc

C

L
ar _ _ a . 2 .
=apa, = a‘uasm .0 Hinh 4.16

Larc F*,"‘ dat tai diém /1, cdch A mot doan la %. Theo nguyén 1y d'Alembert

ta ¢6 12 luc can bang
(Ry. B, B, F¥ Ff)=0

Tir dé ta co

1)

ng(Fk)_ gsm g+ F 2317 cos¢+P1—§-sinqa+ Fl"‘%cicosgo=0 @

Do P =aug ,P,=bug ,nénti(2)1tasuyra

b . b . 5 2b
—b,ug~é-5m¢+b,uzsm¢.a) ?cos¢:+

3
a . a . 2a )
+ajig —sin@+afl—sin ¢.ar2——cos¢= 0
2 2 3
T (3) suy ra
3g(b—a)
COs = (4)
Y N -ab+ DD
Thi dy 4.7. Mot t&m hinh chit nhat dong . ;
chat trong lugng P quay déu quanh truc théng ‘
diing véi van toc géc @ khong ddi. Hiy xde R, [~ ,«7v7s 7| Ry
dinh lyc x¢é t4m theo huéng vuong géc véi ruc 17 =7 A TP reunn e
& 181 A1 H b b e St RN b
quay trén iiét dién di qua truc quay (hinh 4.17). - —
- Loi gidi. Luc xé tam la lyc qudn tinh cua B
tim quay quanh tryc z. Theo-l§ thuyet thu gon Hinh 4.17

lyc qudn tinh ta cé
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Ry =—ma,

Trong thi dy nav ta cd m = EP— , a = ga)z . Do dé lyc xé tam c6 do 16n
: g

P 2
R, =22
4g

4. NGUYEN LY D'ALEMBERT-LAGRANGE

Nguyén 1y d'Alembert — Lagrange™ 1a nguyén 1y tng quat nhat cia co hec.
Mot 56 sach & CHLB Diic v Nga goi nguyén 1y nay la nguyén 1y d'Alembert
trinh bay theo quan diém Lagrange. Mot s6 sich & My, CHLB bic goi la
nguyén 1y d'Alembert. Mot s& sdch & Nga goi la phuong trinh tdng quat dong
luc hoc.

4.1. Nguyén ly d'Alembert — Lagrange

Nguyén Iy. D&i véi co hé chiu cédc lién két gitt va 1y tudng, tai moi thoi
diém téng cong cha cdc lyc hoat dong vi cdc luc quén tinh trong moi di chuyén
4o clia co hé déu bang khong.

a) Mo hinh hé n chdt diém
Ky hicu la F7 1a h(_:rp chia cdc luc hoat dong tdc dung 1én chat diém P,, con
hop ciia céc luc lién két 1y tudng 13 Ff, theo nguyén 1y d'Alembert ta c6
FE+FY +Ff =0 (k=1,...,n) (1)
Ta ¢ dinh thdi diém ¢, cho hé thuc hién mét di chuyén 4o wy ¥
8#,6%,...,67,, nhan vo hudng mdi phuong trinh (1) v6i &7, réi cong lai ta duge

S (F+ Bl + F{).0%, =0 _ (2)
k=1
Do tinh chat ca lién két 1y twéng > F¢.57% =0, va chd ¥ dén dinh nghia
Iuc quan tinh FJF' = —m, &, , 1t (2) suy ra

> (Ff —m,a,)57, =0 (4.1)

k=1
Phuong trinh (4.1) 12 nguyén 1y -d'Alembert — Lagrange d6i véi hé n chat

* Joseph Louis de Lagrange (1736 1813712 nhi (odn hioc VA ¢d hoe ngudi Phip
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diém. Ngui ta con goi (4.1) 1a phuong trinh téng quat dong lyc hoc hé n chat
diém. Dudi dang khai trién theo céc tog do Descartes, phuong trinh (4:1) ¢6 dang

Z[(F}; - mkfc'k)éxk + (F,g, —m ¥y )cﬁ'.yk +(F,g —mk:'z'k)ézk} =0 4.2)

b) Mé hinh hé p vdt rdn phing
Khéi niém vat rin phing & day dugc hiéu 1a cac hinh phing chuyén dong
trong cung mot mat phang va chiju tic dung cla cic luc nam trong cing mot
mat phing chifa céc hinh phing. Xét hé gém p vat ran phang. Ky hiéu
Fe, F¢, M7, M{ 1 vécto chinh vd mémen chinh d6i véi khéi tam clia cac lyc
hoat dong va céc luc lién két 1y tudng tdc dung lén vat ran thi k, d., 1a gia toc
khéi tim C,,z, 1a gia t6c goc cla vat rin thi k. Ta ¢6 dinh thai diém t, cho hé
thuc hién mdt di chuyén o tuy y: 87, 001,07, 5@2,...,5?‘% ,0¢,. Theo nguyén
1y d'Alembert ta c6
F¢ —mdc, +F =0 (1)
M —Je, G + M{=0 (2)
" Nhan v6 huéng phuong trinh (1) véi 6% , nhan phuong trinh (2) véi éo
ro1 cong lai ta dugc .
P ;.
Z':(Fka “mkack ).5er +(M;: —Jckwk)5¢k]=0. (4.3)
k=1 .

Do F,M¢ 1 lyc va ngu lyc lien két Iy tuéng nén

P
D (Fy Brgy + Mg, )=0.
p .
Phuong trinh (4.3) 13 nguyén 1y d'Alembert — Lagrange d6i v6i hé p vat ran
phéng. Ngudi ta ciing goi (4.3) la phuong trinh tdng quét clia dong luc hoc cua

hé p vat rén phéng. 5
: /,.B_.i de,

4.2. Thi du ap dung

Thi du 4.8. Cho co hé nhu hinh
(4.18). Vat nang c6 khéi lugng m vat
qua rong roc hai tng B c¢6 ban kinh
trong la r,, ban kinh ngoai 1a R.
Rong roc B an khép véi-banh.ring. A
¢é ban kinh r, . Cho biétcac moéinen Hinh 4.18 p




quén tinh khoi cua rong roc B va bénh rang A d6i véi truc quay cia né 1a Jg)
va J) . Hay xéc dinh gia t6c cia vt nang.
Lo gidi. Lyc hoat dong tdc dung Ién co hé 13 trong lugng vat niang P =mg.

Hé gém vat ning va hai banh xe. Dat Iuc quan tinh vao vit nang (chat diém) va
hai banh xe (vat ran) nhu hinh v&.

Ap dung nguyén 1y d'Alembert — Lagrange

(mg —m3)3y - I 80y ~ T P60, =0 ¢8)
"Chu ¥ dén cdc lién két ta cé
Kt =n"e . 2
y=Ro _ (3)
Tir (3) va (2) suy ra:
1 1
=—3¥y = fpy =46 4})-
al R y ? R, y 4)
Ul A
=——y = 0P, =——9F 5
) R y [ R y (5)
Thé (4) va (5) vao (1) ta duoc
. 1 .. P'z 2y ..
mg—-mj——JVy 1 _ gD 5,90 6
{g ig R]z gy Rlzrzz 4 Y|oy ()
Ttr (6) suyra
. Jg) J,SZ) "12]-
mg=|mt-—+—"- 1§, ("
[ Rl2 an ”22

Chii y. Ta ciing c6 thé tim dugc cong thiic (7) bing phuong phép khic,
chéng han 4p dung dinh Iy bién thién dong ning.

5. PHUGNG TRINH LAGRANGE LOAI 2

Phuong trinh Lagrange loai hai 1a phuong trinh vi phan chuyén dong cla he
céc chat diém va cdc vat rin holoném. S§ phuong trinh diing bing s6 béc tu do
cua hé.

5.1. Phuong trinh Lagrange loai hai cho hé n chat diém

a) Mot vai cong thitc dong hoc cdn thiét
Gia st vi tri clla mdi chat diém thudc hé 1a ham cla cdc toa do suy rong va
thoi gian
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P =P (g5 Gnsesmat) s @, =g, (1) (=1,....m) (5.1)
Pao ham he¢ thiic (5.1) theo thdi gian f ta dugc
aF, o o oF, -
Faa el hern
t 3 Og; ot

Tirdésuyra

o, | 52
d4; 0q; .
or, OF,
DO V=T, (Gpsees Gy s Apoeems Gy of) VA —2 =-—(qy,..0q,,,¢ ) DN
an,- qu

oL_$ 0%, o
8q; i5949,09; ' og,0t

d| o7 Z %%, . %%,
dt dq; ) o 0q,8q, Oq ;0t
So sanh hai cong thiic rit ra hé thic _
d{ o7 |_ @ (dﬁc]_gvl (53)
dr g ; 6q \dt) oq; ’
b) Thiét ldp phuong trinh Lagrange loai hai

Xét hée holoném gém n chdt diém va c6 f bac ty do. Nhu th€ co hé xdc dinh
boi f toa 4 suy rong dit: ¢;,95,....q, . Nguyén 1y d'Alembert — Lagrange déi voi

hé n chat diém c6 dang

i(ﬁ; — mydy ) 5%, =0 | (5.4)
k=1 .

Tir (5.1) ta cé
LoF, .
57, =y —£5q; (3.5)
g fgl:aqa' :
Thé (5.5) vao biéu thic (5.4) dugc hé thic

Z(ZFI‘ ark Z[in?k d rk 6rk q -0 (56)

i\t 04 S5 " d* o

Theo dinh nghia lyc suy rong ta cé

0, =y 7ok 5.7)
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Bay gid bién déi biéu thic

2 d*F, &, d& . OF,
K.=>m k& r; 1 (5.8
; “at g dt; e (64] CH
Chii ¥ dén cdc cong thiic (5.2) va (5.3), biu thifc (5.8) cédang
di o, & oF
=) i, — — —& (5
a9

' n
Cic dao ham riéng theo ¢, va g, clia biéu thic dong nang 7 =%Z mkif'kz
k=l

cd dang
ar & vy, Z ov
= Y 5.10
o4, = T a‘]i \F Z1 szk aql ( )
Chi ¥ dén cdc cong thiic (5.10), biéu thiic (5.9) ¢6 dang
d! oT oT :
dr\ 0q; ) Og; .
Thé (5.7) va (5.11) vao phuong trinh (5.6) ta dugc
S
Z{i(a—".’"] Ty, }59’, (5.12)
m 9\ 0q; ) B,
Céc bién phan 8q,(i =1,..., #) la doc lap nhau, nén
d{ar)| or
Bl B D 5.13
dt[@q,] Og; G =bed) 61

Trong d6 QO la cic lyc suy rong. Néu phan céc lyc téc dung 1én co hé thanh
cdc lye c6 thé va cac luc khong c6 the, thi luc suy rong O, dugc tinh theo cong
thitc
5) ) B
O =——=+0 (5.14)

Trong dé QO 1a Iyc suy rong Gng véi cic luc khong thé.

Céc phuong trinh vi phan (5.13) duge goi 1a phuong trinh Lagrange loai
hai, m6 ta chuyén déng cilla cdc hé holénom.

Trong trudng hop lyc tdc dung 1én co hé déu 1a cédc luc ¢6 thé thi Q,.* =0.
Khi dé phuong trinh Lagrange loai hai ¢6 dang
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%[2—;}—2—;=-2—29 (i=L...1) (5.15)
Néu dua vao hé thic
L=T(q1se s G r>1) —THG15e, G )
thi phuong trinh (5.15) ¢6 dang

d| oL ar
s B i=1,..., 5.16
dt[af)"f) oq; - ¢ 7 ( )

5.2. Phuong trinh Lagrange loai hai cho hé p vat ran

Trong trudng hop hé céc vat rén chiu cdc lién két holonom, phuong tinh_
Lagrange loai hai van c6 dang nhu (5.13). G day céng nhan diéu nay ma khong
chiing minh.

5.3. Cac thi du ap dung ¥

) % ol v,

Thi du 4.9. Mot con lac todn hoc c P )
kh6i lugng m,,dai ! dugc néi vao con AA | f() | X
trugt A khéi lugng #, . Con trugt dugc R R T
n6i vao tudng bing 1o xo véi h¢ s6 : !
cing 1a ¢ . Cho biét con trugt A cé thé ¢ B
trugt khéng ma sét trén nén nhin. Hay oy : my
thiét 1ap phuong trinh vi phan chuyén : . &
déng cha hé. " "Hinh 4.19 2

Loi gidi. H¢ khdo sat gém con trugt A vi khéi lugng B. Con truot A ¢6 thé
chuyén dong tinh tién théng theo phuong ngang. Khéi lugng B xem nhu chat
diém va chuyén dong tron twong d6i véi A. Vi tri clia hé duge xdc dinh boi
hoanh d¢ x, clia con trugt (tinh tlr vi tri can bang tinh, khi 16 xo chua bién
dang) va géc @ . (hinh 4.19). Ta chon x, vd @ 1am cdc toa do suy réng:
¢ = X,4,q, =@ céc luc hoat dong gc‘im' luc tdc dung F(¢), trong lugng vat ning
B va lyc dan héi cha 1o xo.

Pong nang cha hé ¢6 dang
1 1
T= —m]vf +—mzv§
2 2
Van t6c¢ cha con trugt A 12 v, = %,. D€ tinh dong ning cla chat diém B, cic

toa dd cla né duge xdc dinh-nhiisan
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xp =x4+Ising, yg =lcosg
Tir d6 suy ra
o vi=x? + Y} =55 + 1297 + 20k ;pcos @
Biéu thiic déng ning ciia hé cé dang
T =%(;fnl +my )i +%mzlz¢2 +mylx 4 COS @ (1)

Thé nang cha he duge xédc dinh boi cdc lye cb the

H:%c’xi —myglcos@ ' (2)
Cho he thyc hién mot di chuyén kha di 6x, #0,5p 0 ta cd
* SA=F({)éx,
Do d6 Q. =F(t),0, =0 (3)

Trong thi du nay, cdc phuong trinh Lagrange loai hai ¢4 dang

d{oT | or oIl .« d{oer\ 8T ol .«
Ao TP, =5t % @
di\8x, ) ox, oxy dei\og) op O
Tir céc bidu thie dong nang (1) va thé ning (2) clia h¢ dé dang tinh duge
oT . iy
= {(my +my )%, + Myl Ppcos @
axA
4 EFE :(m]+mz)5c'A+mzl¢écos¢7—mzl¢2 sing@
dt\ 0x ‘
oT ol or . )
Eggzo,a::ch, -é_—gbzmzlzgp+mzlx‘4cosqp
d(ar S L
2 2 (=l @+ mylR cosp — mplx @ sing
dat\ 0g
or

.o all .
S = —myli psing , —=nmglsing
op o

Thé cic bidu thiic tinh dugc vio (4) ta duge cdc phuong trinh vi phan chuyén
dong cia hé
(my +my)i +m21¢cosga_m2l¢32 sing+cx, = F(t) (5)-

i cos@+Ip+gsing=0

Tuyén tinh hod cdc phifong trinh vi phdn chuyén dong. Trong trudng hop
hé khéi luong — con lic.dac.dong nho, c6 thé thay the gdn ding
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sing~ @, cos@ |
B qua cdc s6 hang phi tuyén, tir (5) suy ra phuong trinh dao dong tuyén
tinh hoa
(my + my)% 4+ myld +cx . = F(t)
419+ gp=0
Thi du 4.10. Robot tay may cyc chuyén
déng trong mat phang thing ding nhu hinh .
4.20. Khau 1 c¢6 khéi lugng la m, moémen

(6)

quén tinh dé6i v6i khéi tam C) ciané 1a [;, ¢6
thé quay quanh truc Q. Khau 2 c6 khdi lugng
m, , md men quén tinh khéi d6i véi khoi tam

C,clia né 1a 7,. Khau 2 cé thé chuyén dong
tinh tién théng d6i véi khau 1. Tdc dung nghu
luc diéu khién ¢6 mémen M (¢) 1én khau quay
1 va lyc diéu khi€n F(¢)3én khau 2. Bo qua ma
st va Iuc can. Hay thiét lap phuong trinh vi phan chuyén dong clia 16 bot nay
Lov gidi. Hé khao st 1a rébét cuc nhur hinh 4.20. Khau 1 ¢6 thé quay quanh
truc O ¢& dinh. Khan 2 chuyén dong tinh tién & trong long khau 1. Vi trf cla h¢
dugc xdc dinh bdi hai tham s6 ¢, = ¢,,g, =u . Céc luc hoat dong gom ngiu lyc

Hinh 4.20

diéu khién M(t), Iuc diéu khién F(r), cic trong luc B va . Biéu thic dong

nang cla hé cd dang
' 1 .2 Lo 5 1. .9
T=T+T,=—{1,+ma +-—m,vy +—1
142 2(1 | )99 2‘”’22 229"

Do x, =ucos¢ , y, =using nén
2 2 =

222 -2 =2 2.2
Vs —x2 +y2 =" +u @

Thé két qua nay vao biéu thiic trén ta duge

,T=%(f] + 1, +ma +my” ) +%m2"az :%(I+m2u2)(b2 +%m2u2 (1)

Trong d6 ta’ky hiéu I =1 + 1, +ma® = const

" Biéu thitc thé ning c6 dang

X1 =(ma+ myu)gsing ' )
Cho hé thuc hién cic di chuyén kha di dp, du tinh duge
Q) & MmO, =-F(0) (3)
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Trong thi du nay, cdc phuong trinh Lagrange loai hai ¢6 dang
d [BTJ_aT o

at\op) op e ¥
d aTJ oT oIt *
| | = Qu
dt\ Ou Ou Ou
Tir cac biéu thic dong nang (1) va thé nang (2) ctia hé dé dang tinh duge
Z—; =(/+ mui)qb %[%} =(I+ mzuz)q'o' + 2mqutig
or =0, o =(ma+ myu)gcose
op Ip

ar . d [8TJ .
- = mzu s | = mzu
On dt\ Ou

L—mu¢2 le_m sin
ou 2 " du 285109

Thé céc két qua tinh duge vao phuong trinh (4) nhan duge cic phuong trinh
vi phan chuyén dong cia robdt tay may cuc '

I+ m;!u2 Y@ + 2myugni + (ma + myu)g cosp = M(1),

Thi dy 4.11. Mot hinh tru tron khoi luong
m,, ban kinh », lan khong trugt bén trong

- -2 ;
myil — myu@” +mygsing = F({). /////'{’7//"%'

. . . - % )
mot hinh try réng khéi lugng m, , ban kinh ’g 7
o™ %

tru nay co thé quay quang truc O ndm ngang.
Biét ring momen quén tinh cla céc tru doi

vGi truc cfia né tuong ung la %mzrzz va mp’.
Hay thiét lap phuong trinh vi phan chuyén ' !\-—Q/‘\
dong cua hé. Hinh 4.21

Loi gidi. Heé kho sit gém hai hinh try. Hinh try réng O la mot vat rin
chuyén déng quay quanh mét tryc c6 dinh. Hinh tru dac C l1a vat rin chuyén
déng song phéng. Luc sinh cong & day la trong Juong P, cla tru nhé. Ta chon
cdc toa do suy 1ong g, =8 , g, =¢ (hinh 4.21). Dong néing cita h¢ c6 dang

1 5 1 5 1.1 50 3
T=T +T,=—mr8°+—myv: +—(—mr Jo 1
1+ =M 5 e 2(2 21y )0y (D
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Trong d6, & 13 van t6c géc clia try réng O, o, 14 van téc gée cla try C, ¥,
12 van t6c khéi tam C clia tru 2. Do khéi tam C cla try 2 chuyén dong trén
duong tron tam O ban kinh r —#» nén
Ve = (}"1 - rz)(,’f?
Tru 2 chuyén dong song phing. Theo dinh 1y van t6c 1a ¢6
‘UA == f’c -+ iAC
Trong bai todn nay ¥, /- /¥, va v, =n6. Tl d6 suy ra
VAC :VA _VC ZFIQ_(F] —1’2)(]'92?’2&)2
Vay o, <10 =)0
)
Thé céc biéu thiic tim duge vao (1) ta duge
. .
1 2[nf+(n—n)@]
Zmzrz 2
£ )

3 , : y
=Zma(n -n) ¢’ +%(2m] + 1y Y76 + %mzr](rz ~ 1)@

r :_;"':‘Tl’”lz‘é’2 "'%mz(’"i _r2)2¢2 +

Thé ning clha hé
II=—(r —ry)m,gcos@ 3)
Trong thi du nay phuong trinh Lagrange loai 2 ¢6 dang
d(oyor_ o
de\og) o0 o6

d[a'r] oT _ oIl “

a\og) ap op

Tir cdc bidu thifc dong ning va thé nang tinh dugc
or 1 9. 1 )
— =—(2m +my) )8 +—nE(r — 1
EY: 2( | 2K 5 (7 —1)g
d(er 1 P .
E[%j =5(2m'] +n12)r129 +§m2”i (n—n)g
or o eu_g
o8 ae
or 3 .1 .
55 =5 a0y =)0
d(aerT) 3 5.1 .
| == =11, (F, — F THLES — R0
dt{agbj 5 AU K > ALY,
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QE—O QE—-!—(r —n)m,gsin
b0 ' g | TR Egsmng
Thé cde két qua vira tim dugc vao phuong trinh (4) nhan dugc cdc phuong
trinh vi phan chuyén dong cla hé
2m +m, )1125 —myn(n —n)p=0,

—myn (1~ )8 +3my (1 — 1, Y § + 2my g (r —1y)sing = 0.

5.4. Cac tich phan diu cda chuyén dong

a) Khdi niém tich phan ddu
D€ don gian ta xét hé hai phuong trinh vi phan c&p mot

—d_ = fi(xy, %)
dx (5.17)
. .f2 (xl ’ xz)

Xét ham hai bién u(xl,xz). Ta dua vao dinh nghia dac ham theo thoi gian
cha ham v6 huéng u dua theo qu§ dao ctia phuong trinh vi phan (5.17) béi biéu
thiic sau

du _Ou . Ou . Ou ou (5.18)

Lu=—-= +—Xy=—f +t——
ar Bxl ,] Oy 2 ax,fl 6x2f2

Dinh nghia 5.1. Ham #(x;,x;) dugc goi 1a tich phan ddu cda h¢ phuong
trinh vi phan (5.17) néu nhu
Ou Ju Ou ou
Lu=—3x+—X=—fi+t—Ff =0 5.19
oy, : oxy ? ox % xy f2 ( )
Tir dinh nghia trén suy ra tinh chat sau: Néu x, va x, la mét nghiém cta hé
phuong trinh vi phan (5.17), con #(x;,x;)12 mét tich phan dau cta (5.17) thi

u(x,,xz):const.
Cht §. Trong mot s6 tai liéu ngudi ta ding tinh chat trén lam dinh nghia
tich phan ddu ctia hé phuong trinh vi phén. '
P€ minh hoa, xét phuong trinh vi phan dao dong diéu hdéa x+x=0.
Biéu thic
2 2
XXy )=—+—
(%, %;) 5 7
14 mot tich phan ddu cha phuong trinh vi phan dao dong diéu hoa & trén. That
vay, dé dang tinh duge
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Lu —)'cjc'+xi“i(5é+x)—0
Bay git xét h¢ hai phuong trinh vi phan cip mot ma v€ phai phy thudc vao
thoi gian .
dx
_] :ji(xlsxzat)

ﬁ—fz(x,,xz,r)

(5.20)

Ta xem X, = t, thi hé phuong trinh vi phén trén c6 thé viét lai dudi dang .

dx,

Jdr _fi(xlsx2='x3)

dx,

7—‘](2(351,)6'2,)63) (521)
dx;

_;l;“ - -fz’:(xth:!x.'i)

'Dirih nghia 5.2. Ham u(x,,%,,¢) duge goi 12 tich phan ddu phy thudc thdi
gian clia h¢ phuong trinh vi phan (5.20) néu nhu #(x;,x,,x;)1a tich phan ddu
cha h¢ phuong trinh vi phan suy réng (5.21) '

Ltu =@:_a_ujc] +ﬁt_i2 +.§E)};3 =@ﬂ +6_uf'2 +_aif;; =0
dt  ox Ox, Ox3 ox; 0x, Oy

Trong co hoc ngudi ta hay quan tam dén hai tich phan ddu cia h¢ phuong
trinh vi phan mé t4 chuyén dong cha co hé. D6 1a tich phan xyclic va tich phan
ning lugng.

b) Tich phdn xyclic
Xét phuong trinh Lagrange loai hai dang

d| or or oIl
dler)_ er_ dl i=1,..., 5.22
dr ( qu J 6‘?; aq, Qr (l f) ( )

Toa d6 suy rong g, duge goi 12 toa d6 xyclic, néu nhu cdc diéu kién sau
dugc thoia man
oT oIl

=0,
og Oq

—0.0/=0 (5.23)

Nhu thé, toa do g, dugc goi ta toa do xyclic, ndu nhu né khong cé6 mat
trong céc biéu thifc dong ning, thé nang cla co hé va luc suy rong cla cac luc:
hoat dong khong c6 thé biang khong.

Khi g, 13 toa d6 xyclic, 4ir{35.22) suy-ra
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dfar)_,
dt\ &g,

ﬂ = const (5.24)

og,

Heé thic (5.24) 1a mét tich phan dau cia co hé va duge goi Ia tich phan
xyclic. '

Do dé

¢) Tich phdn ndng luong
Trong trudng hop cdc lyc hoat dong tdc dung lén co hé déu 1a cdc luc cé
thé, theo dinh luat bao toan co ning
d(T+I1}=0
Do d6 |
T +1I1=const (5.25)
Hé thiic (5.25) 1a mot tich phan déu clia co hé¢ va dugc goi 1 tich phan
nang lugng.
d) Cdc thi du dp dung
Thi du 4.12. Mot con léc eliptic gbm con chay
¢6 kh6i lugng 7, trugt trén mat ngang nhan va

qui cdu nhd c6 khéi lugng m, dugc ndi vao con
chay bing day mém khong giin, khéng trong
Iugng dai f (hinh 4.22). hy xdc dinh cdc tich phan
ddu clia hé '

Lot gidi. Dong néang cla hé (theo thi du 4.8)

Hinh 4.22

1 - .
T= 5(;71, + iy )i + %mzlngz + myl% ;o cos

Thé nang cla he
II=—m,glcose
Do ca 7 va IT déu khéng chita x, nén x, 13 toa do xyclic. Ta c6 tich

‘phan xyclic la
T . .
——— = (my + my )X + mylpcos g = const ()
axA ’
Ngoai ra, hé c6 tich phan ndng luong

1
T+1I= E(ml +my) 55 +%m212¢2 + myli yp 08 @ — my gl cos @ = const (2)
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Thi du 4.13. Tim céc tich phan ddu clia hé ¢6 m6 hinh nhu trong thi dy 4.9
Loi gidi. Theo thi du 4.9, dong nang va thé nang clia hé c6 dang

3 1 o1 -
Tzzmz(rl -r)Y o +Z(2m, + 1, )20 +§mzr1(r2 —1n)pé (1)

T =—(y —nr)mygcos@ (2)
Do céc biéu thiic dong nang va thé ning déu khong chifa toa do suy rong
# . Hon nita cic lyc tic dung 1én co hé déu 1a cdc luc c6 the. Vay ta c6 tich phan
xyclic '
or 1 25 1 .
== (2mn + w6+ —myn (Fy 1 )P = const 3
Y 2( DY 5 AR (3
Tich phén ning lugng clia hé cé dang
T+11 :imz(}‘, —r2)2(b2 +—1—(2m1 +m2)q292 +
4 4 4

1 ./
+Em2r1(r2 — 1)@ — (1, — 1y )i g COs @ = const
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Chuong 5

PONG LUC HOC VAT RAN KHONG GIAN

Trong cdc chuong trudc ching ta da khdo sit dong luc hoc hé chat diém,
déng luc hoc vat rin va hé vat rdn phang. Trong chuong niy s& 4p dung céc
dinh 1y chuyén déng khéi tam, dinh 1¥ bién thién mémen déng luong khéo sit
dong lyc hoc vat rén chuyén dong trong khong gian ba chiéu. Do tinh phiic tap
clia bai todn, ngudi ta gidi han xét cdc vin dé co ban sau: xdc dinh ap luc dong
clia vat rin khong gian quay xung quanh mot truc cf dinh, thiét lap phuong
trinh vi phan chuyén dong clia vat rdn quay quanh mét diém c6 dinh, 1y thuyeét
so cdp ve Gyroscop va phwong trinh vi phan chuyén dong cta vat rin téng quat.
Céc vidn dé v€ dong lyc hoc hé nhiéu vat rdn tuy rit quan trong, nhung qud phiic
tap nén khong trinh bay & day. Chui ¥ ring, khdc véi mot s& chuong trude, &
chuong nay ky hiéu xyz 1a hé toa d6 dong gin chit hodc gin vio mét diém cla
vat rin, cdn X,¥,Z, 12 hé toa do ¢d dinh.

1. PHAN LUC DONG TAl CAC & D& CUA VAT RAN QUAY QUANH
mMOT TRUC CO PINH

1.1. Thu gon hé luc quan tinh cla vat rin quay quanh mét truc ¢é dinh
a) Bidu thitc gia t6c mét diém bdt ky thuoc vdit 4
rin quay quanh mét truc c6 dinh BZ %

Trén hinh 5.1 biéu dién mét vat rin quay
quanh truc z ¢& dinh. Chon O 13 mét diém bat ky
trén tryc quay z. Dung hé toa d¢ vudng géc Oxyz

gén chat vao vat rin quay, ¢6 truc Oz = 0z, Goi
€.,€,.€.1a cdc véc to don vi trén céc truc Ox, Oy,
Oz. Ky hi¢u # = OP . Trong phan dong hoc da biét
biéu thitc tinh gia téc clia diém P

a=&xi+@xv=xiat+ax(dxi) (1.1)

Tir dé suy ra 7% Hinh 5.1

208




x ¥ €; ex. é.y €;

a=|0 0 gl|+weExl0 0 o

x ¥ =z Colx oy oz
-—(xw2 +ygz)"éx —(yco2 —xsz)-éy _ (1.2)

Trong d6 X, ¥, z 12 toa d6 véc to # trong hé toa do Oxyz.

b) Thu gon hé luc qudn tinh ctia vdt rdn vé diém O ndm trén truc quay

Thu gon hé lgc quén tinh cia vat rin vé diém O ndm trén tryc quay ta dugc
mot véc to chinh R, va mét véc to moémen chinh MY . Véc to chinh clia hé e
qudn tinh ¢6 dang
R, =~ |adm = -mac ' (1.3)
‘ B . ,

Trong d6, m 1a khéi lugng cta vat rin, d. 12 gia t6c khéi tam cia vat ran.
Momen chinh ciia hé luc quan tinh clia vat rin d6i véi diém O 6 dang

e

Mo ——I(uxa)dm _ (1.4)

Bay gid ta tinh cdc bi€u thuc nay. Tir (1.2) suy ra biéu thitc gia toc khéi tam
dp = (xcco + YcE, ) (yca)2 xcgz)é‘y (1.5)

Trong d6 x. Y. z¢ 12 toa dd véc to i trong hé quy chiéu dong Oxyz. Thé
(1.5) vao (1.3) ta duge ‘

E,m:'m(xcwz + ycsz)éx + m(yéa;z —xcsz)éy. (1.6)
Chi ¢ dén biéu thic (1.2)

- -

ex . ejﬂ eZ
—uxd= x ¥ z

o*x+ey o’y-gx 0

—(g,x2 — 0 y2)E, +(£,y2 + 0°x2)¢, — &, (x*+3yHe. (D
The (1.7) viio (1.4) ta duge |
Mo =(52sz -a*J, )e +(s Jye + 0T ) —g,J .8, (1.8)

Trong d6 ta sir dung cic dinh nghia mo men quén tmh khai

J,. = Ix_zdm, g jyzdm I I(x +y )dm
o I
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Két Iugn: Thu gon hé lyc quén tinh cla vat rdn quay quanh mot truc &
dinh vé diém O ndm trén truc quay ta dugc mot lyc R, vd mot ngéu huc Mb.
Lyc quén tinh chinh }é'q, duge xdc dinh béi cong thic (1.6), cdn ngdu lyc quan

tinh chinh d6i véi diém O, H?f , dugc xdc dinh bdi cong thic (1.8).

1.2. Cac phudng trinh xac dinh phan luc déng tai hai & d&
Cho mét vat rin quay quanh truc z, ¢6

dinh z, =z va chiu tic dung cla cdc ngoai -

wc F1,Fa,..,Fn (hinh 5.2). Tai thoi diém

khao sdt vatrin c6 van téc géc w, gia t6c géc b

& Hay x4c dinh phén luc tai cic 6 d5 A va B.

Ap dung nguyén ly d'Alembert, ta c6 heé luc Yo

sau day tdc dung lén vat ran thod min cédc

diéu kién can bing tinh hoc

(Ft.Fape PR R R, 38 ) =0

Sdu phuong trinh can bang clia hé lyc trén la

n
ZXk +X, +X3+mxca)2+myc£z =0
k=1

L]

2 D
ZYk + Y+ Yy +my.@° —mx,g, =0
k=l

izk +Z,=0
k=1
imx(}';)+YAQ—YBb—Jy_,w2+sza‘z:O (1.9 I

k=1

ni'y(ﬁ)fXAaﬁ'XBb"‘sz@z +Jyzgz =0

M=

e
1

1
imz (:";) -J,&, =0
k=1

Chd ¥ ring, do Oxyz gén lién vio vat rin, nén xc, ye, J,or J .. J. 1a cdc hing
s6. Phuong trinh cudi cling clia hé phuong trinh (1.9) khéng chia phan luc dong.
NG chinh 1 phuong trinh vi phan chuyén déng clia vat rdn quay quanh mot truc
z, ¢6 dinh. Do z, = z nén
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J.€, = imz (%) - (1.10)

Phuong trinh thit ba ctia hé phu'ong trinh (1.9) cho biét thanh phéin doc theo
truc z cha phén lyc dong tai cdc 6 dd A

Z, =—sz. | L (L1D

Cic luc qudn tinh cia vat rin khong anh hudng gi dén Z,. Do két cdu cdc &
d& nén Z, = 0. Bon phuong trinh thif nhat, thi hai, thit e va thit nam cho phép ta
xé4c dinh cac thanh phén phan lyc dong X, Y, X, ¥, Cac thanh phén phan lyc d6
khong chi phu thudc vao cic ngoai luc F,..,F ma con phu thudc ci vao van t6c
géc o, gia t6c gbe € clia vat rin quay. Thanh phén clia phan lyc chi phu thude vao
@ va £ dugc goi 12 thanh phdn phén luc dong phu. Tir cic phuong trinh (1.9) ta
suy ra hé cic phuong trinh xdc dinh cic thanh phan phan lyc dong phu
’ X§+X§+nzxcco2+mycsz =0
Y9+ Y8 + myoe® —mxpe, =0
o . (1.12)
Yia-Ypb-J,0°+J .6 =0
—Xa+Xgb+J,0" + e, =0
Tir céc phuong trinh (1.12) suy ra diéu kién dé cho c4c thanh phin phan luc
dong phy & hai § d& trigt tieu la '

mxca)z +mycg, =0

, (1.13)
myeo” —nxgce, =0
va J, o +J,.6,=0
—J 0" +J,e, =0 - (1.14)

Cic diéu kién (1.13) s& ludn thod man véi moi @ va £ néu Xe=yo=0.
Tuong ty, cdc didu kién (1.14) s& thod mén véi moi @ vh en€uJy=Jy,=0.

K&t lugn: Néu truc quay cha vat rin 13 truc quédn tinh chinh trung tam, thi
cdc thanh phén phan lyc déng phu & hai 6 d6 s& triét tiéu v6i @ va £ tuy y.

1.3. Khai niém can béng tinh va khai niém can biang ddng cta réto cimg

Roto ciing 1a vat rin quay quanh mot truc ¢6 dinh. Tir cdc biéu thifc clia véc
to chinh va m6 men chinh d6&i véi tam O cla hé luc qudn tinh clia roto ciing
(1.6) va (1.8) suy ra

311



RY = m(xcm2 + ycf::) , R"‘" :m(yca)2 —xca':) (1.15)

ME =J s —J 0%, M"‘ =J8. +J 0" (1.16)
a) Khdi niém cdan bdng tinh. Mot roto cing quay guanh truc z dugc goi 1a can

bing tinh, néu nhy vec to chinh cta luc quan tinh ciia réto bang khong
RF =R =0 (1.17)

Tir cong thifc (1.15) thdy réng, khi x. = y. = 0 thi R¥ =R =0. Vay khi
khéi tam clia roto ndm trén truc quay clia né thi r6to cing dugc can bdng tinh.
N6i dung ciia bai todn can bing finh réto 1a tim cach ddp thém khéi luong hoiic
giam bét khéi lugng cda roto mot cdch thich hgp sao cho khéi tam cia né nam
trén truc quay.

Khix.=y.=0,turhé¢ phu’cmg trinh (1. 12) suyra

X{+X;=0 hay Xi=-X;
Y/ +¥/=0 hay Y/ =-Y/

Nhu thé, néu mot roto ciing dugc can béang finh, thi phan luc dong phu clia
né & hai & d& s& tao thanh mot ngau luc, . :
b) Khdi niém cdn bdng déng. Mot roto cling quay quanh truc z duge goi 1a
can bing dong theo nghia rong néu fé‘ =0, Mg‘ =0. Mdt réto cing quay

‘quanh truc z duge g01 a can bing dong theo nghia hep néu cac thanh phan phan
lyc dong phu & hai & d& triét tiéu 7

Tir cic cong thic (1.15) va (1.16) ta _BJ’QI%B

c6 thé suy ra diéu kién can bing dong. Khi
Xe=ye= 0 va J =T, =0 (118) 72
thi tir h¢ phuong trinh (1.12) suy ra
X§=Xy=Y!=¥=0 119y FLzxe e

I

va roto ciing dugc can bing déng theo !
nghia hep. Nhir th& néu truc quay cta roto /2 mg
l4 truc quan tinh chinh trung tam thi réto |y ﬁAy
duge can bang dong theo nghia hep. A %%_‘"
Két luan: Néu réto cing dugec can B
bang dong theo nghia hep thi céc thanh A~Hinh 5.3
phin phan lyc dong phu & hai 6 d& déu T
triét tiéu.
Chd ¥ ring, d6i yéi-vat-quay-mong khdi-lueng-ena,vat xem nhu tap trung
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trong mot mit phéng vudng géc VOl truc quay z clia né. Do dé ta chi cdn tién
hanh can bang finh cdc vat quay méng. D6i véi cac vat quay khong mong ta
phai tién hanh can bang dong.

1.4. Cac thi du &p dung

Thi dy 5.1. Mot dia lech tam khéi Iugng m quay déu quanh truc AB thing
diing vSi s6 vong quay » khong déi (hinh 5.3). Cho biét m, R, e, I, n. Hay xac
dinh phan luc & hai g6i d5 A va B.
Loi giai. Vi trf wrong tam cha dia trong h¢ quy chigu dong gin lién vao dia 1a
Xc=0, yo=e, z-=0

Cac ngoai luc vd mémen ngoai luc

' G,=0, G,=0, G,= -mg
M = —mge, M, =0 M:=0

Ta tinh cic momen quén tinh vA mémen tich quén tinh cho thi du nay

L="Ramet, g ="p
2 74
Jy. =0, J . =0 (do z=0).
Ngoai ra
! l
a=—, b=—, o.=0=7n/30, & =0
2 2 :

The vao phuong trinh (1.9) ta duoc
FAI-I-FB'\.:O, FA_V+FBy=—mea)2, FAz:ng

/ [

¥ 2
Tir d6 suy ra
2
_ _ £ @ _
F..=0, | FAy_me(T—TJ, F,=mg

2
= = g.9
Fp =0, FBy——me(7+ ZJ

Thi du 5.2. Mot khéi try tron dbng chét khéi luong m, ban kinh r, chiéu dai
21, quay quanh tryc z di qua khdi tam C cla né véi van téc géc w khong déi.
Truc quay 7 léch véi truc d6i xing ¢ ciia hinh tru mot géc o khong déi. Hiy
xac dinh phan Iyc dong § cicgdidd A vaB (hinh 5.4), Cho bigt AC = BC = h.
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Loi gidi. Lay gbc O cla hé toa d¢ dong Oxyz tai khéi tam C ciia try. Ap
dung c4c phuong trinh (1.12) d€ xé4c dinh cdc phan luc dong & cic gbi AvaB.

Do x-=y. =0, €= 0, @= const, J. = 0 (vi truc x vuong géc v6i mat
phéng déi xing ciia hinh try ) nén tir (1.12) suy ra

x4+ xd=0,v{+ys =0 S D)
Yih—Yih—T 0" =0, —X3h+Xgh=0 (2)
Tir cdc phuong trinh (1) va (2) suy ra
J, o
x9=x8=0, v{i=-vi= {;h (3)

Khé khan trong bai todn nay la tinh J,.
Trong thi dy nay y, z khong phai la céc truc
quén tinh chinh, ma 7,{ méi 1a cic truc
qudn tinh chinh. Theo dinh nghia ta c6

Iy = Iyza'm G}
B
Tir hinh v& 5.4 ta c6
¥ cosa¢ -—sing || n
[z}:[sina cosa}[g’}

y=ncos@—{sina
z=7msing+{cosax
The (5) vao (4) ta duge

Hinh 5.4

Do dé

(3

Iy = _[(qcosa’—é’sina)(nsina%» & cosa)dm
B
=sin acosajnzdm +cos” ajn{dm —sin? a*fng’dm ~sin acosaJ(zdm
B B B B

Do ¢ 1a truc d6i xing ctia hinh tru nén la truc quén tinh chinh clia né. Nén

Jpo = [n¢dm=0
B

Y L ) e g

B B
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Dai véi hinh tru tron

Jp= I(fz + 17 )dm=%mr2

B
2 g2
J,]=I(§2+é'2)dm:m(%+l—3—J
B
: 2 g2
Do d6 Jyzzlsin2a lmrz—m r_+l_ :l
2 2 4 3 2

Thé (6) vao (3) ta duge

it

1"2 2

—_—— %_]sin 2a (6)

4 d m lz 7"2 2 .
Y\ =Y% = — E sin 2

4h{ 3

Thi dy 5.3. Mot t4m mong déng chat hinh tam gidc khéi lugng m €6 thé
quay quanh truc AB thing dimg nhu hinh 5.5, do tdc dung cla nghu lyc cé
moémen M, khong déi. Hiy tim phuong trinh chuyén déng v cdc thanh phin
phan luc dong. '
L&i gidi. 11é khao sat 13 tim hinh tam gidc. Chon hé toa d6 dong nhu hinh
v&. He truc dong Axyz ¢ tryc z 1a tryc quay, Axz nam trong mat phéng tdm. Toa
do trong tam cla tam la

1

xczgc, ye=0, z~=§b

Khoang cach tir géc toa d6 dén diém Bla b.

(8]

1

c)
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Ta tinh cdc mémen quén tinh (x 14 khoi luong don vi dién tich).
b ezl 1
J, = _[xzdm = 4 !xsz =pu I *dx |dz :gmc2
B oL 0

‘ bleczib
g, = Ixzdm=ijsz -—-‘u[ii I xdx]zdz=¥nib
B oL ¢ 4

Jy =0
Theo cdc phuong trinh (1.9) ta co

H!C‘C’)z

X, +Xg+meo’=0 = X, +X,= )
Yy+Yp—mxe=0= YAJ}YB:mTw _ (2)
—YBb:—Jﬂg=—%g - | 3
—Xph=—J o’ :—%‘:bmz (4)
Jo=M, (5

Néu tai thoii diém ban ddu (t = 0) ta ¢6 (0} = 0, thi tit phuong trinh (5)
tinh dugc

. 6M, 6M,
= 7 = W= 3
mc mc

Thé (6) vao cdc phuong trinh (1), (2), (3), (4) tinh dugc céc thanh phdn
phdn lyc lién ket tai A va B. '

t (6)

mec 5 M, ‘
X =2p?, V=28, Xp=-"Tn?, Y=
AT 12 T TR 4 B

2. MOMEN BPONG LUONG VA DONG NANG CUA VAT RAN CHUYEN
PONG KHONG GIAN

Trong cic chuong hai va ba da thiét 1ap bi€u thitc tinh moémen déng lugng
va biéu thifc tinh dong ning clia vat ran chuyén dong tinh ti€n, vat rin quay
quanh mot truc ¢ dinh va tdm phéng chuyén dong phéng. Trong muc nay s&
thiét lap biéu thic tinh moémen dong lugng va dong ning cla vat ran chuyén
dong khong gian.
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2.1. Mémen dong ludng ctia vit ran chuyén dong ty ¥ trong khéng gian
- a) Mémen déong luong cila vit rdn déi voi khoi tém ciia né |
Xét vat rdn B chuyén dong trong hé quy zﬂ z Sdm

chigu ¢6 dinh R,,. Gén chat vao khéi tam cha y
vat in hé quy chiéu Cxyz (hinh 5.6). Mémen X
dong Iuong ctia vat rin B d6i véi khéi tam C p
clla né dugc xdc dinh bdi cong thiic <, JE,

- R ¢

Io = [axvdm . (@21 77 Yo

B : .

,
e

X, N
Theo phan Pong hoc, van téc ¥ ¢é biéu dién ° Hinh 5.6
=9 +Gxi (2.2)
Thé (2.2) vao (2.1) ta duoc ,
e = [liix (G + B> m = mii x5 + [[ix (@xDdm (2.3) .
Trong d6 # 14 khodng cdch tir phdn tir dm dén kh6i tam C cfia vat rén B. Tar
hinh v& 5.6 thdy rang i =0. Do dé
Ic = [[@x (@xiiyldm (2.4)
Bay gi¢ ta tinh tich phan & trong v€ phai cha biéu thic (2.4). Ky hiéu
€,,€,,€, la céc véc to don vi trén cdc truc clia hé toa do Cxyz, X, vy, z 1a cdc toa
do clia véc to #, @,,,,@, 1a céc hinh chi¢u cia @ 1én céc truc cia he toa do

dé. Ta o
= Xxé, + V&, + 2€, 2.5

B =0,8, +0,€, +0,€, ' (2.6)
Chii ¥ dén dinh nghia cua tich véc to kép cha ba véc to dx (bx&)=(ad)b —(ah)
ta cd _
_ i x(&xil)=u'd— (.6).
Tir d6 suy ra
ix(@xid)=(x"+ 3" + 2 )(0,8, + 0,8, +@.¢, )
—(xwx +yw, + zwz)(xé’x +yeé, + zéz)
= [(y2 + zz)a)x ~ Xyw, —xzwz:lé'x
+|:(22 +x2)a)y - X, —yza)z]é'y 2.7

+[(x2 & yz)a)z - ZXW, — zya)y]éz
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T (2.7) suy ra

I.= Jﬁ % (@ i ydm = {@x (y2 + zz)dm @, jxydm -, J‘xzdf;r}é‘x +
B B B B

[—a)x jyxdﬁz +a@, 'j(z2 + xz)dm - @, Iyzdm:lé'y +

B B B
{—mx szdm -, Jzydm + o, _[(x2 + yz)dm}?z
B ‘B B

Theo cédc dinh nghia khdi niém moémen quén tinh khéi trong chuong 2 ta ¢6

J, = I(yz +z? )dm, ny = jxydm
B

B .

Jy= J-(z2 +x* )dm, Sy = Iyzdm
B 8

J.= j(xz +y2 m, J. = szdm

B B
Do d6 momen déng luong clia vt rin déi voi khdi tam C clia nd 6 dang
I =(J0, ~ Ty, — T 0. ),

(2.8)
(J’J 0, —J .0, J}xwx)eywv(JZaJZ —J 0, —J:J,a:y)é'z
Néu chon Cxyz 1 hé tryc qudn tinh chinh thi J,, =J,, =J,, =0.Khidd
L. = (J,0,)2, +(Jya;y)ay +(J.0,)e, (2.9)
b) M6 men dong lugng cia vt rdn doi vdi diém O tiay ¥
Tir hinh v& (5.6) 1a cd
=K.+
Do dé
l,= I x v = J(r + u) X Ve = 7. X Ivdm + i xvdm
B B )
I =1 +7 xmb, (2.10)

2.2. Mémen dong lugng cua vt ran quay quanh méot diém ¢& dinh

Trong trudng hop vat rin quay quanh mét diém ¢ O dinh (hinh 5.7), theo
dinh nghia '
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I, = [Fxvdm (2.1

B

nén

iy

Do v=wx
I = [[7 x(@x7)kdm (2.12)

Chon Oxyz 1a hé toa do gan lién vio vat
tin B. Tit hinh v& thdy ring

F=xé +Yé,+ze. (2.13)
B = 0,8, + 0,6, + @€, 2.14)

Tinh to4n tuong tu nhu trén ta co
I, =Jo, ~Jy0,-J, 0

L =Jy0,—J,0,—J,0, (2.15)

1 =J. @, J o, — J,0,

Trong d6 J,, J,, J.,J 5.z T a cdc héng 6. N&éu chon Ox, Oy, Oz la céc

tryc quén tinh chiph thi J,, = 0, J,. = 0,7, = 0. Pé phan biét, ta ky hiéu cic

momen quan tinh chinh la J, Ty Jy (hodc J,J . J ). Tir (2.15)tasuyra

fo = J, &, + J,0,€, + J 30,8, . (2.16)

2.3. Pong ning cla vat ran

a) M6 hink vat rdn chuyén dong tong qudt z A
Xét vat rin B chuyén dong trong

khong gian (hinh 5.8). Theo dinh nghia

bidu thifc dong nang cla vat rin c6 dang

T=1 Ivzdm _ L 55dm @17
2) 2

B

Tir cong thic tinh van téc 0
v=1‘5c+a)xﬂ EX Hinh 5.8
Suy ra T = vE 4 20 B x i)+ (& x#).(@ x k) (2.18)
C C

Sir dung cong thie tich hén hop clia ba véc to @b x&)=h.(Exa),tacd

(@ ). = i) = @] x (D % 1) | (2.19)

Thé (2.18) va (2.19) vio (2:17) tinh duoe



1 I e
T== J.védm + Ve (@ % Jlu dm) + lw. J-[u X (@ x )] dm
2 B B 2 B ,
Theo cong thic (2.4) I. = j [i x (G ii)}dm va chi § dén dinh nghia khéi
B

tam Judm =mii; =0, ta cé cong thifc tinh dong nang cha mot vat rin chuyén
dong trong khong gian ba chiéu

15 1.+ 1. . L7
T=5mvc+-£a).ic=5vc.p+ 225 (2.20)

b |

Trong dé6, l:q 1a mémen dong lugng cha vat rdn déi véi khéi tam C clia né
va duoc x4c dinh bdi cong thic (2.9). '

b) M6 hinh vdt rdn quay quanh mot diém cé dinh
Trong trudng hgp vat rin quay quanh
mot diém O ¢6 dinh (hinh 5.9), do ¥ =@xF,
nén ta cé .
VI =V (B XF)=BF xV) (2.21)
Biéu thic dong ning cha vat rén quay
quanh moét diém O 6 dinh ¢6 dang
T:ljvzdmzlj{;.vdmzla FxV laﬁ.“o (222
2 B 2 B 2 B '

S
I

Trong dé 7, }a moémen d@ng lugng chia vat rin déi véi diém O 6 dinh.

2.4. Thi du ap dung 00

Thi du 5.4. Mot dia tron déng chat khai @,
luong m, ban kinh r, duge lap vao tay quay AR
ndm ngang OC = b. Dia chuyén déng tuong
d6i quanh truc OC véi van tdc géc @; (hinh Xo x P
5.10). Truc OC quay quanh truc thing ding 7
Oz, lam cho dia lin khong trugt trén nén
ngang E c¢§ dinh. HAy xéc dinh véc to
momen dong lugng ctia dia d6i véi khdéi tam
C clia né va d6i vai diém O <6 dinh va dong
nang cla dia.

Loi gidi. Chon dia tron B lam vat rdn khdo sdt. Chuyén dong clia dia 1a
chuyén dong quay quanh diém O c6 dinh. Chon cdc truc quén tinh chinh ciia dia

Ja Cx, Cy, Cz, ta ¢d .

Hinh5.10 P
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i 1
J,=J, =—mr?; J, =—mr’ (1)
4 2 :
Ky hiéu &, &, & lan luot 14 cdc véc to don vi trén cac truc clia hé dong
Cxyz ghn chiit vao dia. Tir hinh v& ta cé @, =a, &, , Vo =w, be,.

- Mémen dong lugng: Do v, =0nén OP 14 truc quanh tifc thai. Vi vay

w]*b::woz "o, @ " 0@
— == =y, Wy =—— 0
@, F b p

Van tdc gée tuyét doi cua dia 1a

B =, + @, =08, —%w@ @
Tur (2) suy ra:
3 r
w_ =0, a)y—col,a)z=—ga)1 (3)

Theo cong thiic (2.9)

L
oy =J0, =01, =J,@, :Emrzcol

le. =S, =—omr® Sy === -0,
Pl mr2 . r3 —
Vaytaco I = Ta)le2 —Ea),eg (4
Theo cong thic (2.10)
7 Iy =L +F- % mv, 5
Trudc hét ta tinh
& & & ,
Foxmvp=| 0 b 0|=-mb’wye, (6)
mo,b 0 0 '

K&t hop (4) va (6) suy ra -

2 3 2 , 2
- nr _  mr L _ mr o omr| 5 -
IO :Ta)]ez —ECI)]B3 —mbza)ze3 = TC’J]G’Z —T['I'Fb JGJ[G:; '(7)
Pong nang: DE tinh dong ning clia dia, theé (2) va (7) vao (2.22) ta dugc

J - | . .
T= 5“’10 = 5({0.@1 T :-’Oya)y 15
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2 2 2

2
mrt o omr|r 5 ro ot re. »
T—Tml +2_b[7+b }CI)I 3&)1 ——8—(64‘?)&’)] (8)

3. PHUONG TRINH VI PHAN CHUYEN PONG CUA VAT RAN QUAY
QUANH MOT BIEM CO BINH |

3.1. Thiét 1ap cac phuang trinh chuyén dong cta vat ran quay quanh
mét diém c6 dinh

Cho vat rin B quay quanh diém O ¢6 dinh, chiu tic dung cla céc lyc
F.,FE,,...,F,. Hay thiét lap phuong trinh vi phan chuyén dong ciia vat ran.

Gia sir hé quy chiu R, = Oxyy,z, 1a he
quy chiéu c6 dinh, h¢ quy chi€u R = Oxyz
12 hé quy chifu dong gén chit vao vat rén
B. Theo cong thic (3.4) chuong 3, phin
déng hoc, vé quan h¢ gilta dao ham tuyét
d6i va dao ham tuong déi, ta ¢

Rogi, Rdl,
dt dar

roxl, (G0

Hinh 5.11

Trong do, l_ 13 mémen dong luong cha vat ran ddi véi diém O, @ 1a véc to
van téc goc cla vat ran.

Ap dung dinh 1y bién thién moémen dong lugng
Ro
‘ﬂ =3 mo(Fx) (3.2)

Thé (3.2) vao (3 1) ta dugc phuong trinh

Foay, Rl -~
dt dt
Néu chon Ox, Oy, Oz 1a céc tryc quan tinh chinh va ky hi¢u 12 1, Ii, III, thi
J,, Jyy, Jy 12 cdc hing 8. Theo (2.16) suy ra '

XZO Zmo(Fk) (3.3)

R
dl
. —Jf@,re; +J o€y +J iy Oy (3.4)

Mt khéc theo dinh nghia tich véc to clia hai véc to ta cd
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I A
oxlo =\ o @y oy
. 3.5

I Iy g _ )

w1y =(wylyy — @ly Yy + (ol — ey ey @y —ogl)ey

Do dé tir phuong trinh vée to (3.3) suy ra h¢ ba phuong trinh vi phan
chuyén dong ciia vt rin quay quanh mot diém c6 dinh. '

A JI'"d—__(‘]H Jm)ﬂ’na’m=sz(Fk):Mf
doy e
Jy dt — (S — I )y —Zmu Fk) My (3.6)
J d"’”f e A Fil=Me
I (J; = J )y “*me' k Il

Hé¢ c4c phuong trinh (3.6) 1a hé cdc phuong trinh vi phan chuyén dong
clia vat tin quay quanh mét diém c§ dinh. Chiing dugc goi la cdc phuong trinh
deng luc Euler”. Trong 46, J;, Jy;, Jyy 1& cdc mo men quédn tinh chinh clla vat
rén tai O, @, @, oy, 11 hinh chifu van t6c géc @ cha vat rdn lén cic tryc
quan tinh chinh 7, 7, ZII gdn chat vao vat rin. Cdc phuong trinh dng luc Euler
12 he 3 phuong trinh vi phan phi tuyén cdp mot d6i véi @, @y, Oy Viéc tim
nghiém giai tich ciia hé cdc phuong trinh nay néi chung 12 bai todn khé vé miat
todn hoc. Ngiy nay xu thé chung 1a sir dung cdc phuong phap s6 dé giai cdc
phuong trinh nay. Sit dung céc phuong phap s, cac phuo‘ng trinh (3.6) duoc
giai khd de dang.

3.2. Cac thi du ap dung

Thi dy 5.5. Mot dia trdon méng khdi lugng m, ban kinh R, quay quanh-tryc
quay AB clia né véi van tdc géc £2 khong déi. Truc AB va khung quay quanh
truc DE véi van 8¢ géc o, gia toc gbe @ (hinh 5.12a). Chom, R, Q. @, &, va
a. Hay x4c dinh mo men M, cdn thiét dé khung cé thé quay DE duge va cdc
phan luc lién két dong phu tai cac 6 d& D va E khi khung quay.

Léi gidi. Chon cdc truc quén tinh chinh cia dia 1a céc tryc I L, 111 nhu hinh
v& (5.12b). Tacd

m. 1
J[:JH ZZRz, JLU:E”IRZ

* Euler (1707-1783), nha todn hocva-ea hoc Thuy 5. Ong lam viéc nhiéu nam & St. Petersburg
(Nga) va Berlin (Diic).

323



Hinh 5.12

Do Q nim trén truc III vudng géc véi mat phing chifa céc truc I va II, nén
hinh chi€u cita @ =Q+w, 1én cdc truc quan tinh chinh ¢6 dang
@; = ay, cosli, @y =—a, sinQf, @y =Q =const .
Pao hiim theo thdi gian cic bidu thifc trén
@, =@, cosi —w QsinQf, @ =—6,s5inQf —w, QcosQ, @y =0
Thé cdc biéu thifc nay vao phuong trinh dong luc Euler (3.5) ta duge
M, =J (@, cosQt —w,Qsin Q) —(J;; — T )0, Qsin Qr
My =J, (= sinQt — 0, Qeos Q) +{J; — Iy Yw,cosQ
S My =Jy 0+ (g )0y
hay M, =J,w, cosQt —J w0, Qsin Ot
My ==Jyo, sin Qi — Jyym, Qcos
My =0
Chigu véc to momen Mo (M;,M ;) 1én he toa d(f).Oxyz suy ra -
M, =M,cosQ — M, sinQt =J,a,
M, = M, sinQt + My cosQt =—J 0,
M, =My =0

: o
Do M,= 0, nén chi cdn M, 12 ngiu |

Iye cha cdc phan luc déng phu tai tdc v ' o
dung 1én cic 6 d& tai D va E tdc dung lén ¥ PR - =k
vat rdn, do dé gay nén chuyén dong clia I_'Cgl"_l i T
khung. T hinh v& (5.12¢) ta ¢é R WA S
Fi=Fd = M, __Jmo 0 | _ o
a . Hinh 5.12c
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Thi du 5.6." Mot tru tron déng nhat, khéi lugng m, bén kinh r, dai I, quay
quanh mot tryc c6 dinh véi van t6¢ géc @ kKhong ddi. Truc quay nghiéng mot
goc a véi truc d6i xing cla hinh try (hinh 5.13a). Trong tam C cha hinh tru
niim trén truc quay. Hay xdc dinh phan lyc dong phy & cac 6 43.

Laoi gidi. Trong tam C cla try ném trén tryc quay nén rc =0. Do d6 véc to
chinh ctia cdc phan lyc g6i d@ phai triét tieu. That vay

mac =Y Fr=0=F{ + F§ =0, Vi Fj+Fj+P=0.

Hinh 5.13

Ap dung cdc phuong trinh dong luc Euler (3.6) xdc dinh moémen cila phan
luc & d&. Ta vé& cic tryc chinh nhu hinh (5.13). Cdc momen qudn tinh chinh (tra
bang) c6 dang '

1 om
g =—2—mr2, Jy =0 :E(lz +3r2)

Chidu véc to @ 1én cdc truc quan tinh chinh ta duge (hinh 5.13b)
@, = wcosa, @,=—osina, ;=0.
Do @ = const tix d6 suy ra g =&, =& =0. Theo phwong trinh dong luc
Euler (3.6) ta cd ‘ _
M;=0, M, =0

My =—{J, - Jz)a),wz [’; 2 f;(lzf%z)]mzsinacosa

= —%(12 —-?)rz)cu2 sin 2ax

Nhu thé cdc phan lyc déng phu tai cdc gbi do sinh ra do momen doi véi
truc chinh 3 14 M,. Theo hinh v& 5.12c, ta ¢6 FA = F¢ . Tix d6 x4c dinh dugc '

(12 —3r )
48a

Thi du 5.7. Xét chuyén-dong-lan-khong.truot ciia.mot badnh xe clia mdy
nghién (hinh 5.14). True mang bank xe quay deu guanh truc thing ding véi van

M, =—aFd —aF§ =—2aF{ = F{ =Fj = sin 2
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t6¢ @, Cho bi€t cdc momen quén tinh chinh cla banh xe J,, J, = J,, ban kinh
banh xe 1a r, khoang céch OA 1a R. B0 qua khéi lugng clia truc QA. Tim 4p luc
cla bdnh xe 1én nén. _
_ Loi gidi. Banh xe tham gia hai chuyén dong quay quanh hai truc giao nhau
tai 0. Chuyén dong theo clia banh xe 1a chuyén dong quay quanh truc thing
ding ciing truc OA véi van 16c géc @, = w,. Chuyén dong tuong d6i clia banh
xe la chuyén dong quay quanh truc OA véi van téc géc 1a o, géc quay la o.
Diém P* Ja diém bédnh xe tiép xdc véi mat dudng. Do d6 ta ¢ 7 = 0. Xét diém
Atasuyra @ = Rw,.

cfiser
\M
o 30l‘/] (iA

X Dttt

|<R—>| " Hinh 5.14 N

Tir hinh 5.14 suy ra cdc thanh phan clia véc to van téc géc clia banh xe

@y =W oS, My = —WESINGE = @ds (1)
Wy =~ SINA , By =~y COSA = —W W _
Phuong trinh dong luc Euler d6i véi chuyén dong clia banh xe cé dang
dow
M, =J, 7{‘ +(Jy = J, Yo,

do
Mz:-fzaz‘J“(Jl*Js)wsa’l (2)

da

M3 :J37[3+(J2 ‘JI)C{J;C.')Z

Thé (1) vao (2) tinh duge biéu thifc xdc dinh mémen clia céc ngoai lyc tic
dung lén banh xe
M] = O

R .

R .
My =(=J; +J, - J) )o@, = -J o] cosa
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Tir (3) suy ra ngéu lyc tic dung 1én banh xe c6 do 16n

- R
M= M22+M32;leg~; | (4)

Ngfu lyc nay nam trong méit phing vuéng géc vdi truc OA clia banh xe va
song song voi mat phéng ma banh xe lan trén dé. Ngau lyc ndy tao nén phan luc
dong phu & khép O va ép lyc lén mat dudng. Do d6 4p luc dong cua banh xe
lén mat duong la

Ndzg:ﬂ
R ¥
" Ap lyc toan phan la
2
N=G+ iﬁfi (5)

Trong d6, G 1a trong lugng bénh xe.

4. CHUYEN DONG GYROSCOP

4.1. Khai niém Gyrdscop va su phan loai
Dinh nghia. Mot vat rdn ¢6 mot truc déi xing quay quanh mét diém cd
dinh niim trén truc d6i xiing dugc goi la Gyréscop.
Néu ky hiéu cdc truc quén tinh chinh Ox la truc I, Oy 1a tryc II, Oz 1a truc
III, thi cdc phuong trinh dong luc Euler (3.6) c6 dang
Joy = (Jy — I Yooy =M; _ _
Ty (T ~Jy) e =My (4.1)
J @ *‘(JI —Jy)wmy =My
Cin ot theo tinh chit ctia cac momen quén tinh khoi, ngudi ta phan loai
Gyroscop nhu sau
GerSCOp Cﬁu Jj' = J” = Jr“'] ’
Gyroscop doi xing J=dy Jr=dy
Gyroscop doi ximg ngdn  J,=J, >y
Gyroscop ddi xtng dai J=Jy <Jy
Can ct vao vi tri trong tam ngudi ta phan ta phan loai Gyroscop nhu sau
— Gyroscop khong chiu tdc dung cha trong lyc: khi trong tam va diém cd
dinh tring nhau, ngoai trong ke khong 6 Ngoal 1Uc nao Kuac.
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— Gyrdscop nang: khi trong tim nim ngoai diém c¢6 dinh, trong lyc tao
thanh moémen tdc dung lén vat rin.

Chi trong trudng hgp Gyroscop nang, d6i xdng mdi c6 thé tim dugc nghiém
giai tich.

4.2. Ly thuyét so cap vé Gyrdscop

Ta xét cac Gyrdsedp cbé mot truc z doi
xing vat chét va diém O ¢& dinh nidm trén truc
d6i xdng do. Truc d6i xung nay duge goi la
truc d6i xdng dong luc cia Gyroscop. Gid sit
Gyréscop quay guanh truc déi xing dong huc
cua nd v4i van toc goc w, khong déi, truc doi
xing dong luc lai quay quanh mét truc z, déi
xting khac véi van téc géc @, <<w, (hinh 5.15).

Theo céc gia thiét trén suy ra . Hinh 515
Je=dy, J.#0, J, = J, =], =0,
&= + .
a) Phuong trinh co bdn cua Iy thuyét so cdp Gyréscop
Theo gia thuyét trén ta c6
Ip = J.6, - @D
Ap dung dinh 1y bién thién moémen dong luong cho chuyén dong cia
Gyroscap :
a,
dt
Tir cong thiic lién hé dao ham clia véc to trong céc hé quy chiéu khéic nhau,
suy ra

=2mo(F) (4.3)

Ry = R = .
d(J:CO]) — d(J:a)l)+a'ij_é')1 4.4)
dt dt i

Do gia thi¢t @ 1 véc to khong ddi trong chuyén dong twong dsi nén

R d(J__a_Jl) _ 4
dr
Ngoai ra

Ex'J:51 =(E).1 '-l-az')x.];c:).] =J. (52 Xal)
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Néu dua vao ky hiéu

Mg = g (F‘i) - | (4.5)
thi phuong trinh (4.3) ¢6 dang _
T (@B, x @ )= M} (4.6)

Phuong trinh (4.6) dugc goi 1a phuong trinh co ban clia Iy thuyét so cép vé
Gyroscop.

b) Méomen Gyrdscop va hiéu itng Gyréscop

Gia str Gyroscop quay quanh truc d6i xing dong luc ctia né véi van toc goc
&, , truc nay lai quay quanh tryc khédc véi van t6c @, , ma o, < ay. Hai truc
quay giao nhau tai diém O (hinh 5.15).

Thu gon hé lyc quin tinh vé diém O c6 dinh ta dugc mot véc to chinh va
mot moémen chinh M. Theo nguyén 1y d'Alembert thi téng momen chinh cla
céc ngoai luc va moémen chinh cic Iyc quén tinh cha Gyroscop phéi bing Khong

M+ M =0. 4.7

Dinh nghia 4.1. Moémen chiinh cla he luc qudn tinh cla Gyroscop déi véi
tam O c& dinh ctia né duge goi 1a mémen Gyroscop.

Tir cong thiic (4.6) va (4.7) suy ra

My, = NI =M = J. (3, x &) (4.8)
ng = sz]wz Sil‘l 9 (4-9)
véi 0 1a goc giita hai véc t0 @1, @2

Theo cong thiic (4.8) thdy ring, cic véc to @0y, M o 14p thanh mot he
thuéan. Tir d6 khi biét hudng clia @, 6, dé dang xdc dinh -huc’mg ctia M 2

Dinh nghia 4.2. Sy xudt hién momen Gyroscop dugc goi 12 hiéu ing
Gyroscop.

Nhu thé, hiéu dng Gyroscop xay ra khi c6 su bién déi vé hudng cua tryc
d6i xing dong luc chia vat quay. Xét mot vai thi du minh hoa. Khi 6 t6 chay trén
doan dutng vong, mbi cap banh xe cling véi truc mang chiing 1a mot Gyroscop.
Do truc ca cip banh xe ddi huéng nén xudt hién momen Gyrdscop. Céc truc
mdy quay nhanh trong cdc géi d&, do c6 d¢ hd nhét dinh gilta gdi d& va truc,
nén truc mdy ciing 1a mot Gyroscop. Momen Gyroscop, tic 1a moémen quén tinh

clia truc mdy, gay nén ap-luc.dong-phu.d.cic.g6i.do..Cic ap luc dong phu nay
dugc goi 1a céc ap luc Gyrascop:
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¢) Cdc thi du

Thi dy 5.8. Rdto cia tuabin tau thuy cé
truc quay song song véi truc doc cilia tau
(hinh 5.16). Roto ¢6 khdi lugng m = 3500
kg, ban kinh quan tinh cia réto déi véi truc
quay cta né la p = 0,6 m, van toc goc cua
roto n = 3000 vong/phur. Hay xac dinh ap
luc 16n nhat & hai & truc A va B do hiéu dng
Gyroscop gay ra khi tdu thily bi chong chanh
quay quanh truc thdng ding véi bién do
@, = 9%, chu ky T = 15 5. Cho biét khoang
cdch gitia hai truc ABla =2 m.

. Lo gidi. Vat xhao sat 13 roto cha tuabin. Khi tdu chong chanh chuyén dong
clia roto phan thanh hai thanh phdn : chuyén dong quay quanh truc z clia n6 vdi
van tdc géc @, chuyén dong dao dong quanh truc x do tdu chong chanh véi van
toc géc @, (w, <<w,). Do d6 khi tau chong chanh, roto cia nd Ja mot Gyroscop
Theo ddu bai quy luat chong chanh cia tau thiy la

Hinh 5.16

¢=¢Osin(2?ﬂr+a) (rad) 1)
Van tdc géc clia chuyén dong chong chanh nay la
W, = go = 2?”% cOos (Z%t + a) (rad/s) (2)

s e a1 2r .
Gid tri 16n nhat cla van téc goc nay 1a @y, =—}—g00. Nhu vay momen

Gyroscop 1dn nhét clia roto theo cong thite (4.9} 1a

M gy, = J =010 gy 5 90° (3)
Do (N4, N%)=M§ =~M,,, nén ap lyc 16n nhédt & hai 6 d& A va B do hiéu

tng Gyroscop gy ra la

m,oz nw 27:(0
J w0, 39 7 "0
Nmax = N = =528 = 0 I @)

Thay s6 vao cong thifc trén ta dugc

W 3500 x (0,6)% x3000.7 x 27 x 97
A max =N.Bmax= B
2x30x15x180

—13022,636N
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Thi dy 5.9. Cho co cdu hanh tinh A yd
nén nhu hinh 5.17. Banh rang hinh nén 0 )
1 6 ban kinh R, ¢ dinh. Banh ring @, “
hinh nén 2 ¢é bén kinh R, lan khong 3 Az
truot trén bénh rang 1 nho tay quay 3 PG\ aa— :}_4-_"
(OA). Tay quay OA quay quanh truc | l Nyp R
théing ding v6i van t6c géc @, Cho 1\ : B, / ?
biét ban kinh quén tinh cia banh ring i B

=

2 d6i véi truc clia né 1a p. Coi ma sdt 1a
khong ding ké va bo qua khoi lugng R,
tay quay. Xdc dinh phan lyc tinh va
phén lyc dong phu cha banh rang 1 tac
dung lén banh rang 2.

Lot gidi. Chon hé khao sit 1 co cdu hanh tinh nhu hinh v& 5.17. Bdnh rang
1 c6 dinh, tay quay OA chuyén dong quay quanh moét truc ¢8 dinh. Banh rang
nén 2 chuyén dong quay quanh di€ém O ¢d dinh.

Trudc hét ta xdc dinh phan lyc finh N'j,. Ta %€t hé lyc tinh can béng. Phuong
trinh mémen d6i vé6i tam O c6 dang -

S my(Fi)=Nf OB—P,.04=0

Hinh 5.17

T dé suyra

14 R
Nfzszo—i L

e (1)
OB JRI+R;
Bay git chuyén sang xdc dinh phén lyc dong phu N4,,. Do diém B 1a tam
van t6c tic thoi ta co
R
V= RI. (g =,,.R2 L0y =3 By = —10)0 (2)
; R,
Banh xe 2 trong trudng hop nay xem gén ding la mot Gyroscop. Tir cong
thiic (4.9) suy ra

J_w,m,5in 90" _ Pzszlan

Ndm: OB 5 > 3)
g\ R + Ry
Tix (1) va (3) nhan duge '
N_ldl £ % R @)
N1I2 gRZ
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4.3. Su 8n dinh chuyén déng clia Gyrdscdp tu do

Nhu doan trén da viét, Gyroscop 12 mot vat rén c6 tryc d6i xing c6 thé
quay tby ¥ quanh diém O ¢6 dinh nim trén truc d6i ximg. Xét trudng hop diém
O ¢6 dinh tring véi khoi tam C cta vat rin. Néu véc to chinh moémen clia cic’
ngoai lyc tac dung lén Gyroscop trigt tieu, Gyroscop khi do duge goi la
Gyroscodp khong c¢6 nglu luc ngoai tic dyng, hoac Gyrdscop ty do. Do M, = 0
(i = 1,2,3), th cac phuong trinh dong luc Euler (3.6) suy ra:

Jza‘)z_(-]3_'-]1)w3a)1:0 (4.10)
J3@3_(J1_J2)w1602 :0 ‘

Gia st @, = @, = const , @, = w; = (. Tt ciac phuong trinh (4.10) suy ra
@, =0, ; =0.Khi dé truc 1 1a truc quay cé dinh. Bai todn thuc t€ dugc dat ra
nhu sau: gid sit cé mot nhidu dong nhd tdc dung vao Gyrdscop, lam anh hudng
dén @, va @, khi d6 chuyén dong clia Gyroscop sé thay ddi nhu the nao?

Dao ham phuong trinh thi hai ciia (4.10) theo thoi gian ta duoc
oy = (T3 =) yogds
Thé @, tir phuong trinh thit ba ciia (4.10) vao phuong trinh trén suy ra

J 3 S50, =—(J: _J3)(Jl ‘Jz)f‘)gﬂ’z

hay @y +atw, =0
~ Trong dé ky hiéu
a2=(J‘_J2)(J'_J3)m§ ©(4.11)
J2J5

Khi &® >0, nghiém cta phuong trinh trén ¢ dang
@, (t) = A cosat + 4, sinaf

Khi t — 0, @y(t) gi6i nol. Chuyén dong clia Gyroscop 6n dinh.

Khi ¢* <0, tadat b’ = — &2 >0, nghiém cia phuong trinh (4.11) c6 dang
@ (£) = B,e® + B,e™ (b>0)

Khi t-—»co, m,(t) —e0. Chuyén dong clia Gyréscop khong én dinh.

Vay khi J, > J, va J, > J,—> a? > 0, chuyén dong clia Gyroscop 6n dinh

KhiJ,<J,vaJ,>J,hoicJ,>J,vaJ, <J,, chuyén dong ciia Gyroscop
s& khong 6n dinh.
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Két lugn: Sy én-dinh cha Gyroscop ty do phu thude vao sy phan bg khoi
luong cha né. (Khdi niém on dinh chuyén dong sé dugc trinh bay k§ hon &
. chuong 8). ,

5. CAC PHUONG TRINH VI PHAN CHUYEN BONG CUA VAT RAN
TRONG KHONG GIAN

5.1. Cac phuong trinh vi phan chuyén déng cta vat rin trong
khong gian :

Cho vat rin B chuyén dong tdy ¥ d6i véi
hé quy chiéu ¢& dinh R, = {Ox,y,z,}. Gén
chit vao khéi tam C cita vat rin B hé quy
chiéu quén tinh chinh (hinh 5.18). Vi tf cha
vat ran B do6i véi hé quy chidu ¢ dinh R,
duge xdc dinh bdi vi trf clia khéi tam C va
huéng quay cla clia nd. Gia sit vat ran chiu

tdc dung cua céc lyc E,Fz,...,fn. Ap dung
dinh 1y chuyén dong khéi tam ta c¢é phuong
trinh vi phan chuyén dong ciia khéi tam C

mié(c") = Z FO
mp® =3 B A (5.1)
m.'ié-o) = Z Fk(zo)

N Hinh 5.18

Trong d6, m la khai lugng cla vat thé, 2,3,z 1a toa do khsi tam C
trong he quy chi€u c6 dinh R, = Oxyyyzy . F, Fy, FS 1a hinh chiéu clia cdc
lyc ;. trén cic truc Ox, Oy, 0z, .

Ap dung dinh 1y bién thién dcf)ng luong suy ra cic phuong trinh dong luc
Euler

a —
{lﬁl——(Jz—Js)cgzws =S m (Ifk)=Ml |
d =
J3 ‘%—(Jl -—Jz).a)]ﬂ)z %Z?n;; (Fk):M3

Trong dé J,, J,, J3 L momen gudf il ol vat ran @61 véi cdc truc guan
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tinh chinh di qua khéi tam C clia vat rén, @), @, @, 13 hinh chigu clia véc to van
t5c géc @ lén cdc truc quin tinh chinh C,, C, C; cha vt rdn B,
m (fk ) m, (fk ) my (Fk ) 12 mémen clia luc Fi d6i v6itruc C,, C,, C;.

Cdc phuong trinh (5.1) va (5.2) duoc goi 3 cdc phuong trinh vi phan
chuyén dong chia vat ran trong khong gian ba chiéu.

5.2. Cac goéc Euler va cac phudng trinh vi phan chuyén déng quay
Khi sit dung cic gée Euler dé xdc dinh huéng quay cua vat ran, theo
chuong 5 phén dong hoc ta ¢6 ba phuong trinh déng hoc Euler
@, = Wsin@sin @+ Gcos @ .
@, =Yrsin@cosp—Gsin@ . (5.3)
@, =jcosf+ @
Dao ham cic phuong trinh (5.3) theo thdi gian ta duoc

% =l/sin@sin @+ y'/écos @sin @+ yrpsin G cos @
1

+@cos p—OPsin @

dd_a:Z =y sin Bcos @+ Y70 cos G cos @ — PPsin Osin @ (5.4)

—@singp—0Opcos @

d—a%zl/'/'cosﬁwg%?sin9+¢

Thé céc phj;ng trinh (5.3) va (5.4) vao cac phuong trinh (5.2) nhan duge
hé ba phuong trinh vi phan cdp hai mo t chuyén dong quay quanh khéi tam
clia vat ran khong gian

M, = Jl(;ﬁsinﬁsinqo+écosqo
+ @ cos sin @+ Ypsin O cos p— OPsin @)
-{J, —-J3)(y'/sinﬁcosgo—gsin @)Yy cos 6+ @)
M, =J,(ysin g cos @ —Gsin @
+ 470 cos 6 cos ¢ — Yrgrsin Osin @ — G cos ) (5.5)
—(J, - J ) sin fsin @+06cos )y cos & + @)
M, = J,(¥cos @+ p—ysin )
—(J, = J,)(¥ sin @sin @+ G cos go)(y'/sin 8 cos p—Bsin @)
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Céc phuong trinh (5.1) va (5.5) tao thanh mét hé sdu phurong trinh vi phan
cdp hai mé6 t4 chuyén déng clia vat rén trong khong gian ba chiéu. Trong d6
sdu 4n 1a x,., Ve, Z, (ba toa do suy rong dinh vi), ¥,6,¢ (ba toa d¢ suy rong
dinh huéng). Néu bi€t thém 12 diéu kién déu thi ta ¢6 thé gidi hé phuong trinh
vi phan chuyén déng clia vat ran téng quit mot cich dé dang bing phuong
phép s8. '

Cac phuong trinh (5.1) va (5.5) duge goi la h¢ cdc phuong trinh Newton—
Euler. Neudi ta thudng sit dung hé cdc phuong trinh vi phan nay dé thiét lap he
cdc phuong trinh vi phan chuyén dong ctia vé tinh, mdy bay, robot dudi nudc, ...
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Chuong 6

VA CHAM cUA CAC VAT RAN

Va cham 12 moét hién tugng co hoc hay gip trong k¥ thuat. Cé nhiing
hién twong va cham c6 hai ta khéng mong muén (ching han sy va cham ciia
hai 6 t0) nhung ciing c¢é nhitng hién tugng va cham cé 1gi, dugc sit dung
trong k¥ thuat (bda déng coc, cdc mdy va rung, con lic xdc dinh van t6¢ vién
dan). Qua va cham xudt hién céc gia t6c 16n cla céc diém cha vat rin va sy
bién dang & cac ving tiép xdc.

Trong 30 nam cudi ciia the ky XX, bai todn ti€p xic dong luc hoc da duge
nhiéu nha cg hoc quan tam nghién ciu. Cic quy luat phi tuyén cia va cham,
ma sit, su tuong tac gilta va cham, ma sat va dao dong, 6n dinh 1& nhiing noi
dung co ban cha ly thuyét tiép xic dong luc hoc. Tuy nhién, day 1a nhifng vin
dé khé, vugt ra ngoai ndi dang gido trinh nay. G day, chi trinh bay 1y thuyét
so cap vé va cham, trong dé st dung dinh luat gan ding cia Newton vi Poison
vé& va cham va chi xét mo hinh va cham clia hai vat rin phing.

1. CAC GIA THIET GAN PUNG, CAC DINH LUAT NEWTON VA
POISSON VE VA CHAM

1.1. Binh nghia va cham

Va cham cia cdc vat rin 1a sy ti€p xidc bat thinh linh cha cdc vat rén,
gay nén su thay déi cdc ddc trung co hoc clia cdc vat thé nay nhu van t6c cac
diém va van t6¢ géc clia cdc vat rin va nhau thay d6i mot luong hitu han
trong mot khodng thoi gian rat ngén.

1.2. Cac dic diém cla qua trinh va cham

a) Thoi gian va cham. Trong qud trinh va cham gifta cdc vat rin, thdi gian
va cham rit ngan. Ky hiéu 7, 1a thdi diém ddu va cham, 7, 13 thdi diém cudi
va cham, Ar=t, —¢ rét nho.

b) Su bién dang va khoi phuc khi va cham. Trong qua trinh va cham, cdc vat
rin va nhau bi bién dang & viing ti€p xdc. Mdc do va trang thdi bién dang phu
thudc vio ban chét dan hoi cla hai mat va cham vao nhau. Quan sat cic vat
thé va cham ta thdy ring, ban diu cdc vat thé bi bién dang & viing ti€p xic, sau
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do do tinh chat dan héi cha vat liéu, chiing khoi phuc lai ddn hinh déng cii.
Can cit vao tinh chat dan héi clia vat liéu, ngudi ta phan loai va cham nhu sau:

— Va cham mém (hay va cham déo 1§ tuéng): khong c6 giai doan khoi phuc.

— Va cham dan héi: ¢6 giai doan khoi phuc.

_ Va cham tuyét déi dan héi: cdc vat thé khoi phyc lai diing hinh déng .
¢) Luc va cham va xung luc va cham. Khi hai vat rén va nhau, cic lyc lién
k&t xudt hién & cdc vat va nhau trong thdi gian va cham dugc goi 1a cdc lyc va
cham. Céc loai luc hogt déng khéc tic dung lén cdc vat ran va cham dugc goi la
cac lyc thong thudng. Ky hiéu lyc va cham la R(@). ‘

Do qué trinh va cham xay ra trong khoang thoi gian rdt nhd, van tdc cdc
diém thay déi mot lugng hifu han, cho nén céc lyc va cham ¢6 tri sd rat 16n va
bi&n thién rat nhanh. Vi vay ngudi ta thudng dénh gié tic dung ctia lyc va cham
qua xung lugng cha chiing.

Dinh nghia. Xung lugng cla lyc va cham trong thoi gian va cham Af=1, -1,
duoc goi 1a xung lyc va cham '

S= zj‘fe(r)dz H (1.1)

il

1.3. Cac gia thiét gan dang

Trong 1y thuyét so cdp vé va cham cila cac vat rén, chiing ta cong nhan cac
gia thiét gin dung sau:

a) Ving ti€p xdc bién dang cla céc vat ran 1a mot viing nho so véi dién tich
bé mit cia cdc vt rin va cham vao nhau. Do dé ta ¢6 thé sit dung mo hinh hai
vat rin tiép xiic diém khi tinh todn va cham cla céc vat Tan. _

b) Trong qua trinh va cham, do thdi gian va cham A¢ rit bé, su thay déi vi
tri cha c4c vat thé va nhau la nhd. Do dé ta co thé b qua dich chuyén trong qui
trinh va cham. '

" ¢) Céc lyc va cham 16n t6i mitc c6 thé bd qua tdc dyng clia cdc lyc thong
thudng (irong lugng, stc ddy cla gis, lyc can khong khi, ...) trong thoi gian
va cham. | A

1.4. Md hinh co hoc ctia hai vét ran phing va cham

Xét hai vat rin 1 va 2. Trong thoi gian va cham ching ti€p xic véi nhau tai
diém P (hinh 6.1). Ky higu P, 1a diém thuge vatran 1, P, 1a diém thuoe vat ran
2, ma tai thoi diém va chagnching tiingmhautal, £y
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a) Mdt phdng tiép xiic va duong va cham. _AMEI,PhEZing
Chiing ta gia thiét khi hai vat rén cham vao Hep e chung
nhau, & diém ti€p xdc P, ching ¢6 chung Vs Vp,
mot miat phdng tiép tuyén E. Mit phing
ndy dugc goi 1A mat phang ti€p xitic. Pudng
phép tuyén chung véi mat phing tiép xiic
tai diém tiép xic P dugc goi 1a dudng va
cham. Ky hiéu dudng va cham 14 Pn hoic
Px (hinh 6.1).

Hinh 6.1

b) Su phdn loai va cham .

Va cham xuyén tdm va va cham khéng xuyén tam. Goi dudng thing néi hai
khoi tam C, va C, cla hai vat ran va nhau 13 dudng xuyén tam. Khi dudng
Xuyén tam trung véi dudng va cham thi va cham dugce goi 1a va cham xuyén tam
(hinh 6.2a). Ngugc lai khi dudng xuyén tim khong tring v6i dudng va cham, thi
va cham duogc goi 1a va cham khong xuyén tadm (hinh 6.2b).

X

O LR
a) b

Hinh 6.2
a) Va cham xuyén tam; b) Va cham khang xuyén tam

.

> *{
]
w3l

.

Va cham thdng va va cham xién. Néu van t6¢ & diém tiép xidc P doc theo
phuong .dudng va cham, thi va cham dugc goi 1a va cham thing. Ngugc lai khi
van ¢ & diém ti€p xuc P khong tring vdi phuong cla dudng va cham thi va
‘cham dugc goi 1a va cham xién. Trén hinh 6.1, Vs, khdc phuong vp , va cham la

va cham xién.

Va cham nhdn (khéng cé ma sdat) va va cham khéng nhédn (cé ma sdt). Va
cham goi 12 nhin n&u luc va cham gifra hai vat thé doc theo phuong clia dudng
va cham (hinh 6.3a). Ngugc lai, khi luc va cham c6 thanh phén tiép tuyén khac
khong, va cham duogc goi 12 khong nhin (cé ma sat) (hinh 6.3b).
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Hinh 6.3

a) Nh&n R, = —R, ; b} Khéng nhén R, = ~Ry, . R, = —R,,

1.5. Binh luat Newton va dinh luat Poisson vé va cham

Trong 1y thuyét sa cdp vé va cham, chiing ta cong nhan dinh luat Newton
vé va cham (hay con goi 1 gia thi€t Newton v€é va cham) hogc dinh luat Poisson
vé va cham (hay con goi 13 gia thiét Poisson vé va cham).

Gia sit hai vat rén va cham tiép xdc nhau fai diém P (hinh 6.4). Ky hi¢u
diém tip xtc thuoe vat ran 1 1a P, thudc vat rén 2 12 P,. Vin téc cdc diém nay
trudc va sau va cham 1a v, va Vp, (i =1, 2). Hinh chiéu cla ching trén dm‘:mg

va cham Pr 1a vp, va vp, (hinh 6.4a va 6.4b).

Hinh 6.4

Dinh lugt Newton vé va cham: Ty s6 gilia hinh chiéu trén dudng va cham
ciia céc van téc tuong d6i cBa diém va cham sau va trudc va cham 13 mot hang s6
e:_v:pzn _v;’ln : (12)
Vpn ~ VP
Hiing s6 e dugc goi la hé s6 va cham Newton (hodc hé s& khoi phuc). He s6
nay phu thudc vao tinh chat cha vat liéu cua céc vat va cham va thudng duoc
xéc dinh bing thuc nghiém. Nhu thé, dinh luat Newton vé va cham chinh la gia
thiét tuyén tinh vé quan h¢ van t6c tuong doi true va sau va cham. Dinh luat va
cham Newton la mt dinh luat dong hoc, vi né dua ra quan hé van téc tuong doi
tai diém tiép xidc sau va trude va cham. Dinh luat nay khong cho ta méi quan hé
vé luc. ‘ :
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Bang cich tu duy khéc, Poisson
da x4y dung md&i quan hé giita xung
luc va cham trong pha bién dang va
trong pha khéi phuc. Khi hai vat rin
va cham, lyc va cham xuit hién &
diém ti€p xdic P cha hai vt rin v
duoc ky hiéu bing R, va R,. Ta phan
tich cic luc R, vA R, thanh hai thanh phén theo phuong ciia dudng va cham va
theo phuong vuéng goc véi dudng va cham (hinh 6.5).

Thoi gian va cham dugc chia thanh hai pha: pha bién dang (£, <r<¢.) va

pha khoi phuc (¢. £¢<t,). D6 thi thanh phdn phan lyc va cham phdp tuyén

R, (1) clia lyc R, (hoac R,) trong thdi gian va cham c¢6 dang nhu hinh 6.6. Khong
gidm t6ng quat ta ky hiéu R, 1 R.

Ky hiéu .§1 I xung Iuc va cham trong giai doan bién dang, §2 12 xung luc
va cham trong giai doan khoi phuc

ey . Iz : Rn
§i= [Rwa,  S= [Rwd (1.3
h Ic
Khi d6. hinh chi€u cha ching trén dudng va
cham [ ;
ic F)
S = [R,0)dt, Sy, = [Ry,dt (1.4) Hinh 6.6

h fc
Dinh Iugt Poisson vé va cham: Ty s8 gilta d¢ 16n clia xung luc va cham
trong pha khoi phuc va pha bién dang 1a mot hing s8

a2 (1.5)

Hing s6 @ nay dugc goi 1 hé s6 va cham Poisson (hodc hé sé khoi phuc)
va thudng dugc x4c dinh bang thuc nghiém.

Khi va cham gii¥a hai vat rdn 12 va cham nhdn (khong ma sat), tir (1.5)
suy ra

5]

[E2RGr:
Sy,
S ‘ (1.6)
R,y

)
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- Khi d6, ngudi ta chiing minh dugc, dinh luat va cham Newton va dinh luat
va cham Poisson la tring nhau (e =2 ). '

Sau nay néu khong c6 chd ¥ gi dic biét, st dung k¥ hiéu e dé chi hé s6 va
cham Newton cting nhu Poisson. Hé s& va cham e luén thoa min dicu kién
0<e<1 va dugc xdc dinh bing thuc nghiém. Trong mot s6 tai liéu k}”f thuat,
ngudi ta cho biét gid tri cha hé s6 nay. Thi du:

- Cap vat lieu Heé sd va cham (e)
G6—gb 0,5
Thép — thép _ 0,8
Nga voi — nga voi 0,39
Thity tinh — thiy tinth o 10,98

Nhu thé, khi e = 0: va cham mém,
khi e = 1: va cham tuyét dai dan héi,
khi 0 < e < 1: va cham dan hoi.

Chii ¥: 4 '

1) Trong khi gidi céc bai tap néu da sit dyng dinh luat Poisson vé va cham,
thi khong si dung dinh luat Newton vé va cham va nguge lai. '

2) Trong céc thi du sau s& thdy sy giéng nhau cta dinh luat Newton vé va
cham va dinh {uat Poisson vé va cham trong bai todn va cham clia hai vat ran
khong ma sat.

2. DINH LY BIEN THIEN DONG LUONG VA DINH LY BIEN THIEN
MOMEN BONG LUJONG TRONG QUA TRINH VA CHAM

Khi giai cdc bai todn co hoc cd qﬁé trinh va cham, ta hay s& dung céc
dinh 1y bién thién dong luo‘ng va dmh 1y bién thién momen dong lugng dang
hitu han.

2.1. Dinh ly bién thién déng ludng

Theo chuwong 2, dinh 1y bién thién dong lugng trong khoang thdi gian
At=t, —1; c6 dang '

Blta) - B =>. 8¢ (2.1)

Trong d6 S¢ 1a xung luong clia ngoai lyc 7

I
§¢ = j Fedt - 2.2)

4
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Trong qué trinh va cham, do bé qua cdc lyc thong thudng, nén biéu thic
ZS’f trong (2.1) 12 téng cta t4t ci cdc xung lyc va cham ngoai trong khodng
thai gian va cham Ar. Mot dang khac cta dinh 1y bi€n thién dong luong la dinh
1y chuyén dong khdi tam. Trong qud trinh va cham dinh 1y nay c6 dang

mve () —mv (1))=Y 5§ (2.3)

Trong dé m 1a khéi luong cd hé, v (#) vA V-(f;) 14n luot 1a van t6c khdi

tam trudc vi sau va cham, 7, 13 thoi diém bét ddu va cham, t, 12 thoi diém ket
thiic va cham. '

2.2. Pinh ly bién thién mdmen doéng lugng

Theo chuong 2, dinh 1y bién thién momen dong luong trong khoang thoi
gian At =t, —f; c6 dang

L) —lot) =Y zj(fk X F,f)dt : (2.4)

gl
Trong d6 O 1a mot diém cd dinh.
Do gia thiét bd qua dich chuyén cdc diém cia vat thé
trong théi gian va cham, ta co '
I f
[(7 % B Ve =7 [Fiedr =7, x5 =iy (Sf) @3)
q : 4 ’

Thé (2.5) vao (2.4) ta duoc dinh 17 bién thién mémen
dong lugng trong thoi gian va cham

I (1) =To () = Yo (5¢) (2.6)
Né&u O khong phai la diém ¢ dinh ma 14 khdéi tam cha

hé, thi cong thifc (2.6) van diing va c6 dang Hinh 6.7
fc (fz)_?c(fl)=2’ﬁc (S:!f) 2.7

P61 v6i bai todn vat rin quay quanh truc z ¢§ dinh (hinh 6.7), tir dinh 1y
(2.6) suy ra ‘

(1)~ 13(4) =Y m,(5) - (2.8)
Trong d6, J, 12 mémen quén tinh cda vit rén d6i vdi truc quay z, & (1) va

&(t,) 1a van t6c géc clia vat ran trude va sau va cham.
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3. VA CHAM THANG XUYEN TAM CUA HAI VAT RAN CHUYEN DONG
TINH TIEN

Va cham thing xuyén tam cia hai vat rdn chuyén dong tinh tién 12 bai todn
don gidn nhat cia 1y thuyét va cham céc vat ran. Tuy nhién, day lai 14 bai todn
¢6 nhiéu ap dung k¥ thuat quan trong. Trong muc nay, ta fim cich xdc dinh sy
thay d6i van t6c va su thay ddi nang lugng ciia hai vat ran chuyén dong tinh tién
va cham nhau.

3.1. Mo hinh cd hoc va qua trinh tinh toan

Xét hai qua cédu déng chat khéi lugng m, v m,. Ching chuyén dong tinh
tién theo dudng thang xuyén tam véi cdc van 16c % va %, (v 2 v, ) vh va cham .
nhau. Cho biét hé s6 khoi phuc 14 e. Tim cdc van t8c sau va cham v{ va ¥ va
lugng mit dong nang AT qua va cham ciia hai qué cau (hinh 6.8a).

: ki VVz'
", I n,y
v o> vy
v
"
Bién dang Khdi phuc
Hinh 6.8a

a) Xde dinh vin toe khoi tdm cia cdc vat rdn khi két thitc qud trinh va cham
Ap dung dinh 1y bién thién dong luong cho mdi qui cdu trong pha bién
dang, ta ¢o
f(' I
nl'z : Apba' = J..R(t)dt :mzv* - m2v2 (l)

n

=

c

m —Apyy =— IR(t)dt = mlv* —my (2) i,
1 Hinh 6.8b
Trong d6 v 1a van téc chung clia hat qui cdu & cudi pha bién dang. Tir hai
phuong trinh (1) va (2) suy ra

vy + v
Vi=—tl_—22 (3.1
ne + iy
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P s
Appy = —2—(v; =) (3.2)
fﬂ] + m2 )

Ap dung dinh 1y bién thién dong luong cho méi qui cdu trong pha khoi
phuc, ta ¢6

t '
m: Ap,= j R()dt = myvy —mv" 3y
I
fz
m : —Apy, =— jR(t)dt =my, —myv" (4)
e .

O day ta c6 hai phuong trinh (3) va (4) véi ba dn v{, v, v Ap,,. Vivay, cin
phai sir dung thém mot phuong trinh bd sung la dinh luat Poisson va va cham

e= (3.3)
APy
T (3.2) va (3.3) suyra
By m
Apy, =e——2— (v, — 34
D eml +my (v _Vz) (3.4)
Thé céc biéu thiic (3.1), (3.4) vao céc phuong trinh (3) va (4) 1a duge
v =y —(l+e) i (v, —v2) - (3.5)
mi + m2
I my
vy =vy +{l +e) (v —vy) (3.6)
) Yy + )

Do ta da stir dung dinh luat Poisson vé va cham nén tir cidc cong thie (3.5)
v (3.6) dé dang suy ra dinh luat Newton vé va cham

e= _hTv (3.7)

Vi—W
Nhu thé, néu bigt duoc cdc van tdc clia hai vét ran trudc va sau thdi gian va
cham tinh dugc hé s6 khoi phuc e theo (3.7).

b) Xdc dinh luong mdt dong ndng qua va cham
Biéu thic dong ning clia hé gém hai qué cdu trudc va sau va cham la

1 2 1 2 1 2 1 2
T ==mv +—-n,v;y, ©,=—mv"+—=n,v 5
121[2722 221122.2 (5)
T d6 suy ra lugng mét dong nang qua va cham

AT:Ti—Tzzéml (v%—v{2)+%m2(v§—v£2) (6)
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The céc biéu thic (3.5), (3.6) vao (6) ta dugc

AT = 1-e? oy,

2
v o—y , 3.8
2 m +n12( 1=%2) : 38

Céng thite (3.8) biéu dién 1uqng mdt déng nang qua va cham.
Dai lugng
AT
“n
dugc goi 1a hé s8 hi¢u dung va cham.
Xét truong hop riéng khi v, =0 (vat rin thit hai ding yén). Khi dé bidu
thitc (3.8) ¢6 dang |

(3.9)

1-e* mm 1
AT:—Z—“_J*_z—Vlz, 1) 25’"1"1
my+my
T dd suy ra
.’ﬂz

p=2L_q-) (3.10)
Ti m] + n’ﬂz . ) )
Trén co s& cong thic (3.10) ta rdt ra mot s§ két luan dng dung quan trong
nhu sau: . : :
1) Khi m, (khéi lugng vat va cham) >> m, (kh6i lugng vat bi va cham)

L]

<<1 = AT nhod
my + nty

Két ugn 1: Khi déng coc, déng dinh,... khéi luong bida phéi 16n hon khéi
lugng cla coc, cha dinh nhiéu 14n d€ gidm nang lugng bi tiéu hao vao bién dang.
2) Khi m; (khdi lugng vat va cham) << m, (khéi lugng vat bi va cham)

™ ~1 = AT Ién

my + .,
Két lugn 2: Khi rén cit, khéi lugng de phéi 16n hon khéi luong biia nhidu
lan dé€ tang ning lugng tiéu hao sk dung vio bién dang.

| Thi dig 6.1. Mot qué can roi tir do cao k. Cho biét hé s6
! khoi phuc gilfa qua cau va miat nén 1a e. Xdc dinh d¢ cao A,

3.2. Cac thi du ap dung
|
|

ma qué céu ndy 1én sau va cham lan thit nhét (hinh 6.9). I
Léi gidi. Ap dung dinh Iy bién thién dong nang (hodc R
dinh Iy bao toan co niang) ta dé dang x4c dinh dugc van t6c : ”/:I/‘”h/:; 4
n .

qué ciu trude khi va cham
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i :

wz—ﬂlw]2 =mgh, = v, =42gh (1)
Van t8c clia mat nén truéce va sau va cham la v, =0, v; =0.
Theo cong thic (3.7) ta cd

v =—ew = —e2¢h : 2)

Ap dung dinh 1y bi€n thién dong ning sau va cham, ta xdc dinh dugc do
cao h, ;

1, 1w
-5 mvi® =—mgh, = = ~2—'— =e’hy (3)
Chii y: Tir (3) suy ra cong thic thyc nghiém x4c dinh h¢ s6 khoi phye
M
e=_|—= 4
7 G

Thi du 6.2. D& gia ¢6 nén méng, ngudi ta ding bda déng coc xudng nén
dst. Bda cé khéi luong my, roi khong cé van t6c ban ddu tir do cao & so véi dau
coc. Coc ¢ khéi lugng m,. Ct sau mbi 14n va dap, coc di xudng mét doan 1a d.
Tim luc can trung binh cia dat tdc dung 1én coc. Gié thiét va cham gita bia va
coc 1a va cham mém (hinh 6.10). 1 {

Loi gidi. Mo hinh khéo sat la va cham thing I
xuyén tam cta hai vat ran chuyén dong tinh tién. H“
Qud trinh va cham bat ddu khi bda dap vao ddu coc I
va két thic ngay sau d6. Qud trinh bia roi tir d¢ cao I f

I

h xuéng dén ddu coc va qud trinh coc di chuyén mot
doan d r6i dimg lai 1a qud trinh khéng va cham.

Ap dung dinh 1y bién thién dong nang x4c dinh
van to¢ ciia bia trudce khi va cham, ta duogc

|

!

> l
mg’l = mgh = v, =[2gh (D PR i
i

|

|

n,

Van téc ban ddu cha coc 1a v, = 0. Khi két thic
qué trinh va cham, van t6c chung cia bia va coc la

v =v} . Theo cong thiic (3.1) suy ra } p
v I I 2 (2) el !
motmy,  my ety : Hinh 6.10

Sau va cham, coc di chuyén dugc mot doan 1a d. Khi dé trén coc chin tac
dung ciia Iyc cin moi trudng F. (gia thiet bd qua téc dyng ciia rong luong). Ap
dung dinh 1§ bi&n thiepdong ning tacé
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o
— ey == [Fods =" 3)
J |

Trong d6 F 1a luc can trung binh clia dat. Tir (2) va (3) ta suy ra

R gt | @
my +my d
Thi du 6.3. Dau biia khdi luong m, = 500kg
dugc xem nhu mot chdt diém roi ty do tir do
cao h so vdi mat de (hinh 6.11). Khéi lugng
ctia de va phoi can dap la m, = 10.000kg. Cho
bigt h = 2m, hé s8 khoi phuc e = 0,65. Hay m,

Bua

i
xéc dinh: |
a) Van 16¢c cha biia ngay trudc khi dap e

. |

vao de, my, . _—Bbe
IS

h

b) Cong hitu ich lam bi€n dang phoi, PR I

i
Mbng

¢) Hé s6 hiéu dung va cham khi rén dép,
d) Van t6c cha ddu bia cudi giai doan
bi€n dang va van t6c cha bia va de sau

MHARLRARAAALAY,

#,

va cham.
T . Hinh 6.11
e) Do cao nay lén cua bia.

Lo gidi. Ap dung dinh 1y bién thién dong nang trong chuyén dong roi ty do
cia bia, ta co
%m]vi?‘ =mgh = vy =42gh

Thay s6 tinh dugc

v =+/2.9,81.2 =6,26m/s

Cong hitu ich lam bién dang vat liéu rén 12 lugng mat dong nang cla bua
qua va cham. Theo cong thiic (3.8) ta cd (dov,=0)

A, = AT =l(1—ez)—ﬁqﬂ—vl2
2 S

= l(1 w0,652) 0,310 163 (6,26)? = 5,39kNm
2 0,5+10 _
Theo cong thic (3.10Y T2 {{nh diroc he sg higudumg khi dap sat 1a
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W=A—T=(1—ez) e =(1_.€;2)_1M

7 my + ni, 1+ m, fm,
1
=(1-0,657)————=0,55=55%
/140,5/10
Van t6c chung ctia biia va de & cudi pha bién dang 14 (do v, = 0)
* 0,5
V=T y =2 625=0,298ms
iy + ity 10+0,5
Van t6c ciia biia va de sau va cham 1a
vi=v —(+e) e v =-3,65m/s,
mi +m2

v =y, +(14e)— ":‘m v, = 0,492 /s
1 2

Dau trir frong bai todn v ching to bia ndy Ien trén. Ap dung dirih 1y bién
thién dong ning trong qua trinh bita nay lén, ta ¢6

1 - 1
—mlvl'z =mgh = h=—1"=0,653m.
2 2g

4. VA CHAM XIEN CUA HAI VAT RAN PHANG VA VA CHAM CUA
VAT RAN QUAY

Khi céc van t6¢ v va 7, tai diém ti€p xc clia hai vat ran va cham khong
tring véi huéng ctia duding va cham thi va cham dugc goi 1a va cham xién.
Trong doan nay trinh bay mot s& bai todn va cham xién ciia hai vat rin phing cé
ciing mot mat phing déi xitng dong lyc, va va cham ciia vat rin quay quanh mot
truc c6 dinh. '

4.1. Va cham xién khéng ma sat cua hai vat rin phang

~ Trén hinh 6.12a 13 mo hinh co hoc bai todn va cham xién ciia hai vét rin
phéng. Hinh 6.12b 1a bai todn va cham nhdn (khéng ma sat) con hinh 6.12¢ la
bai todn va cham khéng nhin (cé ma sit). G day ta giéi han xét bai todn va
cham nhin. K¥ hiéu van téc khéi tam cdc vat rin trude va cham l1a #, %, , sau
va cham 1a ¥, ¥, van t6¢c goc clia cdc vat rin trude va cham 12 o, @, , sau va
cham 13 o], @; .
Ap dung dinh 1y bién thién dong lugng va dinh 1y bi¢n thién mémen dong
Iuong trong thoi gian va cham (cdc cong thic (2.3) va (2.7)) d6i véi vat ran thi
1 ta ¢6 (hinh 6.12b)
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. Y
= my (le—le)z—Sx (D :
a)
T om(v,-w,)=0 (2) ;
va d6i vai vat ran thi 2 (hinh 6.12b)
= (v, — v, ) =8, (4)
‘ b) nhan
T om (v, -y, =0 5 - -
205 o) DTN SN
c) i L@ ~8,)=-a5, (6 ol S I
Trong dé J,, J, 1an lugt 1a momen G C 5
1

quén tinh cta vat ran thit nhit va thi hai
dei véi khoi tam cGa ching. Ngoai ra, do e} khong nhan
bd qua ma sat khi va cham, dinh luat va »

q : ] d V\ x

NS
cham Newton c6 dang G
: V; ' o S:y_ Sx g,
e=— Pyx Ax (7) CI )
vpzx - vP[x 1

[¥]

s N ~ < 2 A Hinh 6.12
Tu déng hoc vat ran chuyén dong
song phang ta ¢é cdc hé thic
Vax =Vix — 4@, Vpx =Vop — ), (8)
! ’ el ’ ’ el
Vax = Vix — @) Vpx =Voy — G2l &)

Nhu thé, khi cho bigt hé s& khoi phuc e, ta c6 mot hé 7 phuong trinh dé xdc
dinh 7 4n 1a: S, , v, v3,,V,,V5,,®, vA @,. Tl cic phuong trinh (1) dén (9) &
trén, giai ra ta dugc

v, — Vo, — &, + 0@
Sx=(l+e) ix 2x 11 22

(3.1

2 2

T, &, a

moomy JJy

Sau d6, tir cdc phuong trinh (1) dén (6) dé dang tinh duoc-
Vix =Viy — Vi, =V, @ =& + 45, (3.2)
L 1
! . S ! — 5 a2S

Vay = Vay +m—:, Vay SVay, @) =0, — sz | (3.3)

4.2. Va cham cua qua ciu vao birc tudng nham

Mo hinh qua ciu déngchat ban kinhis va cham pio bic tudng nham thing
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dtng cho trén hinh 6.13. Ky hiéu van tdc khéi tam qua ciu (sir dung moé hinh
phang) va van t6c géc cha né trude va cham 1a ¥ va @, sau va cham 1& ¥ va

@' . Ta cdn xdc dinh V' va @'.

Hinh 6.13

Ap dung dinh 1y bi€n thién dong luong va dinh 1y bién thién momen dong
luong trong qué trinh va cham d&i v6i hinh tron 16n trong mat phang thang ding

clia qua cau ta cé

— m(v;—vx)z—Sx (O
T m(v;, - vy) =-S5, (2)
) . J(@ -@)=-785, 3)
DO p =V + Tp 12 SUY 1A Vpy =V, , Vpy =V (vpy =Vpy =0). T d6 ta cd
po e “
Vpx Vx
Sau khi va cham vao tudng, diéu kién dé dia lan khong trugt cd dang
| (5)

ot L=
Vp, =V, +ri’ =0

Tir cdc phuong trinh (1) dén (5) vachi y J =—§—m}*2 , suy ra cong thiic xdc.

dinh van t6c kh6i tam va van t6c géc clia qua cau sau va cham

(6)

v, =—ev,
v, —rd
¥ 2 2
‘Vy= Jfﬂ?’ :—S—vy—7ra_J ] (7)
1+ 2
mr
VY 25 . :
=——=—g——V 8
Fod e - ®)
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.o . ___5v . . I .
Chit y. Tt (7) suy ra: Khi w>5—” thi v, <0. Do dé khi a)<5-1 thi
[ S ¥

@' c6 dau nguoc véi ddu clia @ (xem hinh 6.13c).

4.3. Va cham clia chat diém vao vat rin quay quanh mét truc cd
- dinh, tdm va cham

Mot vat rin phing cé thé quay quanh truc z

di qua O nhu hinh 6.14. Va cham cla mot chat
diém vao vat ran duge dac mumg bdi tdc dung clha

xung luc § tai diém tiép xic. Tim xung phan tuc
déng tai truc quay 0. Gia thiét Iic chua va cham
vat rin ding vén (@ =0).

Ap dung céc dinh 1y bién thién dong luong
v dinh 1y bién thién mémen dong lugng trong
thoi gian va cham, ta cd

Hinh 6.14

- mvg, = Ssina + Sy, ' (1)
T mv’cy =-Scosc + Soy =0 . (2)
a o Jo@' =aSsina ' 3

Tir phuong trinh (2) ta suy ra Sp, = Scosa . D& cho S, =0 thi a=7/2.

Nhu thé, xung luc § phai vuéng géc véi truc Oy (di tt O qua khéi tam C). Khi
a=x/2 thi sina=1.Tu(3)suyra

=2 )
‘]0
Thé (4) vao (1) ta dugc
S+ Sp, = my, =mdi =T g (5)
0
Tir (5) suy ra diéu kién du dé cho S,, =0 1a
mad | o = 6)
Jy md

Két lugn. Didu kién d€ khong xudt hién xung phén lyc va dap & truc quay
(Sox =Sy =0) khi vat ran chiju tic dung cha xung luc va cham S 1a: xung luc

va cham S phai vuéng géc véi dudng OC va diém A cdich O mot doan
a=04A=Jy/md.
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Pinh nghia: D_iém A trén dudng OC ma Od=a=J,/md dugc goi la tam
va cham cla VAt ran quay.

4.4. Va cham ctia hai vat ran quay quanh mét truc c¢é dinh

Qua trinh néi truc bing ma st cla hai réto quay quanh mot truc c6 dinh cd
thé xem la mét trudng hop dic biét cha qua trinh va cham (hinh 6.15).

el | lws
BN 7
—
w
c) S+

Hinh 6.15
a) Trudc va cham; b) Trong qua trinh ndi truc; ¢} Sau va cham

Cho biét van 16c g6c¢ trude khi ndi trye cla roto 1 14 o, cla roto 2 1a e, ,
moémen quan tinh cia r6to déi véi tryc quay tuong tng la J; va J,. Lyc ndi
truc F tdc dung vao hai réto doc theo dudng truc nhu hinh v€. Hay xdc dinh
van tdc géc chung sau khi hai roto n6i lai véi nhau va sy hao hut nang lugng khi
ndi truc.

Qué trinh n6i truc ¢6 thé xem nhu bai todn va cham mém, bdi vi khi két
thic qué trinh ndi truc hai réto quay véi cing mot van téc géc chung w . Ap
dung dinh 1y bao toan momen dong lugng déi véi truc quay, ta ¢b

L)+ L) =1{5) . (1)

Trong d6 1(n) = i@y, L(t)=Jymy, H) =(J; + /)@ . ‘Thé cdc két qua nay

vao (1) suyra

o= Jiw, + 1@, @)
J+J,
Ap dung cong thiic tinh dong nang vat rin quay quanh mét truc ¢d dinh ta cé
1 1
T(t)) =~ J o +=Jo03 (3)
2 2 | ‘
i
T(t,)= E(Jl +J,)o” 4

Luong hao hut dong ning

2
AT:T(tI)“T(‘z):l J1QE+J2@22_M (5)
2 J+Js
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4.5. Cac thi du dp dung

Thi du 6.4. Mot chat diém khéi lugng
m, chuyén dong théng véi van t6c V va
cham vao mot thanh thing déng chat thiét
dién khong déi dai /, mot ddu gén ban 1&
nhu hinh 6.16. Khéi luong cla thanh 1a m,.
Cho biét lic ddu thanh ding yén. Hay xac
dinh van t6c géc cla thanh sau va cham.
Cho biét m, =2m, ' Hinh 6.16

b}

Lot gidi. Theo dinh nghia tam va cham ta c6
a=04=Jy[md= ( mﬁ) L=
3 2 3

Vay xung lugng S téc dung vao tam va cham. Do d6 S, =0. Ap dung
dinh 1y bién thién dong lugng va dinh 1y bién thien mémen dong lugng suy ra
—: m -v)y==5 . (D

0): J oo’ =%IS (2)
Do vin t6c didm A cla thanh sau va cham 1a v, =2lw’/3, nén dinh luat

Newton vé va cham c¢é dang

vy __3 3)
0—v v .

e =

Tix cdc phuong trinh (1), (2), (3) va chi § dén J, =%m212, tinh dugc ba 4n
S, v vaaw.
1 3v
f=—y(2-3e), w'=——(l+e 4)
i (2--3e) 5!,( ) (

Khi e =0 (va cham mém) tir (4) ta ¢é +' =§v, w':%;

Khi e=1 (va cham tuyét d&i dan hoi), tir (4) suy ra
, 1 ,_6v
V=—=v, @' =
5 5 l

Thz du 6.5. Con lic thit dan edm co kh01 tru AB duoc.treo vao tryc O (hinh
6. 17) Khéi tru AB chita diy€at va ed khoiieng M Matrvien dan c6 khéi lugng m
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“dugc bdn vao khéi tru va Xuyén vao cat,
lam cho khéi tru AB quay quanh O mot
géc . Khoang céch tir dudng va cham
dén truc quay O la a. Gia thiét xung phin
lyc va cham tai O bing khong (ah= p?).
Hay xdc dinh van t6c vién dan theo géc
léch & ciia con lac.

Loi gidi. He khao sat gém vién dan va
con lic AB..Ap dung dinh 1y bi¢n thién

momen dong lugng cua he¢ trong thoi gian Hinh 6.17
va cham, ta ¢d ‘
lot)=1p(h) ()
Trong do (4) =mva, I5(t) = (Mp* + ma)e' 2)
Thé (2) vao (1) ta dugc '
mva = (M p* + ma* o' (3)

Ap dung dinh 1y bién thién dong ning ctia h¢ sau thoi gian va cham ta dugc

%(Mpz + ma*)o'? = g(Mh+ ma)(1-cosa) (4)

Chi ¢ dén cong thitc lugng gide 1-cosa = 2sin® % St (3 va(4) suyra

‘ .,
Mp? +ma
v="2P w' =

2sin % \/g(ﬂlh + ma)( M p* +ma*)

ma

ma

&)

Do gia thiét ah = p?, tir (5) ta suy ra cong thiic xic dinh van t6c vién dan

dang kh4 don gian’

v=2[1+ﬁ}/gasin9i
ma 2

(6)

Thi du 6.6. Hai vat rin quay quanh hai truc song song, va cham vao
nhau (hinh 6.18a). Cho bi€t mémen quén tinh cla vat ran déi véi truc quay
cla nd lin huot 1a J, va J,. Trude khi va cham véan toc géc clla chiing 1a o,

va @,. Xdc dinh van 6c goéc cha cdc vat rdn sau va cham. Cho biét hé s6

khoi phuc 14 e.
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Hinh 6.18

Lo gidi. Hé khao sat 1a hai vat rdn quay quanh hai truc song song. Ky hiéu
van toc gée clia cdc banh rang sau va cham 13 @] va 'w;.

Ap dung dinh 1y bién thién momen dong luong trong thi gian va cham
ta co '

Ji(@} - @) =—1, [R@)dt =-1,S (1)

il

i .
Jo (@) — @) =1, j R(t)dt =1,8 )

L

Tir (1) va (2) khir S ta duge

JooJ AN A
-71601[1 +—22(02!2 =—21£r)1[1 +—22~60212 : (3)
l] 2 i lEZ

Chi ¥ 1Ang vy, = ayly, v, =@sls, Vi, = @1}, v3, = @3], . Dinh luat Newton
vé va cham cé dang

'e:_vén_vl'n . 4
: VYon —Via
Tir (3) va (4) suy ra
' (e~ @, /1) (1+e)( /)
@] =y — 5 5 (5).
‘Jl/ll +J2/12
’ (@14 /L —,)(1+e) (1 /1)
JI/I] +J2/lz

Thi du 6.7. Mot con lan déng chat khai lugng m, ban kinh r chuyén dong
lan khong truot trén mot mit phdng ring cua nhu hinh 6.19a. Khi con lan quét
dinh nhon A s& va cham vao dinh nhon B tiép theo. Gia thiét va cham la va
cham mém (e = 0). Vant6e-gée-eha-con-lin-trude-khi-va-cham 1a @. Cho biét
o ,r, mvVa @.
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a) Tim vén t6c géc con lan »' ngay sau khi va cham.
b) Xdc dinh su hao tdn ning lugng sau méi 14n va cham.

c) Xé4c dinh cong sudt trung binh ciia dong co, sao cho con lan cé th@ lan
trén mat phang rang cua véi van téc gée trung binh 13 @ .

Hinh 6.19

Lot gidi, Hé khao sat 1a con ldn hinh dia tron. Trudc khi va cham con lan
quay quanh diém A ¢& dinh. Van t6c khéi tam C 1
Ve = r - (1)
Sau khi va cham vao diém B, con lan lai quay quanh diém c6 dinh B. Ta ¢6
Ve =o' 2)
Ap dung dinh 1y bién thién momen dong lugng trong thoi gian con lin va
cham vao diém B

Ip(t)~Ip(t) =Y iy (S ) =0 ©)
Chii ¥ dén hinh 6.19b dé dang tinh duge

Ity =J 00"+ mvpr o 4

lz(t))=J o +m(ve cosa)r : (5)

Theé (4), (5) vao (3) va chd ¥ dén cdc moi quan hé dong hoc (1), (2) ta dugc

, _Je +mr? cosa

@ = . (6)
Jo+mr
Do J, :%mrz , nén biéu thiic (6) c6 dang
w,=1+2cosa’m o)

3
Biéu thiic hao tin néng luong qua mot ldn va cham 14
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AT =T(t) - T(tz)=l.fca) +:12mvc ——Jca) —%mv'c2 (8)

The cac bidu thic (1), (2) va (7) vao (8) ta dugc sy thay déi nang luong
thuc hién sau méi lan va cham '

2
AT=%mr2w2 {1-%‘;’5‘?‘)—] - ©)

Giita hai va cham, con lan chuyén déng quay trong khoang thoi gian

a . ~ - e n o ~ it -~ -
At == va quay dugc mot géc « . Do d6 cong sudt trung binh cua dong co la
r .

(10)

AT 3 2@3{1 (1+2c:oso:)2]
th = i

At 4 o 9
Thi dy 6.8. Va cham ciia mot dia tron vao mot khung hinh chit thap.

Mot khung hinh chit thap dat trén mat phing nim ngang nhin vi ¢6 thé
quay quanh truc A (hinh 6.20). M&i thanh ctia khung chif thap ¢6 khdi lugng m,
va chidu dii 4r. Mot dia trdn bén kinh r, khoi lugng m chuyén dong tinh tién
thing déu véi van 16¢ ¥, dén va cham vao diém P cha khung & vi tri 1 nhu hinh

v&. Cho biét hé s6 khoi phuc 12 e va va cham khong ma sat. Hay x4c dinh:
a) Van tdc géc @, cua khung chif thap va van t6c khdi tam dia v, sau khi
va cham,

b) T s6 m,/m sao cho khi khung quay mot géc 90° dén vi trf 2 nhur hinh vé
thi nd lai va cham vao dia,

¢) Van téc géc @, cha khung chi¥ thap va van t6c khéi tam dia ¥, sau l4n
va cham thi hai,
d) Do 16n ciia hé s§ khoi phuc e sao cho sau 14n va cham thit hai th1 khung

chif thap dimg lai hén. @D,
e
Vitril -| Vitri 2
| |A A 1A
— i+ = — 141 — I _l-__lﬂ-l_ ]
3r
wP|| § . v, vp =3ray
C ot A >
F : _
a) S b) : c)

Hinh.6,20

357



Lai gidi. .
a) He khao sdt la khung chit nhat va dia tron. DE ding nhan thdy diém P I
tam va cham. Theo dinh 1y bién thién moémen déng luong ta cé
L) -L)=m,(S)=0 = L,)=1,0)
Trong 46 {,(4) =3rmvy, 1,(t)) =3rmv, + J ,0,. Th& cédc biéu thic nay vao
phuong trinh trén ta duge
3rmvy =3rmwv, + J 4o, ' (D

Trong d6 ¢, 14 thoi diém trude va cham, ¢, 13 thoi diém sau va cham ldn thi
nhit. Tl dinh luat Newton vé va cham ta cé

eo Ve o))
VO _VP
Trong d6 vp =0, v =3re,. Tir (2) suy ra
_ v =3re; —evy (3)
T hai phuo‘ng trinh (1) va (3) ta gidi ra duoc w; va Vl
3rm(l+e 9rlm eJ :
=2(—)V0 , Vv = —“‘—v 4)
O9rm+.J, _ 972 m+J,

b) D& cho thanh chil thap quay quanh A ngugc chiéu kim déng hé mét gée
90" dén vi tri 2 lai va dap vao dia tron, thi trong khoang thdi gian d6 kh01 tam
dia phai di chuyén dugc mét doan 2r

2 2 on 4

(5
a)! VI a)l 4
Thé cdc biéu thirc (4) vao (5) ta dugc
4r 9r m—elf, )
T 3rm(1 +e)
Tir (6) suy ra
2
Ty =25 414 )] o
en

Khung chit thap gém 4 thanh, méi thanh ¢6 khéi lugng m2, va chiéu dai 4r.
Do d6 biéu thitc mémen quén tinh khdi J, ¢6 dang

2 .
(4?') :%nﬁ’} (8)

Tir (7) va (8) ta tim dugc t§ 6
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m 9 '
L= ae—ﬁ[sx —4(1+e)] (9)
c) Tix dinh 1y bdo toan moémen dong luong ciia ca hé trong thdi gian va
cham lan thit hai
Ly(t3)=1,(ts)
suy ra
J o, +3rmv; = J a1, +3rmv, (10)

Theo dinh luat Newton vé va cham, ta cé

e=_2" %P (11)
Vi T Ve -
VOi vp =3rw,, vp =3rw, . Tu (10) suy 1a
vy = 3rw, —e(v) —3ro;) ‘ (12)
Thé (12) vao (10) roi gidira o,
1-¢° '
Wy = 3rm——s———V, 13
? 9% m+J, ¢ (13
Thé (13) vao (12) ta duge
2 2
, _or m+eJAv (14)

9°m+J
d) Diéu kién dé khung chit thap ding yen sau lén va cham thit hai (o, = 0)
dugc suy ra tir cong thic (13) _
@,=0 = e=1 (15)
Tir (11) ta cé vy = v, . (16)
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Chu?dng 7
PONG LUC HOC CHUYEN PONG
TUONG POl

Chuyén dong cla chat diém va vat rén déi véi he quy chigu dong dugc goi
1a chuyén dong tuong dsi. C6 mot s8 bai todn co hoc k¥ thuat khi tinh todn
frong hé quy chiéu dong don gidn hon khi tinh todn trong hé quy chi€u ¢d dinh.

Trén co s¢ dua ra khdi niém luc quan tinh theo va lyc qudn tinh Coriolis
cha chét diém, trong chwong nay trinh bay viéc thiét 1ap phuong trinh vi phan
chuyén déng clia chét diém trong hé quy chi€u dong. Sau d6; gidi thigu viéc dp

dung cédc dinh Iy bién thién dong luong, mémen dong luong, dong ning va

phuong trinh Lagrange loai 2 d6i v6i hé cdc chat diém va cdc vat ran trong hé
quy chiéu dong.

1. PHUONG TRINH VI PHAN CHUYEN PONG TUONG pdI clA

CHAT DPIEM

1.1. Thiét lap phuong trinh vi phén chuyen déng tuong déi cla
chat diém
Xét chuyén dong chia diém P ddi véi hé quy chidu dong R,. He quy chiéu
R, lai chuyén dong d6i véi hé quy chiéu ¢d dinh R0 Chit diém P chiu téc dung
cta luc F . :
Theo dinh luat Newton II, quy luat chuyen dong cha chit diém P & trong
hé quy chiéu ¢d dinh R, cd dang
mi,=F (1.1)
Mat khéc, theo dinh 1¥ ¢Ong gia téc trong
chuong 3, phin dong hoc vat rén, ta ¢
d,=da,+d,+d, (1.2)

véi d, =24, x ¥, 1a gia t6c Coriolis.

Thé bidu thite (1.2) vao phuong trinh
(1.1) ta dugc

mi(d, +a, +a)=F O Hinh 7.1
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Twr d6 suy ra _
ma, = F +(—ma, )+ (—md,) 13

Dinh nghia: Biéu thiic ¥ = —ma, duoc goi 13 lyc quén tinh theo cha chat
diém, cdon bidu thic F?' = —ma, duge goi 14 luc quén tinh Coriolis clia chat diém.

Véi viéc dua vao cdc khai niém luc qudn tinh theo va luc quén tinh Coriolis
cha chit diém, phuong trinh (1.3) ¢6 dang

mi, =F+ F7 + F¥ (1.4)

Phuong trinh (1.4) 1a phuong trinh vi phan chuyén dong tuong déi clia chat
diém (hay phuong trinh vi phan chuyén dong ciia chdt di€m trong he quy chi€u
khong quén tinh).

_ 'So s4nh hai phuong trinh (1.1) va (1.4) nit ra nhan xét sau: Khi khao sit
chuyén dong tuong ddi cha chét diém, ta dat thém vao chat diém lyc quén tinh-
theo va luc quén tinh Coriolis cla nd.

Xét trudng hop dac biét, khi hé quy chi€u dong R, chuyén dong tinh tién
thang déu doi v6i he quy chidu ¢ dinh Ry, khi ddtacd 4, =0 va &, =0.Tu dd
suy ra

Ff’ =—md, =0
FY =—ma, =-2md,xv, =0
Trong trudng hop niy, phuong trinh.(1.4) c6 dang
mi, = F | (1.5)

Tix d6 ta c6 k&t luan: Khi he quy chidu dong R, chuyén dong tinh tién thing
déu d6i véi he quy chigu 6 dinh R,, thi moi quy luat co hoc xdy ra trong hé
quy chidu R, ciing giong nhu trong hé quy chi€u R,. Két luan nay la noi dung
cua Nguyén 1y tuong doi Galilei.

1.2. Diéu kién can biing tuong dai clia chat diém

Theo dinh nghia, chdt diém P ding yén trong hé quy chi€u dong R, néu
nhu @ =0 va ¥, =0. Tir dé suy ra F =-2md, x¥, =0. Phuong trinh (1.4) bay
gig ¢6 dang

F+F¥=0 (1.6)

Phuong trinh (1.6) 12 diéu kién can bing twong déi cha chat diém.
1.3. Cac thi du ap dung

Thi du 7.1. Mot cdi thang-méy chuyen dong thang dimg 1én xuc‘iﬁg véi gia
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toc a . Trong thang treo mot vat ning P vao 10 xo dan héi (hinh 7.2). Sic cﬁng
clia day treo cho biét trong lugng clia 16ng. Hay xac dinh luc dan héi cla 10 xo.

Lo gidi. Phuwong trinh vi phan chuyén déng cha vat ning tron'g hé quy
chi€u déng R, c6 dang ' :

md, =ﬁ+[~£&e)+[~£@]+f’* (1)
g g
Trong dé P° 1a luc dan héi ciia 10 xo. @
Trong thi du nay ta ¢é 4, =0,4,=0,d, =d. '
Chiéu phuong trinh (1) lén phuong thing ¢
ding ta dugc

0=-r-La
g

ey

hay P =P+ faey (2)
g
Khi 16ng kéo Ién a,, =a, tir (2) suy ra
| 3)
g
Khi long ha xuéng a,, =—a, ta 6
pop-Lg (4)
g

Pic biét khi 16ng ha xuéng véi giatdc a = g, tir (4)tasuyra P* =0, Thi du
trén dua dén nguyén 1y tuong déi vé khai tugng va trong lugng cia Einstein.

Thi duy 7.2. Mot hé khéi lugng — 16 xo duoc treo vao mdy bay (hinh 7.3).
Cho biét khéi lugng ciia hé 1a m, do cung 10 xo 1a c. Gia thi€t mdy bay dang bay
6n dinh theo phuong nim ngang (khong ¢6 chuyén déng quay). Khéi heong
mdy bay la m, (bao gdém kh6i lugng clia mdy bay, hanh khdch, hanh 1¥). Céc
lyc tdc dung tén mdy bay gém cé luc diy ﬁ:, , luc nang va luc can I_*:;( , frgng
luong }_71 Hiy thiét lap phuong trinh chuyén déng tuong d6i clia hé khdi luong
—1d xo theo phuong thang ding.

gl
b

Hinh 73
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Levi gidi. Ta chon he toa d6 xy gan lién vio mdy bay y = 0 khi 15 xo chua bi

- kéo nén. Phuong trinh chuyén dong tuong déi clia hé khéi lugng — 10 xo theo
phuong v 12

my=~cy—mg—my, - (1)
Phuong trinh chuyén déng cha may bay I
mf =F +F,+ F,

(2)
Chiéu (2) 1&n phuong thing diing ta dugc
m,y, =—mg+ F;,y + Fky _ : (3
Tir (3) suy ra
' . F, +F
V,=—g L (4)
m

Thé& (4) vao (1) tim dugc phuong trinh chuyén dong tuong d6i ciia he khéi
lugng — 10 xo0

F +F
j}+£y:—u (5)
m .

Chit y:

1) Tt phuong trinh (S) thdy ring, trong lugng cilia vit treo (mg) khéng Xuét
hién trong phuong trinh chuyén déng tuong d6i clia né. Chuyén dong cua vat
treo chi phu thuoc vao luc ddy, luc nang mdy bay va lyc can clia khong khi

2) Khi méy bay bay thing déu, tit (1) suy ra

my =—cy—mg

Khi d6, dua trén két qua do chuyén dong tuong d6i (y va j7 ) xac dinh duge
trong lugng mg.

Thi du 7.3. Diém treo O clia con lic
todn hoc (kh6i lugng m chiéu dai day treo
D dich chuyén theo phuong thing ding véi 3
gia t6c khong déi la a, Hay xdc dinh
phuong trinh chuyén dong, tdn sd dao
dong riéng cha con lic va stc cang cla
day treo.

Lot gidi. Phuong trinh vi phan chuyén
dong ‘clia con lac trong hé quy chidu dong
co dang Hinh 7.4
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mad, =T+P+F¥ L ¥ (1)
Do hé quy chiéu dong chuyén dcfnig tinh tién nén

F.=—md, =0 , )
Chon hé quy chi€u dong OFn nhu hinh 7.4b, ta cé

E, =-mad, = —magé, 3)
Toa d6 ciua diém A la _

&y=Ising, n,=-Icosg 4y
Pao ham phuong trinh (4) |

Eq=lpcosp, 7, =Ipsing

£, =lpcosp—lpPsing, i, =1@sing+Ip* cosg
Do : ¥y =& € +14€, nén ta co
a, =5Aé§ + i]'éq = (lgb'cosgp —Iqbz 5in @)ég + (lqﬁsin(o+lg'a2 cosga) é’,? ‘ &)
Chiéu phuong trinh (1) 1én hai truc £ va 7 ta dugc

m(lq}fvcosga—lqbz sin ¢)=—T5in¢ (6)

m(lg’dsingp+l¢v2 cosq)):Tcosgo—mg—mao )]

Tir hai phuong tr‘lnh_ (6) va (7) véihatdnla @ va T, ta co thé khir T di va dugc -
phuong trinh vi phan chuyén déng clia con 1ac todn hoc c6 diém treo di dong

mip =-—-mgsing —maysing = ¢+ g_;ao sing=0 (8)

Khi géc @ nhd, thay sing ~ @, tir (8) ta nhan duge phuong trinh dao dong
diéu hoa

.. +
p+Ep=0 k O

Tir d6 suy ra tin s6 dao dong riéng cua con lic

= }E_*;ﬁ ' _ (10)

Khi a, >0, tdn s6 dao dong riéng cla con ldc c6 di_ém treo di dong 16n hon
tdn 6 dao doéng riéng cha con lic ¢é diém treo 6 dinh. Khi a4, <0, ta ¢ két
luan nguoc lai. Khi a; =—g, ta ¢6 @ =0, con lic khong dao dong nita.

364




Nhan phuong trinh (6) véi sing , phuong trinh (7) v6i cos@ rdi teir di cho
nhau nhan duogc biéu thifc xdc dinh stic cing cla day

T=m[!¢72+(g+a0)cosqo:| (1D

Thi du 7.4. Mot chat diém kh6i lugng m, hai ddu gin 10 Xo va c6 thé
chuyén dong tuong déi trong ranh thing ctia mot dia trdn (hinh 7.5a). Cho bit
hé s& dan hoi cia 10 xo 1a ¢/2. & trang thai can bing tinh, chat diém c6 vi trf tai
0. Dia quay quanh A véi van t6c géc Q = const. Bo qua trong lugng chat diém
vi ma st trong ranh. Hay thiét lap phuong trinh chuyén dong tuong d6i cia
chat diém va xdc dinh 4p lyc clia chat diém lén ranh.

oy e =

Hinh 7.5a Hinh 7.5b

Lai gidi. Khéo sit chuyén déng ciia chil di€m. Chuyén dong clia dia tron
quay quanh A & chuyén dong theo. Chuyén dong cha chét diém doc theo rdnh
thing 12 chuyén dong tuong dsi. Gén chat vao dia mot hé toa dé dong O&n
(hinh 7.5b).

Phuong trinh vi phan chuyén dong tuong d6i ciia chat diém

mi, =N+ Fy + F2 +F¥ +mg (D

Trong d6 luc quén tinh theo va luc quén tinh Coriolis ¢6 dang nhu sau

a, = —hQe, —n’E, = Ff=mQ (ke +ng,) )
a,=-2008, = Fi'= 2, (3)
Chi ¥ ring, 4, =7, . Thé (2) vi (3) vao (1) réi chiéu lén hai tryc toa do
dong ta dugc '
0=N +mhQ® + 2mn} 4)
mi} = —cn -+ mnQ? (5)
Tix (5) suy ra phugng trigh vi phan éhuyén dong trong d6i cua chat diém
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ﬁ+[§—ﬂz]n=o o - (6)

Nhur the, khi ¢/m >Q?, chét diém thuc hién dao dong trong d6i diéu hoa

theo quy luat
n=Acos@'t+ Bsina't, @ =ye/m—CP (D

Tir (4) suy ra biéu thic phan luc
N =—m(hQ2” +270) (8)

Thi dy 7.5. Mot chat diém P khéi lugng m = 1000 kg chuyén dong theo
kinh tuyén tir xich dao 1én phia Béc (hinh 7.6a) véi van t6c tuong d6i v, = 100
km/h. Cho biét trdi dat ¢6 ban kinh R = 6370 km quay quanh truc Nam — Bic.
Bo qua chuyén dong cla trdi ddt quay xung quanh mat troi. Hay xdc dinh lyc
quén tinh theo va lyc quan tinh Coriolis cyc dai clia chat diém.

Hinh 7.6

Loi gidi: Trai dat quay quanh truc Bic — Nam mot vong hét 24 gid. Van tdc
gbc cla trii dat la:
2
w, =
24.3600
Gén vao trdi dat h¢ toa d6 c6 dinh Ofn¢ nhu hinh 7.6b, ta c6 &, = wé,.
Gia t6c theo ciia chat diém P 1A gia t6¢ cla tring diém P” trong chuyén dong
quay cla trdi dat:

=7,27.10" rad / s

- — - . — _ 2
Gy =0y =By XV, =B, XDy xTpp) =—Rcosp.w;e,

(Gia toc Coriolis
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’ a, =20, xV, =2a,v, sin e

Luc quan tinh theo va luc quén tinh Coriolis clia chit diém
FZ' =mRo cosgé,, ET =—2mm,v,sin Pé:
Khi ¢ =0 lyc quan tinh theo dat cyc dai (tai xich dao)

F?  —mRw* =34N

emax
Khi ¢ :g lyc quan tinh Coriolis dat cuc dai

chl;ax =2mw,v, ~4N
Thi dy 7.6. Khdo sdt chuyén dong cha chat
diém P doc theo kinh tuy&n tir xich dao lén
phia Bac (hinh 7.7).
Lot gidi. Phuong trinh vi phan chuyén
dong cia chét diém
mi, =P+FY +F% (1)
Trong lugng P huéng doc theo truc z tir P
vao 0. Do trii dit quay déu quanh truc clia né
véi van tée géc w ta c6

F F ¥ =—ma, | (2)

Hinh 7.7

Luc F? huéng tir! ra P.

Do d, =28, x¥, huéng doc truc y tir phai qua trdi, nén £% = -md, hudng
doc truc y tir tréi qua phai. Do tdc dung cila lyc quén tinh Coriolis £%, chat
diém P chuyén dong tir xich dao lén phia Bic s& bj léch vé& bén phai. Nguge lai
khi chat di€ém chuyén tir cyc Bic vé xich dao né s& bj léch vé bén trdi.

& Nam béan céu s& ¢6 hién twong nguge lai. Chét diém chuyén dong tir xich

dao vé Nam cuc s& bj l&ch v& bén traj, chat d1em chuyen dong tir cyc Nam vé
xich dao nd s€ bi léch vé bén phai.

'Ap dung sy phén tich trén ta giai thich mot s6 hién tugng sau: ‘

a) Hudng chéch ca gié mda, hudng chdy vong cla cic dong nudc bién,
cdc dong khf, chiéu xody cla gié bio va gié I6c (hinh 7.8 va hinh 7.9).

b) Hién tuong Berer: Xét chuyén dong clia dong song trén Béc ban cdu. Do
dong nuéc khong léch ngang duge; nien ddng nvde 8 146 dung vio by song mot
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luc tir trdi sang phai. Do dé ma & bd phai clia cac con sdng chay tir xich dao lén
Bic bin ciu s& bi s6i mon nhiéu hon. Nguwoc lai, b bén trdi cha cac con séng
chdy tir xich dao vé Nam bdn ciu s& bi s61 mon nhiéu hon. _
B ' B B
plrriiey Wt I i @ @

D T bT b
ORI NN @
N N N
Hinh 7.8 Hinh 7.9
Gié mua déng Gié mia ha — Déng nudc bién,
— Béc ban cau:; Gié mla — BAc ban cau: Gié ma dong khi
Pong Bac Tay Nam — Chiéu xoay cla gid
— Nam ban cau: Gié mua —Nam ban cau: Gidé mia bao

Pong Nam Tay Bac

Tuong tu nhu vay, cic dudng ray bén phai clia cdc con dudng sdt mot chiéu
tir xich dao lén phuong Bic s& bi mon nhiéu hon, cdn cdc dudng ray mot chiéu
tit xich dao xu6ng phuong Nam s& bi mdn nhiéu hon vé phia bén tréi.

2. AP DUNG PHUONG PHAP BONG LUGNG VA PHUCONG PHAP
NANG LUGNG TRONG HE QUY CHIEU DONG

Trong hé quy chiéu quén tinh, cdc dinh 1y bi€n thién dong lugng, bién thién
moémen déng lugng va bién thién dong nang duge suy ra tr phuong trinh co ban
md = F . Tuong tu nhu vay, trong hé quy chigu khéng quédn tinh, cdc dinh 1y
trén dugc suy ra tir phuong trinh

T N L L o
ma, =F+F" +F,

2.1. Phuong phap dong lugng

Tir cdc dinh 1y bién thién dong lugng va dinh Iy bi€n thién momen dong
luong trong chuong hai ta suy ra mét céch hinh thie:
— Dinh 1y bi¢n thién dong luong

dp" e _ SO
By i YR YR @

— Dinh Iy bién thién mémen déng luong
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A5 _ i (Fe )+ S (B )+ Toio (F) @2

dt
Chii y vé dinh Iy bién thién mbémen déng luwong:
Trong hé quy chiéu dong R, gin voi
khéi tam ctia co hé va 6 cac truc Cx,// CXy,
Cy,// Cyy, Cz )/l Cz,, ta co

Fa' =-2m,@, % =0 (do @,=0)

Tix d6 suy ra Zrﬁc(ﬁi‘)zo_ R, i
>y,
Mat khdc ta c6 0
— = - fond . - X .
me (Fe‘f ) =@ X Fy =iy x(—mkaf) 0 Hinh 7.10

Z’ﬁc (ﬁe‘f):zﬁk (_mkak) Z“k ‘mk“

=d,x Y myiiy =d,xMiic =0  (do # =0)
Vay tir (2.2) suy ra

dif

L _ ¥ e (F) ? | (2.3)

* Két lugn: Trong hé guy chiéu dong R, , ¢6 gdc & khéi tam va chuyén dong
tinh tién d6i v6i hé quy chiéu c6 dinh R, , dinh ly bién thién mémen dong luong
co hé dai vdi khdi tam C cé dang tuong v nhu trong hé quy chiéu quén tinh.

2.2. Phudng phap nang lugng
Tuong tr nhu trén ta ¢6 dinh 1y bién thién dong ning
o = an () e Saw () + S (75) @9
Chit y vé dinh Iy bién thién dong ndng:
Theo dinh nghia cong chia lyc quén tinh Coriolis c6 dang
dAT ()= F2' 5,dt =—2m(@, %V, ).V,ds =
Do do tir (2.4) suy ra
drr =y dA’ (F, Y+ 3 aa’ (FY) (2.5)

Két ludn: Khi ap dung dinh 1§ bi€n thién dong nang, khong cﬁn phai tinh
cong cha céc lyc quén finh Corfolis .
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2.3. Céac thi du ap dung

Thi dy 7.7. Tinh lyc an khép gilta hai banh rang hanh tinh. Co cdu hanh
tinh ndm trong mit phing ndm ngang. Tay quay OA quay vdi van t8c goc @y,
gia t6c géc & . Banh xe dong 2 xem nhu dia tron déng chit trong lugng P,.
Hay tim lyc &n khop gifta hai banh rang (hinh 7.11). Cho biét géc an khép 1a
« , cac ban kinh r, va r,. '

L¢i gidi. Khao sét chuyén dong clia
binh rang 2. Gin vao khdi tam A cua
banh ring 2 hé quy chiéu R = Axy ma
Axf/Ox,, Ay//Oy,. Luc tic dyng lén

banh ring 2 gém: Trong lugng P, NG
phén Iuc tai A 14 R, lyc an khép banh
rang § =N +T (hinh 7.11b). | | N5
Ap dung dinh 1§ bien thien momen a) b) T
dong lugng (2.6) Hinh 7.11
a;% FZmz(ﬁ}‘e):Trierzcosa (1)

Do he dong R chuyén dong tinh ti€n d6i v6i hé ¢6 dinh R, nén ta ¢

L=Jw,=iB2ntn,  BnGi+n) -
) 2g
Thé (2) vao (1) ta duge
S:fz_ﬂ”_lf_”%lgo | 3)
2gcosa

Thi dy 7.8. Mot éng cong phing
quay déu trong mit phing cla né véi
van t6c géc. w, quay quanh truc thing
dimg di qua O (hinh 7.12). Mot chat
diém P c6 khéi lugng m chuyén dong
trong &ng cong d6. Bo qua ma sét giita
ong va chit diém. Ban ddu chét diém P
G vi tri M, xdc dinh boi OM,, = r, va c6
van t6c tuong déi ban dau v,(0). Tim
van t6c tuorg d6i clia chit diém P khi
né oviti OM = r.

Hinh 7.12
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Lo gidi. Khao sdt chuyén dong clia diém P. Chon hé quy chidu dong R,
gén lién véi 6ng cong. Diém P chuyén dong. tuong d6i doc theo dng cong.
Chuyén dong theo 1a chuyén dong quay cila 6ng cong quanh mét truc 6 dinh di
qua O va vudng gdéc véi quy dao chuyén dong tuong déi nén lyc quén tinh theo
khong sinh céng. Khi 4p dung dinh 1y bién thién dong nang ta khong cin quan
tam dén luc quén tinh Coriolis. Luc qudn tinh theo F% hudng tir O dén P ¢6

biéu thifc

gt = =R 2
Fi' =—md, =-mad, =mw, 7 . (1

Theo dinh 1§ bién thién dong ning ta cd

o _ﬂi@{{aﬁw | @
Thé (1) vao (2) ta dugc
2
"—ZL mvz(O) r!mco FdF = %ma) 2(?’2 —ro2) 3
Tﬁ dé suy ra
V2 =0+ 0, (1 -1 ) | (4)

3. PHUONG TRINH LAGRANGE LOAI HAI TRONG HE QUY CHIEU DONG

Nhu da biét, phuong trinh Tagrange loai 2 1a phuong trinh chuyén dong ctia
ca hé f bac tu do chiu cdc lién k&t holonoém va co dang

d{er\ er ' ,
41T T _ (=12, A 3.1
df[a‘ji] 0q; o ¢ D G-H
Trong dé T 1a dong nang cha hé, ¢,, ¢», . » g7 1a f 108 do suy rong du,
Q. = , /) 1a Iyc suy rong Ung véi toa do suy rong ¢;. Tir d6 suy ra

phuong trmh Lagrange loai 2 trong chuyén dong tuong ddi cua hé holonom n
bac ty do ¢ dang

%[ZZJ =0l (R)+ ¢ (A)+ 0/ (FY) G=loD 62

Trong dé ¢, Ia céc toa do suy réng clia cd hé trong hé quy chi€u dong,

or (F) o4 (F;‘j‘j) o/ ( o ) tuong ing la cac luc suy rong chia cac luc hoat dong,

cdc luc quan tinh theo va cie-due-gudn Linh Corlohs ing véi toa do suy réng q;
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trong chuyén dong tuong doi. T, 1a dong nang clia co hé trong chuyén dong
tong doi.

Khi co hé can bing twong déi, dov,=0néntasuyral, va @/ (?c‘f ) déu
bing khong. Tir d6 suy ra diéu kién can bing tuong d6i 1a |

o (FY+ g/ (Ff)=0 (=1,2,...0 (3.3) -

Thi du 7.9. Mot thanh déng chat AB duge gén bang ban 1€ O vao mot tryc
quay thing dimg, trong d6 chét ban 1 O thing géc v6i mat phing E chifa thanh
AB va tryc quay z (hinh 7.13). Cho biét OA = @, OB = b, bd qua ma sit. Hay
xéc dinh chuyén dong ciia AB & trong mat phang £ khi truc thang démg quay
v6i van téc @ . Cho biét trong lugng OA 13 P, trong luong OB 1a P,

Hinh 7.13

Loi gidi. Khao st chuyén dong ciia thanh AB. Chon mit phing E chifa
thanh AB vi truc quay z 1am hé quy chi€u dong. Chuyén dong cla thanh AB
trong mit phang £ 1a chuyén dong twong déi. Vi tri thanh AB & trong E dugc
xéc dinh boi géc @ . Chon g = ¢ 1am toa d¢ suy rong. '

Phuong trinh Lagrange loai hai d6i vdi thanh AB trong chuyen dong tuo’ng

déi cd dang )
d[oT, | dT, i | gt
1
dr[ath =0, + 0 +0f (1

Trong dé, T, 1a dong nang cla thanh AB trong chuyén dong tuong doi, Qyp

12 lyc suy rong clia cdc Juc hoat dong, Q7° 1a lyc suy rong iing véi luc quin

tinh theo, Q7 1a lye.suy.rong.fing.vdi.lyc.quan.tinh.Coriolis. Cho thanh thyc
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hién mot di chuyén 4o twong déi dp nhu hinh v&. Do luc hoat dong 1a cac trong '
lugng cua hai phin thanh OA va OB, ta ¢6

Zc‘)‘Ar (ﬁk) =F %sintpé‘ga -B %sin @ S =%(P]a — Pb)singdp
Vay 0, =(Ra-Bb)sing @)
Do 67, L(®, x¥;) nén '
S SAT(FI€y="y FI° 57 =23 m (B, x¥; )67, =0
Do dé Q2 =0. Bay gid ta tinh luc suy rong tng v6i lyc quan tinh theo.
Luc quén tinh theo cfia mdi phan 3 cla thanh c6 thé phan thanh hai thanh
phan
dF,, =dF,, +dFy,

Do dF?, vudbng gbc v6i 57, nén 5A(qu",e) 0. Thu gon hé hé luc quin

gte

tinh theo phéap tuyén cta cdc doan OA va OB ta dugc

A
Fae = l—Lasin ¢).£z)2, Fie = l&bsin cp.coz

Vay .64 (ﬁf’e ) = [ % acosp.5p + Fi¢ %b cos 9.5

1 .
= g—g—(}’laz + szz)smqacosga.a)zéga

Tir d6 suy ra Q‘f‘e =— (Pa +Bb )singpcosqo.a:z (3)II
3g
Pong ning cua thanh AB trong chuyén dong tuong d6i 1a

1.5 114 RH L, 1 2 2\ .2
T ==Jyo = +2—|p°=—I|Ra" + Bb 4)
=8’ = Lzz; g3¢6g(1 67 )" (
Tinh todn céc dao ham riéng cha 7, theo van tc¢ suy rong va toa do suy

rong suy ra

ar. 1 . d(eT.Y 1. » .. OT,
Pa™ +Pb . —{Pa" + b , £ =0
o ?ﬁg(1 )9 dt(aqv] 3g(1 )0 op

St dung phuong trinh Lagrange loai hai ta nhan dugc phuong trinh vi phan
chuyén dong tuong ddi ciia thanh AB
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L Pa’ + b (ozu(Pa Pb)smgp+—1— Ba* + pb? Jsinpcosp.o® (5)
2 2 2
3g 3g

Khi @ =@, =const (thanh & trang théi can bing dn dinh) ta cé ¢ =0, $=0.
Tir (5) suy ra vi trf can biing tuong d6i clia thanh duge xéc dinh boi cong thitc
3g Pb-Pa
208 . P’ + Pb?

cos@ =

(6)

Chii y. Giéi bai todn nay bang cach dp dung phu(mg trinh Lagrange loai hai
trong chuyén dong tuyét dsi d& dang hon.
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Chuong 8

- J

DAO DONG TUVEN TiNH VA ON DiNH
CHUVEN DONG

Dao déng 1a mot hién tugng phd bién trong tu nhién va trong k§ thuat.
Trong chuong niy, trinh bay mot s& khdi niém co ban cla 1y thuyét dao déng
tuyén tinh v cdc phuong phép tinh dao dong tuyén tinh ctia hé mot va hai bic
t do.

Phdn cudi ciia chuong gidi thieu mot s6 khdi niém co ban vé én dinh
chuyén dong.

1. CAC KHAI NIEM CO BAN CUA LY THUYET DAO BONG

1.1. Binh nghia dao déng

Dao dong 1a mot qua trinh thay déi theo thdi gian, ma c6 mot dic diém nao
do6 1ap lai it nhdt mot lan.

Dao dong clia cdc hé co hoc goi 1a dao dong co hoc. Dao déng ciia céc hé
k§ thuat (cdc may, cde cong trinh, v.v...) duge goi 1a dao dong k¥ thuat.
1.2. Md ta déng hoc cac qua trinh dao dong

a) Dao dong diéu hod. Cic ham sin(wt + ),cos(wt + ) duge goi 1a cdc ham
diéu hod. Dao dong dugc mé ta vé mit todn hoc bdi cac ham diu hoa duoc goi
12 dao dong diéu hoa (hinh 8.1)

x(t) = Asin(wt + @) (1.1)
Trong dé: x(1)

@ : tdn s6 vong (rad/s) A'7r\ /\

[ 1

| | .
ngizchukji dao dong / | | - !

@

'

: |

A : bién dd dao déng :
ot + ¢ pha dao dong !

a. : pha ban dau
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Pai luong £ =1/T (Hz) duogc goi 1a tin s6. Ta cd hé thitc =272 f .
Do cong thic luong gidc ' '

x(2) = Asin (@t + &) = A(sin wr cos & + cos wt sin cr) (1.2)
nén bicu thic (1.1) ¢6 thé viét lai dusi dang .
x(t) =C, coswi + C, sinwt (1.3)
Trong d6 C, = Asina; C, = Acosa (1.4)

Tir (1.4) dé dang tinh duoc
o 7
A=Cr+C2; tga=c—' (1.5
N
Nhu thé bién d, tdn s6, chu ky, pha 1a cdc khai niém co ban ciia dao dong
diéu hoa. '
b) Dao dong tudn hoan. Ham s6 x(r) dugc goi 1a ham tudn hoan, néu t6n tai
mot hing s8 T > 0, sao cho v6i moi t ta ¢6 hé thic
x(t+T):x(t), Vit : _ (1.6)
Mt qua trinh dao dong duge mo ta vé mat todn hoc bdi mot ham tudn hoan
x(r) dugc goi la dao déng tudn hoan (hinh 8.2).
x(t)
max (x) [ J
[
| / _
[
|
| t
I
|
AV
[

min (X) .............................v

Hing s6 duong T nhd nhit dé cho biéu thifc (1.6) dugc thod mian goi la chu
k¥ dao dong. Pai lugng f =1/7 (Hz) dugc goi 1a tdn s6 dao dong tudn hoan.
Nhu thé @ =27z f 1 tdn s6 vong.

T

Hinh 8.2

Bién do A ctia dao dong tuin hoan x(t) dugc dinh nghia bdi cong thic sau
A= %[max x(£) —min x()] ' ' (1.7)

Cdc khai niém chu ky, tdn s&, bién d 1a cdc khdi niém co ban clia dao dong
tudn hoan
¢) Dao dong ho hinh sin. Mot qud trinh dao déng dugc mé td vé& mit todn hoc
bdi him
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x(2) = A(t)sin[o(t) + a(1)] (1.8)
duge goi ta dao dong ho hinh sin.
Dao dong x(¢) = A,e”® sin[w(0)t +a(2)], 5 > 012 dao dong tét dan dao dong

x(r) = Ae” sin[a()f +a(f)], § >0 1a dao tang dan. D6 1a cdc vi dy v€ dao dong
ho hinh sin. .

Dao dong ma bién d6 A(z) thay d6i luan phién dugc goi 13 dao déng blén
diéu bién d6. Dao déng ma tin s6 w(¢) thay déi luan phién dugc goi 1 dao dong

bién diéu tdn s6. Cac dao dong bién diéu ¢ mat vai trd quan trong trong k¥
thuat vo tuyén dién.

1.3. Dao ddng tuyén tinh va dao ddng phi tuyén
a) Su phdn loai dao diong
' Céc qud trinh dao dong dugc phén loai ty theo cdc quan diém khic nhau:
— Can cif viio co ch€ gay nén dao dong ngudi ta phan thanh dao dong wy do,
dao dong cudng bic, dao dong tham s6, ty dao dong, dao dong hén loan, dao
dong ngiu nhién. .

— Can cit vao sé bac o do ngudi ta phan thanh dao dong hé mét bac ty do,
dao dong hé n bac ty do, dao dong he vo han bac tir do.

— Can cit vao phuong trinh vi phan chuyén dong ngudi ta phan thanh dao
dong tuyén tinh, dao dong phi tuyén.

— Can ¢\ vao dang chuyén dong ngudi ta phan thanh dao dong doc, dao
dong xodn, dao dong udn.
b) Dao déng tuyén tinh va dao dong phi tuyén

Dao dong duge md td bdi phuong trinh vi phén tuyén tinh dugc goi 1a dao
dong tuyén tinh. Ngugce lai, néu dao dong dugc mo ta boi phuong trinh vi phan
phi tuyén dugc goi 1a dao dong phi tuyén.

Chit y. D61 v6i dao dong duge mod ta bsi phuong trinh dao ham riéng, thi
chi nhiing co hé dugc moé ta bdi phuong trinh dao ham riéng tuyén tinh va diéu
kién bién ciing tuyén tinh mdi la dao déng tuyén tinh. Céc truding hop khéc déu
12 dao dong phi tuyén. '

2. DAO PONG TUYEN TINH TU DO CUA HE MOT BAC TU DO
2.1, Dao dong tu do khéng can
a) Cdc thi du vé thiét lgp phuong trinh vi phin dao dong

Trudc hét ching ta xét-mot-vai-thi.du.vé.thiét.Jap.phuong trinh vi phan dao
dong tr do khong can cla b mét bac trde,
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Thi dir 8.1. Dao dong ciia mot vat ning
treo vao 10 xo.

Xét mot vat ning khdi lugng m treo vao
15 x0 ¢6 h¢ s6 cing c. Bd qua khéi lugng 16

N Vi tri can
X0 (hinh 8.3). béng finh
Dong ning va thé nang ciia hé ¢é dang g '
1
T =—mi?, Hzlcx2 m
2 Hinh 8.3

The céc bidu thitc dong niang vi thé nang trén vio phuong trinh Lagrange
loai hai
_‘i(f{) Lor__dl
dt\éx) Ox Ox

nhan dugc phuong trinh dao dong cla hé
mi+ex=0 (1

Chi ¥ rang, c6 thé nhan dugc phuong trinh dao dong (1) bang nhiéu phuong
phép khdc nhau. Chéng han, néu sit dung dinh luat Newton ta cé

mi=P—c(x, +x)

Trong d6, x, 1a dé dan tinh cha 1o xo P = ¢cx,, cdn biéu thiic clia luc dan hdi
tuyén tinh cda 1d xo Fy, = c(X,+x), luc dan hdi hudng ngugc chiéu truc x. Tir
phuong trinh trén ta suy ra

mx+cx=90

Thi du 8.2. Dao dong con lc todn hoc.

Con lic todn hoc 12 mot hé dao dong gém mot
chat diém c6 khéi lugng m treo vio mot diém O ¢6
dinh bing mot soi day nhe, khong dan chiéu dai la 1
(hinh 8.4). Goi toa do cla chét diém 1a x, y. Tit hinh
vé tacd x =1sing, y = lcosg. T d6 dé dang tinh

dugce céc biéu thitc dong ning clia chdt diém Vi m
. N 1 .2 ) 1 2.2 can béng tinh
T=— + =-—ml ¢~
2 My 2m ¢ Hinh 8.4
IT = —mgy = —mglcosg
Thé céc biéu thic trén vio phuong trinh Lagrange loai hai ta duge
ml*@ = —mglsing

hay ' q}ifi‘;':sinqp=0
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Trong trudng hop con lic dao dong nhd, c6 thé 14y x4p xi sin ¢ ~ ¢. Khi d6
phuong trinh dao déng nhé ciia con lic todn hoc ¢é dang

p+lo=0 @

Thi du 8.3. Dao dong con lac vat 1y.

Con lic vat 1¥ 13 mot he dao dong gbém cé mot vat
rén ¢ thé quay quanh mét truc ¢& diph di qua O va
vuoéng géc véi mit phang chifa khéi tam C clha vat
(hinh 8.5). Khoang cich it diém O dén khoi tam C clia
vit 13 @, momen quén tinh cha vt ran véi truc quay la
J,. Biéu thiic dong ning va thé nang clia h¢ ¢ dang

1. .
T= Ejan , II=—mgacosg Vitri

. . . A . N _ . can bang finh
The cdc biéu thic dong ning va th€ nang vao 9

phuong trinh Lagrange loai hai ta dugc Hinh 8.5
J,p+mgasing =0

Trong trudng hgp con lic vat 1§ dao dong nhd, ta 18y sing ~ ¢, phuong

trinh vi phan dao déng ¢6 dang
Jop+mgap =0 (3)

Thi dit 8.4. Dao déng xoan.

Xét dao dong xoan clia mot vat ning (ching han mot dia hinh tron) gén
chit viio mot truc dan héi. P4u kia cia tryc dan héi ngam chit vao tudng cb
dinh (hinh 8.6). Cho biét mémen qudn tinh ciia vat ning d&i vdi tryc quay 1a J,
do cing xoén clia truc dan hdi 1a c. Gia thiét momen quan tinh cta truc dan héi
d6i véi truc quay nhd hon nhiéu so v6i mémen qudn tinh cia vat ning doi véi
truc quay. Biéu thitc dong ning va thé ning cla hé c6 dang

2
e K

|
)
Thé cdc biu thic dong nidng va thé - ﬂ i
ning vao phuong trinh Lagrange loai hai ta o
nhan duge phwong trinh dao déng xoén Vi tri can bing tinh
tuyé&n tinh cha vat nang Hinh 8.8
Ji+co=0 (4

Goi q 12 toa do suy rong. Tir cac phuong trinh (1), (2), (3), (4) ta thdy dang cfa
phuong trinh dao dong tu do khong cén clia hé mot bac ty do ¢ dang chung la
- mg+cg =0 : 2.1)
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b) Tinh todn dao dong ty do khéng cdn
‘Néu ta sir dung ky hiéu
=S . (2.2)
n
thi phuong trinh dao déng ty do khong cén (2.1) ¢6 dang _
+a@;g=0 (2.3)
Nhu di biét tir ly thuyét phuong trinh vi phan, nghiém cla phuong trinh vi
phan (2.3) ¢d dang nhu sau
q = Ccosayt + Cosinwyt (2.4)
Trong d6 C,, C, 1a cdc hing s6 tuy ¥. Cic hing s6 nay dugc xdc dinh tir cdc
diéu kien déu
1=0: g(0)=gq, ¢(0)=g,
bé xdc dinh cdc hang s& C,, C, ta dao ham biéu thiic (2.4) theo thdi gian
g =—C @, sinw,f + C,m, cos m,t (2.5)
Thé cdc diéu kién dau vao cédc biéu thifc (2.4) va (2.5) xdc dinh duoc
Cr=q, C=2 o 2.6)
. mO
Cht ¥ ring, nghiém (2.4) clia phuong trinh vi phan (2.3) ¢6 thé viét dudi dang
q = Asin{apt + @) @
Trong d6, A va « la céc hiing s6 tuy ¥. Do he thitc
sin(apt + a) = sinyt cosa + sina cosw,t
nén tr (2.4), (2.6) va (2.7) dé dang tinh dugc

N2
A=Jc+CE = gg+[&], ga=S51— 0, %28
wﬁ CZ qO

Tix biéu thiic (2.7) thdy ring, dao dong tr do khong can cla he mot bac tw
do dugc m6 ta bdi ham diéu hoa. Vi vay dao dong ty do khong cén con duoc goi
14 dao dong diéu hoa.

2.2. Dao ddng tu do ¢é can nhét

Xét dao dong ciia h¢ mo6 ta trén hinh 8.7. Do ¢6 thém lyc can nhét ty 1 bac

nhat v6i van 16¢, nén phuong trinh vi phan dao dong clia hé ¢6 dang
mij +bg+cqg=0 2.9)
Néu dua vao cigky-hiéu '
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_ q
Cowp, Loos (2.10) =
m m b .
thi phuong trinh (2.9) c6 dang el m
G+28G+@lg=0 2.11 ¢
’q 7T 0t . ‘( ) 7 i 7
Theo 1y thuyé&t phuong trinh vi phan tuyén tinh, Hinh 8.7
phuong trinh dic trung cia (2.11) 1a

A2 +280+ @l =0 (2.12)
Tuy theo quan h¢ gilfa 8 v w,, ¢6 thé xdy ra cic trudng hop sau '

< w, (lyccannhd ): A, =-S5 Fijal —5?
82w, (luccanldn) : 4, =-5F.J6° -}

* Truong hop thi nhat : 8 < o, (luc can nho)

Trong trudng hop nay A cé gid tri phiic. Nghiém téng quét clia phuong
trinh vi phan dao dong (2.11) ¢6 dang

g=¢e""(C, coswt +C, sinwt) (2.13)
trong dé
0= Joi & (2.14)
Céc hang s6 C,, C, dugc xéc dinh tir cdc diéu kién diu
1=0: 90)=q, 40 =4g,
Tir cdc diéu kién ddu da cho, d& dang xdc dinh cdc hing s6 C,, C,
Ci=qp C,= q—"l;fi (2.15)
Dé bien ddi biéu thic (2.13) dua vao cic hing s6 A v B xac dinh theo
hé thiic
C,=Asinf, C,=Acosf

A= JCI+C}, 1gB= %

2

-~ Tuwrdé suy ra

Biéu thiic nghiém (2.13) bay gid c6 thé viét dusi dang
g = Ae™ sin(wt + ) ' (2.16)

Tir biéu thifc nghiém (2.16) ta thay: Khi lyc can di nhd, hé thuc hién dao
dong tat din. D6 lech de”” gidm theo luat s6 mil, tiém can t6i khong (hinh
8.8). Dao dong dugc mé ta-boi phinang-rinh (2:16)4a dao dong ho hinh sin.
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Tuy chuyén dong ctia he
dugc mo ta bdi quy luat khong
tudn hoin, nhung toa do q(t)
lai d6i ddu theo thdi gian mot
cich tudn hoan. Vi th€ ngudi

/\/\/\ __________ .y

ta quy udc goi o 13 “tdn s6
rieng”, T = 2w/ 1a "chu ky",
cén Ae™® 1a "bién do" cia
dao déng tat ddn. |

Dé dac tnmg cho do tit ddn clia dao dong tir do ¢ can nhdt, ta dua vao
khdi niém do tat 1oga. Do tit 16ga , ky hiéu la A, dugc xdc dinh bdi hé thite

Hinh 8.8

~n-28 g7 | @1
g(t+T) .

Do tat loga dic trung cho do
giam "bién do" dao déng tit din. Trong
thuc 1€ ta thudong xdc dinh ty s& hai

bién d6 dao déng sau k chu ky

q(t) _ e ” — T .
gt +kT) ot Go <A
: Hinh 8.9
Tir d6 ta suy ra _
A=l =tm—99 (2.18)

k  q+kT)
* Trudng hop thi hai: 8 > o, (luc cin 16n)
Khi 8 > w, hai nghiém A, va A, clia phuong trinh dic trung 1a céc s6 thuc va
am. Nghiém téng qut ciia-phuong trinh vi phan dao dong (2.11) ¢ dang
g=Ce" +C,e™ = de™"sh(\|6* — &} t+ ) (2.19)
Pudng biéu dién q = q(t) cit tryc t khong qua mét lan (hinh 8.9). Do dé
chuyén déng ctia hé 1a chuyén dong tit din, khong dao dong.
* Truomg hop thit ba: 8 = ®, (luc can téi han)
Trong trudng hop ndy hai nghiém X, va A, Ia céc s& thire am va bang nhau.
Nghiém tong quét clia phuong trinh vi phan dao déng (2.11) c6 dang
g=e(Ct+C,) (2.20)
Chuyén dong cia he 12 tit dan khong dao dong. \
. Trong mot s6 thidiéu-viét-vé-dao-déng-trong-k§-thuat, ngudi ta con sir
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dung khdi niém do can Lehr. D6 can Lehr, k¢ hiéu bang chit D, duge x4c dinh
boi h¢ thic
D:iz b__.b -(2.21)
@, 2mam, 2Jym
Phuong trinh vi phan dao dong ty do ¢ can nhét (2.11) bﬁy gity c6 thé viét
dudi dang

G+2Dw,g+ g =0 (2.22)

Do h¢ thic @ =\/? —&* =@,V1-D* chuyén dong ciia hé duge phan thianh
ba trutng hop sau:

D<1(@<ao,): ddcannhd
D=1(®@=uwm,): ddcan tdi han
D>1(5>w,): djcan lén.

Can cit vao do can Lehr ta ¢6 két Iuan : Khi D < 1 chuyén dong cfia hé 1a
dao dong tit dan, khi D > ! chuyén déng ciia hé tit din, khong dao dong.

Tt c,éng thiic dinh nghla d6 can Lehr, ta dé dang xdc dinh duge hé thite lién
he¢ gitta d¢ tit loga va do can Lehr

D
Ji-p?

Thi dy 8.5. Gin mot khéi lugng m viio ddu thanh. Gin vao thanh cdc phin
tr can va dan hoi nhu hinh 8.10. Bé qua khdi luong cia thanh.

~ Phai chon d¢ 16n cua hé s6
cén b nhu thé nio dé€ hé ¢6 kha nang
dao dong nho.

— Xdc dinh do6 can Lehr D can
thiét dé sau mudi dao dong. bién do
gidm con bang 1/10 bién do cla chu _‘
ky ddu, sau d6 xdc dinh chu ky dao :
dong tat dan. Hinh 8.10 l";

Loi gidi. St dung dinh 1§ bién thién mémen dong luong d6i vdi truc di qua .
A va do ¢ nho 14y x4p xi sing = @, coscp e 1 ta nhan duge phuong trinh vi phan
dao dong cta hé

A=6T=2x (2.23)

b
<0+ ¢'+( +*)¢ 0

- ga+25go+cu0gp=0
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Trong dé 25=i, w§=£+£
4m

m Z2a

Pé hé c6 kha nang dao dong nho thi & < o, . Tir d6 suy ra

2
i<1/£+£ — b<81ﬁcm+gm
8m m 2a 2a

Tir cic cong thitc (2.18) va (2.23) ta céd

10272 _ 9 w0 D=
J1-D? Tna10 ‘
Chu k¥ dao dong tit dan cha hé 1a
_2_77__ 2 ~2_7r _ 2am

T & 2r |———
@  gN1-D* @ 2ac+gm
Thi dy 8.6, Trong nhiéu bai todn thist o

- . - 2. 32 P A ” ” ~ %IH'
k&, ngudi ta phai lap cdc phan tr can va A Z
phdn tr dan héi ndi ti€p nhau nhu hinh §
8.11. Hay thiét lap phuong trinh vi phan
dao dong clia hé va tim diéu kién xudt hién
dao dong ty do ¢6 can.

Loi gidi. Goi A la diém néi gilia 10 xo va phén tir can. Diém A chiu tic
dung clia lyc F, = bx, . Bién dang clia 10 x0 14 x,—x;, do d6 & diém B xuét hién

lyc din héi F,, = c(x,—x,). Tach riéng phén tlr 16 x0 AB ta ¢d:
F,=bx = F, =c(x,-x)
Sir dung dinh luat Newton hai d6i v6i chét diém m suy ra

m¥, =—e(x, —x,)

T (1) va (2) ta c6:
bx, = c(x, —x)=—mX, > % = —ﬂjéz
Tir (3) suyra: |
X, =i+ E
P

trong do £ 1a hing s8 tich phan.
Thay (4) vao (2) ta duogc:

m . . o cm,
mi, = —c(x, +?x2 — E) = mi, +Tx2 +ecx, =ck
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Hiing s6 F dugc xdc dinh tir cdc diéu kién dau. Néu cho x,(0)=0, %, (0) 0,

_ thi £=10, khi dé phuong trinh (5) cé dang

¢
X, +4‘X:,_ +—x, =0
b m

(6)

T dé suy ra @ =~ 5 =— . Tur diéu kién 8 < w, nhan dugc céng thuc

—<(2 c<b

3. DAO PONG TUYEN TINH CUGNG BUC CUA HE MOT BAC TU DO

3.1. Cac dang kich dong va phuong trinh vi phan dao déng

a) Kich déng luc

. Trén hinh 8.12 13 mé hinh dao dong khéi lugng —
16 xo chiu kich dong luc. Gid sit F(1)=FsinCx,
trong do Fla gia tri cuc dai clia ham F(t) Pai véi
mo hinh nay ta ¢d

T= %myz, 1= %cyz, ¢>‘=—;~by2, Q" = F(1).
Thé céc bidu thiic trén vao phuong trinh Lagrange
loai 2
i(ar) or __on o
a\oy) o ay oy
ta dugc

mj}+by+cy=ﬁ‘sin§2t

VPPl
Hinh 8.12

(3.1)

Chia hai v€ cha (2.1) cho m va dua vio ky hiéu y=F /c bién déi (3.1)

vé dang
P+20y+ @}y =w] psiny

b) Kich dong béi khéi lwgng léch tdm

(3.1a).

Mo hinh dao dong cha hé chiu kich dong boi khdi lugng léch tam cho trén
hinh 8.13. Réto c6 khéi luong léch tam m,, quay déu véi van t6c géc Q. Bidu

thitc dong nang cia hé cd.dang
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T= lmojz2 +5m,v12

Do quan hé

x, =ecos, X, = —efdsin (U

¥, = y+eQsinQ, 3, =jz+choth’

P

v =%+ 37 =17 +27eQ cosQt +e*Q)° 7

T d6 ta suy ra Hinh 8.13

T= %myg + m, yeClcos QU + %mlezﬂz

Trong dé m =m, +m, . Céc biéu thic th€ ning II vd ham hao tén @ c6
dang nhur céc thi dy trude

1 2 1 e
=—¢y?, ®=—bj?
S S b

Thé céc biéu thite T, I1, ® vao phuong trinh Lagrange loai 2, ta dugc

my+ by +cy =meQd*sinQ  (3.2) § N

Bién déi twong ty nhu trén suy ra N ' ' u(t)
: 2 m . N4
J+28y+ @iy =0 ysinQr  (3.2a) S—/\/\/\/\/ﬂ-
: T
. i f
trong dé y = i N 0
my +m,
Hinh 8.14

¢) Kich dong béing luc dan héi
Trén hinh 8.14 14 mo hinh hé chiu kich dong lyc dan héi tuyén tinh. Bé qua
ma sat trugt dong (i = 0). Cho biét u(#) =dsinQr.
Phuong trinh vi phan dao dong cla hé:'é:c’) dang
mii+ bk + e x+ ¢ [x—u(t)] =0

Do u(t) = usin Qr nén

mi + bx +cx = ¢ iisin Ot (3.3)
trong do C = e
Néu sir dung ky hiéu x = % 4, thi phuong trinh (3.3) bién déi dugc
¢, ¢, '
vé dang
¥ b 285400y x=w X sin Ot (3.3a)
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d) Kich déng dong hoc
Trén hinh 8.15 13 mo hinh hé ch1u kich dong
dong hoc. Gia sir diém chan cha b 10 xo va can m
nhét chiu tic dong cta kich dong dong hoc vai quy Y
luat didu hoa u(f) = isinQr. Phuong trinh vi phan 1
dao dong cia hé b dang ¢ b
mjfb(jz—iz)+c(y—u)=0 -
The wu(z) =14 sin Q¢ ,u() = iQcos (¢ vao phuong u(t;/_77
trinh trén ta cd Hinh 8.15

my+b y +cy = G (csin Qi + bCcos Q) _ (34)
Chia haj v&€ clia phuong trinh (3.4) cho m ta dugc "

V+28 P+ wly=o,5(a,sin Qt+25£cos§2t) (3.4a)
@

irong d6 y =1.

e) Kich dong bang luc cdn nhot § X

d

Trén hinh .16 1a mo hinh he chiu | u(®)
kich dong bing lyc can nhét. Mat tugt N |
— ) S v \
nhén tuyét déi (¢ = 0). Phuong trinh vi S—/\NC\/\/— By G
phéan dao dong cia hé ¢6 dang TS
mii+ bx +cx+ b, [x—u(@®)] =0 Hinh 8.16

Cho bigt u(1) =@isin Q¢ , u(r) = #Qcos Ot , khi d6 phuong trinh trén c6 dang

mi + b + cx = byl Qcos O w (3.5)
i v6i b =b,+ b, Chia hai v€ clia (3.5) chom, ta dugc
%+ 28%+@lx=28Q%cos QU (3.5a)
trong d6 X ='%’—ﬂ .

Qua céc thi du trén thdy rang, phuong trinh vi phan dao dong tuyén tinh
clia hé mot bac tu do chiu kich dong diéu hoa c6 dang

 m§+bg+eg = H, sinQf+ H, cosQt (3.6)
Chia hai v& cla phuong trinh (3.6) cho m, ta duge _
G+ 284+ wiq =h sinQs +h, cos : 3.7
Chi ¥: Néu ta sir dung do cin Lehr D th phuong trinh (3.1a).c6 dang

nhu sau
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V+2Dw,y+afy = e} PsinCy : ' (3.8)
. c 0 b
trong do ol=—, D=—= .
° m @, 2Jcm
C6 thé bién déi cdc phuong trinh (3.2a), (3.3a), (3.4a), (3.5a) vé dang
tuong ung. '

~ 3.2. Tinh toan dao ddng cudng bitc khong can

Phuong trinh vi phan dao dong cudng bic khong can clia h¢ mot bac tr do
c6 dang

mg+cq = HsinCy : 7 (3.9
Néu dua vao cac ky hiéu o
w; = i, h= H
m m

thi phuong trinh (3.9) c6 dang
§+wlg=hsinQu (3.10)
Nghiém téng quat ctia phuong trinh vi phan (3.10) bao gém nghiém téng
quét ctia phuong trinh vi phan tuyén tinh thudn nhét tuong Ung va mot nghiém
riéng clia phuong trinh ¢6 v€ phéi. D€ giai phwong trinh vi phan (3.10) ta xét hai
truong hop Q # @, (xa cong hudng) va Q ~ @, (gin cong hudng).
Khi Q # o, fim nghiém riéng cla phuong trinh (3.10) duéi dang
q* = AsinQt - (31D
Trong d6, A 1a hing s6 chua xdc dinh. Thé biéu thitc (3.11) vao phuong
trinh (3.10), so sanh v6i cdc hé s6 cla sint, ta nit ra biéu thitc xdc dinh A

A=

voi ) #
a)g N Qz ( (] )
Theo 1y thuyét phuong trinh vi phan, nghiém téng quat clia phuong trinh
(3.10) c6 dang
g(t) = C, cosw,yt + C, sin wyt +

ﬁsin (973 (3.12)

- Céc hing s6 C;, C, duge xéc dinh tir cdc diéu kién dau. Gia sit khi t = 0 thi

q(0)= gy ¢(0) = g, . The céc diéu ki¢n dau ndy vao biéu thitc (3.12) va dao ham
clia n6, ta cé

Ci =g C, =ﬁ——}’:q‘”‘“7-

' o, wo(wo— =02 )
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Nhut thé, biéu thitc nghiém (3.12) ¢6 dang
9o . h .
1) =g, COSa}f +—SInayl — _--8in @yt + ———sin €2t 3.13

g(f) = 4o o, o (@ — ) T P ( )

Nghiém (3.13) gém hai thanh phan : Ba s6 hang dau biéu thi dao dong tu
do véi tin s6 1a tn s6 riéng cla hé, s6 hang thit tu biéu thi dao dong cudng biic
v&i tAn s 12 tin s6 cta lyc kich dong. Chu ¥ réng, khi g, =¢,= 0 chi c6 hai s6 _
hang d4u ctia dao dong ty do trigt tiéu. Vi vay s6 hang thit ba dugc goi ia thanh
phin dao dong tu do kéo theo. Giai doan t6n tai cd cdc thanh phan dao dong véi
tdn s6 luc kich dong vi cdc thanh phan dao dong voi tin s6 rieng duge goi la
giai doan chuyén tiép. Giai doan chi t6n tai thanh phdn dao dong véi tan s§ cha
luc kich doéng dugc goi la giai doan binh én. _

Néu bd qua céc thanh phan dao dong tu do trong (3.13) ta c6 bidu thitc xdc
dinh trang thdi binh 6n ciia dao dong cudng biic

g* ()= ——sz—sin 193 =—H—2sin Q (3.14)
wy; — 0 e(l—17)

Chd § ring, thita s6 H/c la dich chuyén gay ra bdi lyc tinh H dat viio vat rin

dao dong. Trong d6 m = Q/w,. Dai lugng

V() = (3.15)
bidu thi tic dung déng luc cla lye kich
dong, va dugc goi 1a ham khuéch dai (hoac
hé s& dong luc). Trén hinh 8.17 bi€u dién su
phu thudc cua V vao n.

Khi ty s6 /o, din dén 1, thi ham -
Khuéch dai (hé s& dong luc) va do d6 bién 1
do dao dong cudng bic tang lén nhanh
chéng va tién t6i vo cling khi Q = @, Hién O 1 ‘ 7
twong d6 goi 12 hién twong cong hudng. Nhu Hinh 8.17
vay hién tugng céng huong 1a hién tuong bién do dao dong cudng biic tang lén
14t 16n do tin s& cha luc kich dong tring v6i tin s6 dao dong riéng (dao dong tu
do). Trong thyc 1€ khong c6 trudng hop nao bién do dao dong tang lén vo cing
vi trong cac hé thyc bao gid cling ton tai Iuc can. Vin dé nay s& dugc xét & sau.
" Trd lai bidu thiic tdng qudt (3.13) cta nghiém. Khi g, = g,= 0, biéu thikc nghiém
(3.13) ¢6 dang '

g(t) = 2h ,(sith—gsinwot]. (3.16)
), —LX;

) wO
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Xét truong hop khi tan s6 Q cla lyc kich dong rat gin véi tdn $6 dao dong
113 do m,- Pua vao ky hiéu
Q-m, =2¢

Trong d6, € 1a mot dai lugng vo ciing bé. B6 qua céc s& hang bé ch & trong
biéu thitc cha q suy ra

h . . 2h Q+w, . Q-m,
g ~ ———(sin Q¢ —sin @yr) =-—~—cos tsin t
@y — €2 ay — 2 2

2R . a, hsin gt
=———singtcos t= c

os (Xt 3.17
@ -Q 2 2Q¢ : (317

Do € 1a mot v6 cling bé nén ham sinet bién thién cham, con chu k¥ cha né
2n/e rat 16n. Trong trudng hop niy co thé xem biéu thitc (3.17) 1a quy luat dao
dong véi chu k¥ 2n/Q va bién d6 bién ddi (h/2Q« )sinez. Dang dao déng nay
duge bi€u dién trén hinh 8.18. Hién tuong dao dong nay goi 13 hién tupng phéch.
> <1, " 9

: i n]fmwn il il -
g B 1]

-0.4 -40

049 49
0.2

——SEE

Hinh 8.18 Hinh 8.19
Xét trudng hop Q — @, (s — 0). Khi d6, c6 thé thay sinet bing & trong
biéu thitc (3.17) va ta cé hé thiic

F cosay | (3.18)

@y

Bién do ht/ 2w, tang 1&én vo han khi théi gian t tang nhu hinh 8.19. Nhu the,
ngay trong pham vi 1§ thuyét dao dong tuyén tinh khong can, sy ting bién do
1&n vo han & ving céng hudng cling doi hoi phai cé thdi gian. D6i véi cdc mdy
duge thigt k& 1am viée & trén viing cdng hudng, khi tang van téc clia mdy qua
ving cong huéng, cin phai khin truong cho vuot qua di nhanh.

Nhu thé khi tinh todn dao dong cudng biic khong can ta phan ra hai trudmg
hop: :

— Trudng hgp xa cong hudng (€2 # m,)
— Trudng hop gin cong hudng (2 = o,). Trong trudng hop nay khi
€ =, + 2¢ ta ¢ hién tugng phéch; khi €2 = @ ta ¢é hién tugng cong hudng.
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khong truot trén mdt dudng gb
ghé lugn séng (hinh 8.20). Van
téc thm O cfia banh xe luén

Thi du 8.7. Banh xe O lan i m
¥

khong déi la v = 60 km/h. Mit 0 S

dudng lugn séng ¢6 phuong trinh K - 5
la s =§sin(zx/LY v6i §= 2 cm, N >
L = 100 cm. Xac dinh bién do ! '

dao dong cudng buc thing ding Hinh 8.20

clia vat thé M ¢6 khéi luong m, néi véi truc banh xe bing 10 xo ¢6 do cing 13 ¢.
Biét ring bién dang tinh clia 16 xo dudi tdc dung cGa vat thé 13 §,=10 cm.
Loi gidi. Tu diéu kién can bang tinh ¢8,= mg suy ra
mg
5
Phuong trinh vi phan chuyén dong cla vat thé M cé dang
- my+e(y—s)=10

c=

Néu dua vio k¥ hieu o = £ , phuong trinh vi phan dao dong duoc dua
m
vé dang
. o2 2a . X
y+ a)oy=CUOSSll'I—L—

Thuc hién cédc bién déi

== 8 981 1457
m  mo, o
X TV o v Q:E’_:l_@é_”:m,ﬁyr
L L L 1
Do d6 nghiém riéng cha phuong trinh trén la
y=Asin
v6i = ?SSQ = - 2 7= 0,075 cm.
o - oY ’1_(16,6@
o | 98,1

Thi du 8.8. Mot méy gén chit vio méng va dugc dat trén nén bing mot hé
16 xo song song. Khéi lugng clia mdy va méng 1a 1000 kg. Trong qua trinh mdy
lam viéc xuit hién mot/luc digy hod tdc dung theo phong thing ding v6i bién
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d6 F=1000 N va tdn s6 f =10 Hz. Dudi anh hudng clia luc nay méng dao dong
theo phuong thang ditng. Hay x4c dinh hé s6 cimg cila 16 xo tuong duong sao
cho chi ¢6 5% lyc tdc dung lén méng truyen xuéng nén. Sau do xdc dinh dé hin
tinh clia méng va bién d¢ dao dong clia né.

Lot gidi : M6 hinh co hoc chia bai todn cho trén hinh 8.21. Phuong trinh dao
dong clia hé 1a _ - F = BsinOt

mi+cx = FsinQy

m

. F .
- ¥+olx="sinQt
m

Dao dong binh én (nghiém dimg) c6 dang C
x= Ll 5 Sin Q¢
cl-n : Hinh 8.21

Thé bicu thiic nghi¢m trén vao biéu thiic tinh luc truyén xuéng nén ta dugc

F, =ex=F —sin Q)f
1-n°

L

" T diéu kién + =0,05suyran = +21 =4,58

Hé s6 cung clia 16 xo tdng 1a

2 2 2
¢ =mw; ;m—% = m@ =1000.
S

V6i hé s6 cting d6, do nén finh cia méng mdy 1a

5, —mg 1000981 o,

c 188

Bién d¢ dao dong dimg ciia mdéng may la

L__ L F_ 1000

Ji-n*| e 20.188

2
%=188N/mm

=0,266 mm

3.3. Tinh toan dao dong cudng birc ¢6 can nhét

- Phuong trinh vi phan dao dong tuyén tinh chiu kich dong diéu hoa clia hé
mt bac tu do ¢é ma sat nhét cé dang
G +28¢+2q =h sinQf + b, cosQt (3.19)
Ta tim nghi¢m riéng ctia phuong trinh nay dudi dang
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g * () = Msin Q¢ + NcosQt (3.20)
Trong d6 M, N [ c4c hiing s6 cdn xdc dinh. Th€ biéu thic (3.20) vao
phuong trinh (3.19) 161 so sdnh cdc hé s6 ciia sinQt va cosQt, ta nit ra hé hai
phuong trinh dai s6 tuyén tinh dé x4c dinh M va N
(@} Q)M - 280N = h
280M +(@; ~Q*)N =h,
Giai ra ta dugc
( — Q)b +26Qh,
(@} Q”) +45°Q°
2% + (@) - )b,
_(wO ) +46°Q°

(3.21)

N ghiéﬁl téng quit clia phuong trinh vi phan (3.19) 13 6ng cha nghiém
riéng (3.20) va nghiém téng quét cla phuong trinh vi phan thuin nhét twong tng
g(t) = Ae™ sin(wt + )+ M sin Q¢ + N cos (3.22)

S6 hang thit nhat ciia bi€u  V{D.7)
thitic nghiém (3.22) biéu dién
thanh phdn dao dong ty do tat

dan. Hai s& hang sau ¢ tan s& ’
Q chia ngoai lyc biu dién 2L
thanh phin dao dgng cudng

bitc binh én clia hé. 1|

Thanh phin dao dong
cudng bic binh én (3.20) ¢d 0 ' . '

thé biéu dién dudi dang 0 05 L 15 7 2
g * () =gsin(Qr + @) (3.23)
Trong d6
2 z hz : 2 + =
G=VM N = PR = R (3.24)
[t oy iy -y
N
89 ="r 3.25
8¢ Y ( )
Tir (3.24) suy ra
V(D7) == 1 (3.26)

D Uths) a0y 44
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Biéu thic (3.26) duoc goi 1A ham khuéch dai. Hinh 8.22 12 d6 thi ham
khuéch dai.

Thi du 8.9. P& xé4c dinh hé s6 cin
clia m6 hinh dao dong, ngudi ta lap vao
hé dao dong hai dong co léch tam nhu
hinh v&. Lugng léch tim 2e.Am =130 kgem.
Khoi lugng ca hé m = 1800 kg, hé s6
cing trong duong cia hé 10 xo ¢* = 7200
N/cm. Hai moto quay déu, nguge chiéu
nhau véi van téc géc QO =20 s, Ngudi ta
do dugc bién do dao dong cudng bic .
binh én 13 A = 0,2 cm. Hiy x4c dinh hé Hinh 8.23
s6 can Lehr, hé s6 can dva b (hinh 8.23).

Loi gidi. Phuong trinh vi phan dao dong cudng bitc ca mdéng mdy la

méj + b + ¢ g = 2eAmEY* cos(Q + ) : (1)

Tén s6 dao dong riéng

a)(): E,__: M:QOS“zg
Vm Y 1800

Nhu vay may rung lam viéc & ch& d6 cong hudng. Bién dd ctia Iuc kich
dong F(t) = Foos(Qt + ), F =2Am.e* =130x40% =520 N .

Theo cong thic (3. 24) xdc dinh bién dé dao dong cudng biic khi ¢ can,
ta cd

Flm
J@F - Q) + 4527

5-25 [ £) H&H .
204\ o4 @,

oy Loy [Fles - Q
D= —29\]( )[1()]

A:

T désuyra

5
1 20 520 ) 20,
=22 —[1-(=)*T =0,1806
2 20 \/(7,2.105x0,2.10‘2) [ (20)]
Do dé S=aw,D=3.6115";b=2m5=13000kg/s

394




4. DAO PONG TUYEN TiNH KHONG CAN CUA HE HAI BAC TU DO

4.1. Dao déng tu do khdng can cua hé hai bac tu do
Cho mo hinh dao dong cla h¢ hai bac tu do khong can nhu hinh v& 8. 24.
Trudc hét ta thiét 1ap phuong trinh vi phan dao ddng clia hé. Chon toa do suy
rong cha co hé 1a (x,, x,), V6i x,, x, tuong ting 1a d6 léch chia cdc khéi lugng so
v&i vi tri can bing tinh.
Dong nang va thé ning ciia co hé ¢6 dang:

T =%m]xf +%mzfc§ ,

C.

1,1 :
H=561x12+§c2(x2—x1) . (2)

Thé cdc biéu thiic dong ning (1) va thé ning (2)
vao phuong trinh Lagrange loai hai

| m
i ﬂ _ﬂ_, BH i=1,2 3) |
di\ ox, | Ix, Bx A

nhan dugc hé phuong trinh vi phan dao dong cla co hé

mx +(g +c,)x —ex, =0, '
{ 11 1 257 272 (4) Hinh 8.24

My, —CX, +Cy %, = 0.
D¢ giai hé phuong trinh vi phan tuyén tinh thuin nhat (4) tim nghiém
dudi dang

x, = Acos(wt + ), x, = Ccos(wt +a) (5)

Trong d6, 4,C,w 1i cic 4n cdn tim. Thé cdc biéu thirc (5) vio hé phuong

trinh (4) din dén phuong trinh dai s tuyén tinh thuin nhat

{(C, e, —ma)4d~c,C=0 )

—c, A+ (c, —m,*)YC =0

T diéu kién dé cho A va C khong déng thdi triét tiéu 12 dinh thitc he &
phai bang khong

Ay=[tE Mo =0 7
—¢, ¢, — Lo
T (7)suyra
mm,@" —(mc + myc, + m,c) )@ + ¢, =0 (8)

Phucfncr trinh (7) hoac (8)-dugc got la phuong trinh diac trung. Phuong trinh
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daé trung (8) 13 mot phuong trinh dai s6 bac hai clia @®. Gidi phuong trinh (8)
ta dugc hai nghiém @? va @2. Theo dinh 1y Viet ta c6
2 _ mc, + mzcl -i-m2c2

>0, o +ol= >0 (9
nym, mnt,

C,Cy
wlzﬂ’)-? — %2

Hai dai lugng @, va @, 12 hai tdn s6 riéng (tdn s6 dao dong tu do) ca hé.
D€ thuan tién quy uéc chon @, > @, . '

Do dinh thic ciia ma tran hé s6 cla hé phuong trinh (6) bing khong nén
céc hang s6 A va C khong doc lap nhau. Thé @, vao phuong trinh thd nhit cGa
(6) ta dugc

(¢, +c, —mai)d —¢,C, =0

Tir d6 suy ra

C _¢+e —m o)

10
4 cz (10)

H o=

Chii ¥ riing, néu thay @, vao phuong trinh thif hai clia (6) van chi thu dugc
két qua nhu thé. The (10) vao phuong trinh (5) ta dugc
x, = 4 cos{wt +a,), x, = A4 cos(ayi + ) (11)
Thé& @, vao phuong trinh thit nhat cla (6) suy ra
g_ ¢ +6 ﬁm,co;‘

Hy =
. 4, Cy

(12)

Do d6
x, = 4, cos{m,t + ), x, = i, A, cos(@,f + ) (13)
Nghiém téng qudt ciia hé phuong trinh dao dong ty do (4) 14 t hop tuyén
tinh cta cic nghiém riéng. Chiing c6 dang
' % = A4 cos(wf + )+ A, cos(@,t + a,)
x, = i A cos(at + o) + t, A, cos{(ant + ;)
Bon hiing s6 4, 4,, ,, &, duge xdc dinh tir c4c diéu kién ddu. Cic tén s6
riéng @, @, va cic tham s& g, 4, khong phu thudc vao céc dicu kién dau.
Dé tinh todn bing s6 chon m, =m, m, =2m,c, =c, =c . Th€ céc dai luong
niy vio biéu thiic (8) suy ra phuong trinh déc trung
2miwt —5Semw® +¢* =0

Gidi phuong trinh nay ta duge
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1
ft)lz :Z(S—\/ﬁ)£=0,219£ = L2y =0=468\/E
m m m

m§=%(5+\/ﬁ)éz2,28§; = @, =1,51 £

Theo (10) va (11) ta c6 cdc ty 6 bién do

2¢—may; ]
2 :c—mil_:g_ﬂwf:l,',rg
c c
2¢ — maw; m
p, =T 0 P2 0,28
¢ ¢

Tir d6 suy ra cdc dang dao dong riéng

1,78
1

I e o ~J-0,28
Dang dao ddng riéng thd nhat Dang dao ddng riéng th(r hai

Hinh 8.25

Phuong trinh vi phan dao dong (4) c6 thé viét dudi dang ma tran nhu sau

m 0| g K +e, ¢ |lq | |0
0 m, || g, —Cy ¢ || gy o
Mot cach téng quat, phuong trinh vi phan dao dong tu do khong cén cia hé
hai bac ty do c6 dang

AR e
Bl i, |G, Cy Cn |42 0

Néu dua vao cdc ky hiéu

M=I:mn n112:|’ C=|:C” c|2:|, q‘=[%:| 4.2)
m, My Car Cm q,
thi phuong trinh (4.1) ¢6 thé viét lai dudi dang
Mij -+ Cq=0 (4.3)
Tim nghiém ctia phuong trinh (4.3) dudi dang |
' q=asin{ex +a) 4.4)

Thé biéu thitc (4.4) vao phuong trinh (4.3) va don gian di sin(wr +a) suy
ra hé phuong trinh dai s& tuyén tinh ‘ '
' (C — o’ MDa=0 (4.5)

397



Didu kién d€ cho véc to a khdc véc to 0 1a
det(C - »’M) =|C - &”M| =0 (4.6)

Phuong trinh (4.6) 13 phuong trinh tdn s6. Gidi phuong trmh nay xac dinh
dugc céc tan s riéng cua hé.

4.2. Dao déng cudng bitc khdng can cda hé hai bac ty do

Dé nghién ctiu dao dong cudng biic khoéng can cta hé hai bac tr do xét mo
hinh ¢o hoc don gidn nhu hinh 8.26.
a) Thanh lép phuong trinh vi phdn dao dong

Chon toa do suy rong clia co he 1a (x,, x,), v6i x,, x; 12 dich chuyén ngang
ciia céc khéi Iugng m,, m, so véi vi tri can bing tinh. Dé ¢6 thé 4p dung phuong
trinh Lagrange loai hai thiét lap phuong trinh vi phan dao dong cla he¢, ta tim
biéu thifc dong ning va thé ning cia hé.

x x

Hl % ); I F‘(rg
Cy &

AN VWAL m,

% %
Hinh 8.26 '
Poéng ning va thé nang co hé la

z

INNNNNY

€3

T = %mlfcf’ + %mzx: ,

1 1
H— clx +2c(x —~x ) +2<:3x2

Thé cdc biéu thitc d@ng ning vh thé ning trén vao phuong trinh Lagrange
loai hai nhan duogc cdc phuong trinh vi phan dao dong cha hé
X, + (c1 + cz)xl —c,x, =0,
m,%, —e,x, +{c, + ;) x, = F(1).

(1)

Chia hai v& ciia phuong trinh ddu cta hé (1) cho m,, hai v& clla phuong
trinh hai cho m, ta dugc

. ¢+tc ¢ _
+—4—2x ——%x,=0

C—zx +02+c3x :F(t)

i, m, m,

Néu dua vao cac kY higu
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s C +C ¢, t+c F(r

70 =_1_2,, 2’22 :_:,._3, f(t)z__(_) (2)
e iy L

thi hai phuong trinh vi phan trén c6 dang

X% +712x1 _C—zxz =0
m,
. (3)
¥, +yix, ——2x = f(1)
m,
a) Xdc dinh cdc tdn 50 riéng
Pé x4c dinh cdc t4n s6 riéng, xét h¢ phuong trinh vi phan tuyén tinh thudn

nhat tuong tng véi hé phuong trinh trén '

c

. 2 2 _

X+yx——x =0
m,

. 2 c
¥, +yix, - —=x =0
n,

Phuong trinh tén s6 c¢6 dang

2 2 <y
Hnoe -
"y
A= =0
C
2 2 2
- . -@
m,

2
2

=0 )

Az(}’lz _mz)(yzz _wz)_
nl‘]mz

2

2 2.2 C:\
o' -+’ yly, ———=0
L,

Giai phuong trinh bac hai & trén d6i véi &

2 + 2 2 4 242 Cz ’
o, =0T o i +n) _ iyt 4
2 4 mm,

V6i cdc s6 lieu ¢, =c, =1000N/cm, ¢, =0, m, =m, =2kg , tinh duoc ©,

vam,
o, = 138,2 rad/s; o, = 361,8 rad/s

b) Tinh todn dao déng cudng bic
Khi cho biét kich dong-diéu-hod F(1).=F,sinQt, tim nghiém clia phuong
trinh vi phan (1) dudi dang:
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x, = 4, sinQu, x, = A, sinQ. 5
Th€ céc biéu thitc (5) vao phuong trinh (3) ddn dén hé phuong trinh dai s6

tuyén tinh

(-4 -2 4, =0

y

e ) F
—2 A4+ (- Q)4 =
. m,

2

Giai ra ta duge :

2 2
A] — 'Fé)c2 _ — Fi)(yz '"SQ ) (6)
ny L, A m,A
trong dé _
2
A": E_QQ E_QZ _ CZ 7
(7 -) i -0) - (7)

So sdnh biéu thiic (4) véi (7) suy ra: Khi Q = @, hodc Q = @, thi A'=0, do
dé bién do dao dong cudng biic 4,4, tang lén v6 cing. Trong hff: dao-dong hai
bac twdo c6 hai kha ning cong hudng.

Véi F,= 400 N, d6 thi bien do dao dong cudng bifc 4,4, cé dang nhu

hinh 8.27.

0,006+
0,004 i
‘
- 1
0,002 k 4,
I~t
II
O P | = 1
250 300 0 Iz’ 400
'
-0,002
P\A

0,004

—0,006-

Hinh 8.27

Mot céch téng quét, phuong trinh vi phin dao déng cudng bic khong can .
clia hé hai bac tu do ¢6 dang

my om, (G e G fld | fl(t') |
o m L o] e
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Néu cdc ham kich dong 1a céc ham diéu hoa ta cé thé tinh todn dao dong
cubng biic tuong ty nhu trén. Néu kich dong khong phai 12 ham diéu hoa ta c6
thé tim hidu cdch giai trong cdc gido trinh vé dao dong.

4,3. Bd tit chan déng lyc khéng tinh d&n ma sat
a) Ly thuyét : Xét phuong trinh vi phan dao dong cudng biic clia hé hai bac tr

dokhong can .
|:m“ mlz]\:qu|+|:cn clz}|:41i|i\iﬂi| (4.8)
my My, || 4, €y Cp il S ,

Gia sit cdc luc kich dong cé dang

() =fsin@Qt+a),  f,(0)=Frsin(Qi+a) C(4.9)
Tim nghiém ciia hé phuong trinh (4.8) dudi dang

q =[j‘jsin(gt+a), (4_1(5)

Trong dS, A,, A, 12 céc hing s6 cdn xdc dinh.
The céc bidu thic (4.10) vao phuong trinh (4.8) ta nhan duge h¢ phuong
trinh dai s6 tuyén tinh dé xdc dinh A, va A,

(e, —mHQZ)Al +(c;, _’”129‘2 )4, = J}I

) . . 4.11)
_ (3 — mzzq- YA + ey —mp Y )4, = £
Giai h¢ phuong trinh dai s6 tuyén tinh (4.11) ta dugc
A= (g — m,, )fl —(cp, -—mlez)’f"z :
i N
LA » 4.12)
A =(c” —m, O, —(cy —m, L2 8 '
? A
Trong do

A=(c, - mnQz )ep — mzzgz) —(cp, — mlzQz Xeg, — mzlgz) (4.13)
Xét truong hop £, = 0. Khi d6 tir cong thitc (4.12) suy 1a
A= (e — m,, Q)
A
— —(ey — mzvgz i
A
Khi A = 0, néu chonrcde tham 6 clia-hé-sao-cho-e;—m,(2* =0, thi

(4.14)
A, '
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_ ___h
4 =0, 4, —m | (4.15)
Vay khi Q* =¢,,/m,,, thi dao dong cudng biic ting vdi toa do suy rong thi
nhat duoc hoan toan dap tit.
b) Nguyén Iy thiét ké b¢ tdt chdn dong luyc : Dua trén 1y thuyét & trén, nguoi
ta ché tao cdc thiét bj tat dao dong goi 1a bo tit chin dong luc (Absorber). Gia
sir ta ¢6 mo hinh dao dgng xoin nhu hinh 8.28a. D& dang tinh duogc biéu thic

dong nang va thé ning @,
1. 1
T:E ]¢12,H=5c,gaf q Allvjl(z)
va luc suy rong Q=M ()= fl sin(Q + ) . a) ‘I
Phuong trinh vi phan dao dong cta hé trén hinh J,
3.17a c6 dang _ &
TG +ep = fsin(Qr+a)  (4.16) @
3 2 2 Cl Cz _l
O ché do chuyén dong binh én, dao dong 2/ i
cudng biic clia hé ¢6 dang || O3
ho /)
@ = T o) sin{C¥ + o) 4.17) Hinh.8.28

Trong d6, &} =¢,/J,.

Gén vao mo hinh 8.28a mot hé phu nhu hinh 8.28b. M6 hinh 8.28b 13 mét
hé co hoc g6m hai bac tr do. Hé phuong trinh vi phan dao déng clia he nay
c6 dang

TG+ 60, + ¢, (0 —0,) =ﬁsin(£2t+a)

.. (4.18)
ngaz "Cz(ﬂ —(‘92) =0
biéu kien dap tit dao dong ¢, 1a Q° =c,/J,. Khi d6
@ =0
; (4.19)

@, = _h sin(Q + )

Hé phu lp thém vio hé 8.28a nhu trén hinh 8.28b dugc goi 13 bo tit chin
dong Iyc. Khj thigt k& bo tat chan dong luc trong thi du trén cdn phai chi § dén
hai diéu sau:

— Chon hé s ciing ¢, sao cho bién d6 dao dong cudng bitc clia géc @,(t)
£, /¢, c6 thé chap nhan duoc. '

— Chon mémen quén-tinh-kh&iJ,sao.cho-Q =eyid, ,
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5. MG PAU VE ON BINH CHUYEN DONG

5.1. Phuong trinh trang thai ctia cac hé co hoc

Thi du 8.10. Trong thi du 8.2 ta da thi&t 1ap phuong trinh dao dong clia con
lac todn hoc '

b+ %c,in @=0 (1)

Né&u thuc hién phép déi bién s6 y, =¢, y, =@, phuong trinh (1) ¢6 thé

duogc viét lai dudi dang
n=@=y '

.. . (2)
Y, =@= *"%Smyl :

Phuong trinh vi phan (2) duge goi 1a phuong trinh trang théi cla con lac
toan hoc. 5 ,

_ -
Thi dy 8.11. Trong thi du 4.7 (Chuong 4) ta Wﬂ "{;\’” 20
RS

da 4p dung phuong trinh Lagrange loai 2 thi€t
lap phuong trinh vi phan chuyén dong cha con '
lic elliptic (hinh 8.29) | 7

TN

(m + my)X, +mlpcose Hinh 8.29 m, g
~m, I sing+ex, = F(2) 3

¥,cosp+igp+gsing=0
Nhan phuong trinh thit nhat cla (3) véi cos¢, phuong trinh thi hai véi
(m, +m,) nhan dugc ‘
{(ml + m1, )%, cos @ + mélq’icosz @ - m,lg’ sinpcos@+cx, cosp = F(t)cos@
(m, +n1,)x, cos@ + (my + my)@ + (my +m,)gsing =0
~Trix hai phuong trinh nay cho nhau ta cé '
(m, cos® @ —m, —m,)l§ =m,(g + 197 cos@)sin @

+m,gsing + F(f)cosp —cx, cosg

Do cos® ¢ =1—sin” @ suy ra

| @ =—(ml+mlsin® )" [(g +1¢° cos p)m, sing ‘ @
+m gsing+ F(f)cos@—cx, cos@]

Mot céch tudng tu, phuong trinh thit nhat cha (3). dé nguyén, nhan phuong
trinh thif haj cia (3) véi 72, cos@ ta co
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(my +my)%, + myl@cosp—m,lg* sing +cx, = F(t)
{mzjéA cos’ @+ m,lPcosp +m,gsinpcosp =0

Tir hai phuong trinh trén ta dugc

(my +m, —m, cos® p)¥, = m,l¢’ sinp+m,gsinpcosp —cx, + F(r)

Tir d6 suy ra :

¥, =(m, +m,sin® p)"'[(I¢* + gcosp)m, sin P+ F{)—cx,] (5)

Thyc hi¢n phép ddi bién - |

V=X V= Y =X, Yy = @

thi tir cdc phuong trinh (4) va (5) suy ra
- T

3 Y3
V2 ' - 2 -1 2 Ve : '
B = (m, ':mz s yz). [y +g—cc?sy2)m2 siny, + F(f}-cy] - (6)
i [(g + &y, cos y, )m, siny, +mg Sin y, + F(£)C0s y, — ¢y, €05, ]
] —(ml + mylsin® y,) )

Phuong trinh vi phéan (6) dugc goi 1a phuong trinh trang thdi cta hé con lic
eliptic.
Chit y: C6 thé sit dung phép ddi bién khéc
N=ZXp =XV =0, Y, =9
d€ dua cdc phuong trinh- (4) va (5) vé dang phuong trinh trang théi.
Nhu the phuong trinh vi phan trang théi ciia mét hé co hoc téng qudt f bac
ty do 1A mot hé n=2f phucng trinh vi phan cp mot dang
W =S Yises )
D, = F,{t, Vs ¥,
Yo =l Yoo ¥) (5.1)
Vo =Lalls Y15 Vi)
Trong dé ‘
VW= Y=g, Ven =g, Y, =4, (5.2}
Heé phuong trinh (5.1) 12 cdc phuong trinh trang thdi chia co hé
khong autonom. D&i véi cac co hé autonom cdc phuong trinh trang thdi cé

dang
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31 =, V)
B2 = £ ¥) 53)

Vu =L Pyses V)
Xét trudng hop hé tuyén tinh méa phuong trinh vi phan chuyén dong ¢6 dang

, M(6)g + B()q + C(1)q = h(?) 5.4
Bing phép bién ddi .
q 0 E | 0
={"], P= , f= 5.5
SRS N R KA
Phuong trinh (5.4) dwa dugc vé dang phuong trinh trang théi _ ‘
¥y =Py +1() : (5.6)

5.2. Cac dinh nghia vé 8n dinh chuyén dong

a) On dinh Liapunov
Theo trén phuong trinh trang théi cia moét hé co hoc f bac tu do cé dang

y=1y), y=[n. 0] n=2f |
Trong 1y thuyét phuong trinh vi phan ta da biét nghiém cha hé phuong trinh
vi phan
. y=10y), y(t)=Yq | (5.7)
phu thuoc lién tuc vao diéu kign ddu, khi 7 thay d6i lién tuc trén doan [a, b], néu’
v& phai f(z,y) thod man cdc diéu kién vé ton tai va duy nhét nghiém. Trong
phén ndy ta s& nghién ciu sy phy thudc cha nghiém phuong trinh vi phan (5.7)
vio céc diéu kién diu, khi ¢ thay d6i trong khoang vo han [¢,,+).
Dinh nghia 5.1. Nghiém

vy = o(f) cla hé phuong trinh vi d

——— e
e -

han (5.7) dugc goi 1a 6n dinh F ~~
phan (5.7) dugc goi la on din 815*,\/\/\!”)

theo nghia Liapunov néu nhu véi
g ducing cho trudc bé wy ¥, luon A o)
cé thé tim dugc mot s6 duwong | ¥ L ——"7TTT T~
5(g,t,) sao cho moi nghiém y(#) ! '
cia he phuong trinh vi phan (5.7) o
tai thoi di€m ddu & kha gdn nghiém

¥ = o)

Hinh 8.30
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ly(@)-0@,)| <8 (5.8)
thi né s€ ludn thoa man diéu kién
ly@®) -o@)||<e, Vielt,+w) (5.9)
Dinh nghia 5.2. Nghiém y’ = ¢(#) ciia hé phuong trinh vi phan (5.7) duoc
goi 12 6n dinh tiém can, néu y' = @(¢) én dinh theo nghia Liapunov va thoa
mén thém diéu kién
lim |ly(#) - ()] = 0 (5.10)

Dinh nghia 5.3. Nghiém y = o) 7V
cia hé phuong trinh vi phan (5.7) 1a
khéng 6n dinh néu né khéng thoa
man dinh nghia 5.1 vé én dinh theo
nghia [iapunov.

Diéu d6 ¢6 nghia 1a: Tén tai

-y

o(t)

I
I
o { ' t

mét nghiém y,; nao dé cua hé phuong Hinh 8.31
trinth vi phan (5.7) ma tai thoi diém ddu ¢, thod man diéu kién
lys @) -o)<é (5.11)
nhung t6n tai mot thai diém ¢, =¢,(8) > ¢, ma ' .
ly() -] & - (512

Hinh (8.30) minh hoa khdi niém 6n dinh Liapunov, cdn hinh (8.31) minh
hoa khdi niem khong 6n dinh Liapunov.

b) Y nghia co hoc ciia khdi niém én dinh Liapunov

* Chuyén déng bi nhiéu va chuyén dong khong bi nhiéu ‘

Néu (5.7) 1a phuong trinh trang théi cia mot hé co hoc thi méi nghiém cia
hé phuong trinh nay cho biét mét trang thai chuyén dong cha co hé. Ta cin
nghién ciu 6n dinh clia nghiém y* = @(¢) . Trong co hoc chiing ta quy udc goi
chuyén dong cidn nghién cdu 6n dinh la chuyén déng khong bi nhiéu. Céic
chuyén dong y(r) khac ma lic ddu & gin @(f) duoc goi 14 chuyén dong bi
nhiéu. Néu cdc chuyén déng bi nhiéu lic ddu (¢ =#,) & gdn @(¢) ma sau d6 vin
luén & gdn (), thi chuyén dong khong bi nhidu @(r) dirge goi la én dinh.

- * Y nghia co hoc clia khdi niém on dinh tiém cdn Liapunov

Mot trang thai co'hge (q'(£),q" (r)) duge goi 1a 6n dinh t:ufam can theo nghia
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Liapunov, néu do tdc dung clia mot nhiéu tdc thdi nao d6 lam thay d6i trang
thdi (q"(£),q (¢)) cha co hé & thdi diém £ =1, ndo do, thi sau d6 co hé c6 kha
néng tr quay trd lai trang thai (q' (), (1)) dang khéo sét.
¢) Bién ddi phuong trinh trang thdi, dua chuyén dong khong bi-nhiéu vé
goc toa do
Thuc hién phép ddi bién s6
x(0) =y —o() (5.13)
Thé (5.13) vaio phuong trinh (5.7) ta dugc | '
x=y-¢ =10, x+)—f(t, o) =g(, x) (5.14)
Tir (5.14) ta thdy ham g(z,x) cd tinh chat *2

g(,0)=0. Vay néu y = ¢(#) 12 nghiém cia 1
phuong trinh (5.7), thi x"(#)=0 12 nghiém clia ' /
phuong trinh (5.14). Sy 6n dinh cha nghi¢m

-y" = o(¢) cha phuong trinh (5.7) tuong duong vl

5

v6i su 6n dinh clia nghiémx”(£) =0 cha phuong 3 / _ EY
trinh (5.14). Hinh 8.32 cho ta hirth anh v& khdi

niém 6n dinh clia nghiém x'(#) =0 trong khong L 28
gian hai chidu. Trong d6 dudng (1) biéu dién 6n Hinh 8.32

dinh cfia nghiémx" () =0, dudng (2) biéu dién én dinh tiém can cla nghi¢m
X*(1)=0, cdn dudng (3) bidu dién sy khong én dinh ciia nghiém X" () =0.
d) Khdi niém 6n dinh ddu vao — ddu ra (6n dinh BIBO)

Xét he phuong trinh trang thai ciia moét hé co hoc cé diéu khién
u=[w,..u,] (515

y=1,y.), y=[r-ul s
Trong d6, u, (k = 1,...,m) 1a céc diéu khién. Cédc tin hiéu nay cdn duge goi
1a cdc tin hiéu vao. .
Dinh nghia 5.4. Mot he co hoc duge goi 1a én dinh ddu vao — ddu ra, néu
tin hiéu vao u()bi chin thi tin hiéu ra y(¢) ciing bi chédn -
fu@<e = [y@]<e (5.16)
Chit y: _ g _
— Tin hiu vao thudng 12 luc tic dung hoic mét by phin cua nd, tin hi¢u ra
1a c4c toa do suy 1ong vi.van téc cdc toa 4o suy 1ong clia co hé.
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—On dinh dau vio - ddu ra cdn duge goi 12 én dinh BIBO (Boundet Imput
Boundet Output).

~ On dinh ddu vio — ddu ra lién quan tryc ti€p dén khai nieém én dinh
dong luc.

5.3. Khao sat &n dinh clia nghiém phudng trinh vi phan tuy&n tinh
a) Hé phuong trinh vi phdn 1uvén tinh thudn nhdt
Xét hé n phuong trinh vi phiu tuyén tinh thuin nhat
X =Ax (5.17)

Trong cong thitc (5.17) A 1 ma 'ran vuong cp n h¢ s6 hang s6. Goi 4, I

cdc tri riéng chia ma tran A, tifc la A, 13 ughiém cia phuong trinh dac trung
|A—AE|=0 (5.18)

Trong do, E 14 ma tran don vi. Ta ¢6 céc dinh 1y sau day:

Dinh Iy 5.1. Neu tat cé cdc tri riéng clia mi trdn A déu cé phin thuc am thi
nghiém can béng x =0 cla hé phuong trinh vi phin tuyén tinh thudn nhat
(5.17) s& 6n dinh tiém can.

“Binh Iy 5.2. Ne€u it nhat ¢6 moét tri riéng clia ma tran A c6 phan thyc duong
thi nghiém can bang x =0 cia hé phuong trinh vi phan tuyén tinh thudn nhat
(5.17) s& khong én dinh. -

Chit $: C4c trudng hop khic ta chua xét & day.

b) Hé phuong trinh vi phdn tuyén tinh khong thudn nha:
Xét hé n phuong trinh vi phan tuyén tinh khong thudn nha: hé s6 hing sd
x=Ax+g(1) (5.19)

Pinh nghia 5.5. H¢ phuong trinh vi phan tuyén tinh khong thudn nhat
(5.19) 12 6n dinh (ho#ic khoéng én dinh) néu tit c4 cdc nghiém x = x(¢) cla né 1a
* &n dinh (hodc khéng 6n dinh) theo nghia Liapunov.

BPinh Iy 5.3. Diéu kién cdn va dt dé he phuong tinh vi phan tuyén tinh khong
~ thudn nhat Sn dinh véi ham g(¢) tuy ¥ (kha vi lién tuc) 12 nghiém tdm thudng x = 0
ciia hé phuong trinh vi phan tuyén tinh thudn nhat tuong ting 6n dinh.

Chu y: Theo trén thdy rang, tdt ca cac nghiém clia hé phuong trinh vi phian
tuyén tinh hodc 1a ciing én dinh hoic 1a ciing khéng én dinh. Khéng cé khi
niém 6n dinh clia hé phuong trinh vi phan phi tuyén, ma chi c¢é khdi niém én

.dinh cta nghiém phuong trinh vi phan phi tuyén ma thoi. '
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¢) Tiéu chudn Hurwitz (1859 — 1919)
Phuong trinh dgc triung (5.18) ¢6 thé vigt dudi dang da thiic nhu sau

p(A)=|A-2E|=a,A" +aqi"" +-+a, A+a,=0, a,>0 (5.20)
Tix (5.20) xay dung ma tran vuéng cip » c6 dang nhu sau
(@, @ a ... 0]
a a, a, ... 0
H=0 a a .. 0 (5.21)
6 0 0 ... g

Ma tran (5.21) dugc goi 12 ma tran Hurwitz.
Céc dinh thidc trén dudng chéo chinh clia ma tran nay duge goi la cdc dinh
thitc Hurwitz va ¢é dang nhu sau

a 4 4
CII a3
A=a, A= , As=lay, @, a
q &
0 a a
An.zanAnA

Dinh I¥ 5.4. (Tiéu chudn Hurwitz). Diéu kien cdn va dii dé€ cho tat ca céc
nghiém cta phuong trinh da thic

a A" +a A"+ +a

_ A+a, =0, a,>0 (5.22)
déu cé phdn thyc am 1a tat ca cdc dinh thic con Hurwitz A, A,,..., A, déu
duoﬁg.
Mot sé tricong hop ddc biét:
~ Khi n =2, phuong trinh (5.20) c6 dang
p,(A=ai’ +ai+a, =0, aq,>0 (5.23)

Ma tran Hurwitz c6 dang

H_a,O
e a

Theo tiéu chudn Hurwitz ta cé

a >0, qa,>0 = >0, a,>0 (5.24)
Khi # =3, tit phuong trinh (5.20) suy ra :
b, (A= iiratrutrar=0r—ur=0 (5.25)
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Do d6, ma tran Hurwitz cé dang

a a0
H=/aq, a 0
0 a a

Theo tiéu chuan Hurwitz ta cé

a >0 a >0
aa, —aya, >0 = <aa,-aa >0 - (5.26)
A, =a, A, >0 a, >0

5.4. Khio sat 8n dinh cua nghiém phuong trinh vi phan phi tuyén
béing phudng phap xap xi bac nhat

Nam 1892 Liapunov, nha todn hoc ngudi Nga, da trinh bay trong ludn 4n
Tién si cla minh hai phuong phap nghién citu én dinh cta nghiém x, =0
(s = 1...., n) ctia hé phuong trinh vi phan (5.14). Ngay nay hai phuong phdp dé
cO tén goi nhu sau:

~ Phuong phép nghién cttu én dinh bing céc phuong trinh vi phan x4p xi
béc nhat,

— Phuong phdp nghién citu én dinh bing ham Liapunov.

a) Cdc phuong trinh xdp xi bdc nhdt
Dé don gian, xét trudng hop khi v& phdi ciia phuong trinh (5.14) khéng phu
thudc hién vao thdi gian 7. Cdc phuong trinh (5.14) ¢é dang

X =g0,x,..%,)

X, =2, (%,%,,..,%,) (5.27)

X, =g (X, Xy, 0y X, )
Khai trién Taylor cac ham g,(x,, x,,..., x,), (s =1,2,...,n) ta dugc
g.(x,x,, ...,-xn) =qa, % +a,x, ».k---+a_mxn F 7 (X, Xy e X,) (5.28)
Trong dé, a,; 1a cc hang sé thue, #(x,, x,, ..., x,) 14 cdc ham phi tuyé&n chita
cic s6 hang bac =2, r,(0,0,..,0)=0.
Pinh nghia 5.6. Hé phuong trinh vi phén toyén tinh hé s6 hing sé’

X, =aux +a x, +-+a,x, (s=12,..,n) (3.29)
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dugc goi 1a hé phuong trinh x&p xi bac nhét cia hé phuong trinh vi phan phi
tuyén (5.27). ‘

Phuong trinh dac trung cfia hé phuong trinh vi phan tuyén tinh (5.29) c¢6
dang ' :

a@, ~-A 2 SO a,
a a,—A - a
p(y= =0 (5.30)
alri anZ o arm _E‘

b) Pinh Iy Liapunov vé 6n dinh theo xdp xi bdc nhdt

Pinh Iy 5.5. Néu tit ca cdc nghiém ciia phuong trinh dac trung (5.30) déu
¢é phén thuc am thi nghiém x, =0, (s =1,..., ) cla hé phuong trinh vi phan phi
tuyén (5.27) 6n dinh tiém can. Néu phuong trinh dic trung (5.27) ¢6 it nhit mot
nghiém c¢6 phén thyc duong thi nghi¢m x; =0, (s =1,..., #) clia h¢ phuong trinh
vi phan phi tuyén (5.27) khong én dinh.

Dink 1y 5.6. Néu phuong trinh dic trung (5.30) khong ¢é nghiém véi
phan thuc duong, nhung cé nghiém véi phin thuc bing khong thi nghiém
x. =0, (s=1,..,n)cla hé phuong trinh vi phan phi tuyén (5.27) c6 thé én
dinh ma cling c6 thé khong 6n dinh, phu thudc vio cdc s6 hang phi tuyén
A X, ).

Chui y: Trudmg hop thit hai nay dugc goi 12 trudng hop téi han.

Thi du 8.12. Khao sit 6n dinh cda cac vi tri can bing ciia h¢ phuong trinh

ﬁ=—2x+y+x3
2,’; (1)
o e x2y43x°
=X 2y 3

Lot gidi. Vi tri can bang cta hé phuong trinh (1) duge xdc dinh tir didu kién

&y b
dt dt
Tir (1) suy ra ‘
—2x—|—y+x3:0,—x—2}’j|'3x5:0 @

Giai hé phuong trinh dai s& phi tuyén (2) nhan duge cdc vi tri can bing
clla he ' ' '
A) x=0, y=0
B) x=1, Jr=1
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C)x=-1, y=-1
Ap dung phuong phap x&p xi bac nhdt, nghién cifu su 6n dinh ctia cdc
nghiém nay. ]
Sw 6n dinh ciia vi tri A(x =0,y =0). Phuong trinh xdp xi bac nhit tuong
uing ¢6 dang

dx dy ‘
Zoaxry, Poxe2 3
ar x+y s ey 3
Phuong trinh dac trung la:
~2-1 1 5
=A"+44+5=0 ¢y
-1 2-2

Theo tiéu chuidn Hurwitz (a, =4, a, =5) géc toa do(x =0,y =0)6én dinh
tiém can.

S én dinh ciia vi tri B (x=1,y=1). Sir dung phép bién ddi u=x-1,
v=y—1, ta co phuong trinh xip xi bac nhit
E{%: 2+ D+ + D+ @Y =2u-2+v+1+3u+l=u+v+..

?z—(u+l)—2(v+l)+3(u+l)5 =—u—-1-2v-2+15u+3+...=14u—-2v+..
t .

Phucng trinh dac trung 1a
—1-1 1
14 2-4

Theo tieu chudn Hurwitz(e, =1, a, =—16) vi tri can bing B(x=1y=1)

= A+ A-16=0 16)

khong dn dinh.
Sw 6n dinh ctia vi tri C(x =-1,y =—1). Skt dung phép bién déi u=x+1, ta
c6 phuong trinh x4p xi bac nhat

)
— =y+V+..
dr
ﬂ:14u—2v—l~...
dt

Phuong trinh dic trung cta hé cling ¢6 dang (5). Do dé theo tieu chudn
Hurwitz vi trf can biing C(x = -1,y = —1) ciing khong én dinh.

Thi du 8.13: Khio sdt sy én dinh vi tri can bing cla con lic todn hoc. Cho
biét khai lugng cia con lc 1a m, chiéu dai 1, ngu lyc can M, = 8¢ (hinh 8.33).
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Loi gidi. Phuong trinh vi phan chuyén dong cla
con lac todn hoc ¢é can la

ml*{+ Po+mglsing =0 (1)
Chia hai v€ cha phuong trinh (1) cho m# ta co
p+-L 5+ 8sinp=0 )
- ml I

Dit %:a)z, [j ~ =26, phuong trinh vi phan (2)
Ll
~ cédang

P+25p+ @ sing =0

Hinh 8.33

3

D& dua phuong trinh vi phan (3) vé phuong trinh trang thai, dat

_ y=¢, ¥Y,=@
Phuong trinh trang thdi clia con lic todn hoc ¢é dang
Y=Y

¥, =—@’siny, —238y,

Vi tri can béing cfia con lc dugc xéc dinh tir hé phuong trinh

¥, =0 siny, =0
_ =
w*siny, +28y, =0 ¥, =0

Neéu gi6i han géc 0 < ¢ <27 ¢ cdc nghiém

=0,y =0; yP =7,y" =0

(4)

)

(6)

(7N

Ap dung phuong phdp x4p xi bac nhit, nghién ciu sy én dinh cta céc

nghiém nay.

Sit &n dinh ctia nghiém y =0,y =0

Néu dat x, = y, -0, x, = ¥, -0 va khai trién ham sin »,
3

. . x
sin y, =sinx, =X, ——3'T+---

Nhan dugc cdc phuong trinh x&p xi bac nhat
X =x,
_ %, =—w'x, —26x,
Phuong trinh dac trung cla hé
-1

‘A _ﬂEl P Y

(=22+2&+a)2=0

- ®

&)

(10)

413



Nghiém ctia phuong trinh (10) la

A= _ar, A _—5+\/52 (11)
Do 4 <0, 4, <0 nénvi trf can bing 3" =0,3” =0 én dinh tiém can.

Sie 6n dinh ctia nghiém ¥y =m, P =0

Néu dat x, =y, — 7, x, =y, —0 vakhai trién ham sin y,

. . x
sin y, =sin(x, + ) =-x, +;~---

Nhan duge hé cdc phuong trinh x&p xi bac nhat

j:l =X

12

X%, = 0*x, —25x, (12
Phuong trinh dic trung cta hé (12)
.y 1

A-AE|= =A+200-2" =0 13

-8 —25—,1’ “ (13

Nghiem ciia phuong trinh (13) 12
A=—8-8+a®, 4, =-6+V5+a’ (14)

Do A, >0 neén vi tri can bang y* =x,3.” =0 khong én dinh.
Két luan: Vi tri can bing thip cha con lic (¢ = 0) 6n dinh tiém can, con vi

tri can bang cao cllané (@ = #) khong én dinh.

5.5. Khao sat 8n dinh ctia nghiém phuong trinh vi phan phi tuyén
bing phudng phap ham Liapunov
a) Ham xdc dinh ddu

Dinh nghta 5.7. Him V(x,, x,,....,x,) dugc goi 14 ham xdc dinh duong
(hoac xdc dinh am) néu né ¢b cAc tinh chit sau:

1) Ham V(x,, x,, ..., x,) lién tuc va ¢ cac dao ham riéng cdp mot lién tuc &
trong mién |

|x_§_ish, (s=1..,1) (5.31)

2) Trong mién |x,|<h, trir g6c toa do, bam V(x,, x,,

am). Tai g6c toa do ham V triét tieu V(0,0,...,0)=0.

..s X, ) duong (hodc

Thi duy 8.14. Ham ¥, (x,, x,)=x] +x2, V,(x, x,)=x7 +2xx, +2x] 12 céc
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ham xdc dinh dwong. Ham V,(x, x,) = x, + x, khong phdi 12 ham xdc dinh
duong. :
- Cac ham xéc dinh duong hodc xdc dinh am duge goi chung 12 ham xéc
dinh déu.
b) Dinh ly Liapunov vé én dinh
Duéi day khi phat biéu cdc dinh 1§ Liapunov va Tretaev thudng ding
khéng chi ham V(x,, x,, ..., x,}, ma ¢ dao ham toan phdn cia né theo thdi gian
v6i gia thiét x,, x,, ..., x, 14 nhitng ham thod mén hé phuong trinh vi phéan (5.27)
. dV &V L) 4
V=_'= _..: D 9 23 5'32
dr S ox, x” éax &0 %) (>-32)
Dao ham tinh theo cong thic (5.32) duge goi 1a dao ham dua theo hé
phuong trinh vi phan (5.27). Ham V(x,, x,, ..., x,) thod min cdc diéu kién clia
nhiing dinh 1y én dinh trong doan niy dugc goi 13 ham Liapunov.

¥

Dinh 1y 5.7. Néu trong mién |x,|<% t6n tai mot ham xdc dinh duong
V{(x,,%,,-, %,) sao cho dao ham ¥ clla né dya vio h¢ phuong trinh vi phin
(5.27) 14 ham khong dwong ¥ <0 thi nghiém x’ =0, (s=1,..,n)clia he¢ (5.27)
s& &n dinh. ,

- Thi dy 8.15. Nghién citu sy 6n dinh cla nghiém can bing x, = x, =0 clla
hé phuong trinh vi phan |

- 4 )
X =X X
{.l '4' (1)
R A
Loi giai. St dung ham Liapunov dang -
Vix,x,)=x +x . - (2)

Ham (2) 12 mét ham xdc dinh duong. Pao ham cla né dua vao hé phuong
trinh vi phan (1) ¢6 dang '

V= 4x % +4x%, = —4x'x) +4x3x =0 |
Vay ham ¥ 1a ham khéng duong. Do dé vi tri can bdng x, =x, =0 1a
6n dinh. :
¢) Pinh Iy Liapunov vé on dinh tiém cdn
Dinh 1y 5.8. Néu trong mién |x,|</ ton tai mot bam x4c dinh duwong

V(x,, Xy, -, X,) 520 cho dao ham ¥ ciia né dua vao hé phuong trinh vi phan

415



(5.20) 12 ham x4c dinh am, thi nghiém x =0, (s =1, ..., #) cla hé (5.20) s& 6n
dinh tiém can. o
Thi du 8.16. Nghién cttu sy 6n dinh clia nghiém can bing x, =x, =0 cha
hé phuong trinh vi phan
{il =Xy x ' .
. 3 (1)
X, =X —X,
Loi gidi. Chon ham xdc dinh duong ¥ (x,, x,) = x{ +x, . Pao ham cla né
dua vio hé phuong trinh vi phan (1) ¢6 dang
Vo= 2xk + 20,5, = 2%, (=%, ~ % )+ 2%, (x, — x5 )= —2(x +x;)
¥ 12 ham xéac dinh am. Theo dinh 1y Liapunov (5.8), vi tri can bang.
x, = x, =0 6n dinh tiém can.

d) Pinh Iy Tretaev vé khong on dinh

Theo Tretaev, dé phat hién tinh khong 6n dinh cha nghi¢m -can bing
x, =0,(s=1,..,n) cha hé phuong trinh vi phan (5.27) ta khong cdn phai khao
sat t4t ca cdc nghi¢m & trong mién |x,|< /%, ma chi cdn tim mot qu§ dao vugt ra
khoi mién dé.

Pinh I3 59 Trong mién |x,|<h néu c6 thé tim dugc mot ham
V(X5 Xyseees X,) sao cho & lan can nho tuy ¥ clia goc toa do ¢ ton tai mot mién
0, ma ham V 14y gid tri duong & trong mién Q (Q duge goi 1a mién ¥ >0),
con trén bién clia mién @, ham V triét tieu. O tai moi diém cha mién Q, dao
ham ¥ dua vio hé phwong trinh (5.27) 14y gid tri duong. Khi dé nghiem
% =0,(s =1,.., n) clia hé (5.27) s& khong én dinh. ..

Thi du 8.17. Nghién citu su &n dinh clia nghiém x, =x, =0 cia hé phuong

trinh vi phan : X,
X=X 4Xx
{ .1 23 15 (1
X, =X+ X g
Lét gigi. Chon ham V(x,x,)=x —x;. Khi d6 ~0
mién Q@ (mién ¥ >0) 1a mién |x!>|x,| (mién gach

chéo & trong hinh 8.34). . Hinh 8.34 -
Pao ham ¥ dya vao hé phuong trinh vi phan (1) c6 dang

If=4x,5'c, X3k = Ax (A XY= AX () + 35y = A(x - %)
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Trong mién O, dao ham ¥ > 0. Theo dinh 1y Tretaev, ngh1em x =x,=0
cta hé phuong trinh vi phan (1) s& khéng én dinh. '

5.6. Su o én dinh cia vi tri can bing cua cac cd hé bao toan
a) Xde dinh'vi tri cdn bing cia co hé
Xét co hé chiu céc lien két holonom, git, ding va ly tudng cé f bac wr do.

Vi tri clia ¢o hé duge xac dinh béi ftoa do suy rong ¢,, gz, - 4, Khi ta st dung
céc phiro’ng trinh Lagrange loai 2, cdc phuong trinh vi phan chuyén dong clia co
hé ¢é dang |

d| or

d|or)_or _ k=1,2,.., (3.33)

Co hé bao toan 1a co hé chi chiu tic dung cia cac luc ¢6 thé. Khi do
phuong trinh vi phan chuyén dong ctia co hé (5.33) c6 dang
d{er) or oIl
Sl == === (k=L2,., 1) (5.34)
_ dt[BQR } oq, oq,
TrOﬁU d6 TI=11(g,. ..., 4,) la th€ ning cia co hé bao toan. Trong chuong 4

ta di ching mmh ring diéu kién can bang clia co hé holoném f bac tu dola

0, =0 (k=1,2,...1) (5.35)
Tir d6 suy ra cdc phuong trinh xdc dinh vi trf can bang cla co'hé bao toan 1a
M0 k=12 ) (5.36)
9,

b) Su 6n dinh ciia vi tri cdn bdng ciia co hé

Bay gid ta chuyén sang xét bai todn nghién ctu su &n dinh cla vi tri can
béng cha hé bao toan. Vi tri nay dugc xdc dinh tir hé phuong trinh (5.36).
Khong giam t8ng quat, ta ¢é thé gia thiét ring tai vi tri can bing cdc toa do suy
rong va cic van téc suy rong deu triét tieu

g, =0, ¢, =0 (k=1,2,..,/) (5.37)

(Néu ¢, =0, thyc hién phép ddi bién y; =g, —¢, ta s& dugc y, =0 con

g, =0 Ia theo dinh nghia vi trf can bang). Theo gia thi€t néu trén, g6c toa do 1a
vi tri can bing. Ngoai ra, do th€ nang co h¢ duge xéc dinh sai khdc mot héng 8
cong, nén ta c6 thé gia thiét th€ nang co he bing khong tai vi trf can bing ‘
o, .. 0)=0 L (5.38)

Ldy gi4 tri ctia toa do-Suy xong varvan g suy §gng cha co hé tai vi tri can
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‘bang lam chuyén dong khong bi nhiéu, khi dé cdc phuong trinh vi phan cla
chuyén dong bi nhiéu chinh [a hé phuong trinh (5.34).

* Dinh Iy Lagrange—Dirichlet vé 6n dinh cia vi tri cdn bdng :

Pinh 1y 5.10. Néu tai vi tri can bing co 1ap clia cg hé bao toan chiu cdc lién
két holonom, gilt, dimg va 1y tudng, the ndng IT cla co hé ¢6 cuc tiéu tuong d6i
thyc sy, thi vi tri can béing cha co hé 12 én dinh.

Chitng minh. Chon co ndng clia co h¢ 1aim ham Liapunov

V =T+ | (1)

Do dong nang T ciia co h¢ 12 ham xdc dinh duong déi v6i cdc van t6c suy
ong ¢, (k=1,.., /), con thé nang I1 cha co hé c6 cuc ti€u tuong dsi thuc sy
tai vi tri can bing ¢, =0 nén IT la ham x4c dinh duong d6i v6i cdc toa do suy
rong g, (k=1,..., /). Vay ham Liapunov ¥ =T +IT 1a ham xdc dinh duong d6i
V6l cdc bién g, ¢, (k=1,.., ).

Mt khac do co hé 1 bao toan, nén theo dinh 1y bao toan co nang ta cd

V =T +1II =const (2)

Do d6 dao ham ¥ ctia ham ¥ dua vao hé phuong trinh vi phan cla chuyén
dong bi nhiéu (5.34) bing khong. Theo dinh 1y Liapunov vé én dinh chuyén
dong, vi tri can bang co lap clia hé bao toan s€ 6n dinh.

* Dinh Iy Tretaev vé sit khéng on dinh ciia vi tri cdn bdng

Dinh [y 5.11. Néu tai vi tri can béng ¢6 1ap cGa co h¢ bao toan chju céc lién
két holonom, gilt, ding va 1y tudng, thé nang IT cla co hé 1a ham gidi tich cia
céc toa do suy rong ¢, ..., g, va khong co cuc tiéu tuong doi thyc su, thi vi tri
can bing cla co hé 13 khong 6n dinh.

Viéc chiing minh dinh Iy ndy cé thé xem trong cdc sdch chuyén khao vé 6n
dinh chuyén dong. '
¢) Ddu hiéu cuc tiéu cda thé ndang tai vi tri cin bing

* Truong hop co hé mét bdc ty do (f =1). Khi d6 khai trién biéu thifc thé

nang II(¢) &lan can vi tr can bang g = g vadit Ag=g—gq ,tacd

. oIl 1{ 811 i
(g} =1I(g )+[6——J AQ+E[6 - J (Aq)z T 3
9 Ja=s" 4 o=y
Do taj vi tri can bing
oq g=4.
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nén tix (3) suy ra
o1l
oq°

H(g)-Tl(q )——[ } _(AQ)2+"- &)

Tir (5) suy ra II(g") dat cuc tiéu khi

&1l , -
[ o7 ] >0 = theo dinh Iy Lagrange — Dirichlet vi tri ¢ =g 6n dinh.
4=y

I(g") dat cyc dai khi

2
(Z ] <0 => theo dinh Iy Tretaev vi tri ¢ =¢~ khong 6n dinh.
q°

* Truong hop co hé nhiéu bgc ty do (f 22). Dé don gidn ta chon

g, =0(k=1,.., f). Khai trién biéu thic th€ nang thanh chudi Taylor & lan can
goctoadd g, =0(k=1,..., f) tadugc |

.t & .
H(ql,...,qf)=n(o,...,0)+§(6HJ _;Z;(aq Jq,qjjr--- 6)

Trong d6 cac s6 hang khong viét ra 13 cdc s6 hang phi tuyén bac 16n hon
hai. Theo (5.36) va (5.38) ta suy ra

Il ——ZZ%%

i=] j=1
Trong dé ta dua vao ky hi¢u

: . |
¢, =, =[ o1l (5.39)
94,04, ),

Tai vi trf can bing g, =0(k=1,.., ) néu th& nang I dat cyc tiu thi

(g, .... q,) duong. Tird6 suy ra dang toan phuong

== ZZch,qJ , 5.40

295
phai 14 x4c dinh duong.
Pé nhan biét dang toan phuong (5.40) c6 phai la dang toan phuong xic
dinh duong hay khéng, xét tieu chudn Sylvester nhu sau.
* Tiéu chudn Sylvester 7
Diéu kién cdn vi dit d& cho dang toan phuong (5.40) xdc dinh duong la céc
tlt chifc chéo chinh clia dinh-thite
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G G Ciy
Cy Cp Cry
€rpo €2t Ep

S G2 T Gy
¢, ¢ Cy €y v C
1 12 21 22 2F .
¢, >0, =0, .., >0 (5.41)
CZI 6’22 rew e
€n Cr2 Cy

~Viéc chiting minh tiéu chudn nay c6 thé fim trong cdc sdch vé dai s6.

d) Thi du ap dung o :

Thi du 8.18. Mot thanh khong trong . ~
lugng chin tic dung cha mot luc
F =const thing dimng va dugc giit bing-
hai 16 X0 & hai bén nhu hinh v&. D6 cimg =~ - I
cha 10 xo 1a ¢, Hay tim diéu kién 6n dinh - g |
clia céc vi tri can bang cha thanh.

Lot gidi. Vi tri cia thanh duge xéc
dinh boi géc @. Thé nang cua co hé bao
gbém thé nang cia hai 10 xo va thé€ nang
cua luc F

I'I(go):Flcosgo+2%c(at,c:,rqa)2 (1)

Cac vi trf can bang cia co hé duge
x4c dinh tir diéu kién

dll tgg

1'['=———w—=~—Fl’singp+2a:z2 —=0
do cos” @
, ' , |1
= sing| —Fi+2ca — |=0 (2)
\ . cos’ @ =
Tir (2) suy ra cdc vi trf can bang " &n dinh
sing=0 = ¢ =0 (3) o
. S ) C) . >
C-Fl+2ca® ——=0 _ . Hinh835
cos’ @
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2ca’ 2ea’ '
= cos’p= = = arccos 3 4
?=—0 _caz 1} 7 (4)

Dé nghién citu sy dn dinh clia cdc vi trf can bing ta dao ham hai 14n th&
niang '

) .
) cos’ p———+tgpleosgsing
m-4 1_2‘{ =—Flcos@+2ca’ P Z .

do cos” @ (3)
-2 -2 2
:—Flcos(p+2cagl—ﬁ:—n_ﬁz_f'lcosqo+2ca2“#
cos” @ cos” @

Tai vi tri cAn bang thit nhat ¢, =0, ta cé

N"(p)=—Fl+2ca’ =2ca’ (1— Flz )
‘ ‘ 2ca

Tir d6 suy ra

O@)>0 = F12 <1 = vitrf ¢ =0 én dinh,
2ca
" Fl C A Ao
I"p)<0 = 5 ~>1 = vitrd ¢ =0 khéng 6n dinh.
ca
Trudng hop dac biét
) Fi ca’ . .
N"(p,)=0 = >=1 = F:ZTsz (tai trong téi han)  (6)

2ca

Khi F <F, thi vi trf can bing ¢ =0 12 vi tri can bing 6n dinh: Khi
F > F, thivi trf can biing ¢, =0 12 khong én dinh.

Khi F = F, , dao ham bac hai T1" triét tiéu tai ¢, = 0. Do d6 dé nghién citu
su 6n dinh cha vi trf can bing nay ta phai xét cdc dao ham bac cao hon hai ciia
thé nang. Bai todn nay twong d6i phitc tap nén khong trinh bay & day.

Tai vi tri can bang thit hai ¢, (2 ca’® = Flcos’ p,), ta cd

. 2
II"(p,) =—~Flcosg, (1 —cos® @, 3———2%5&)
cos’ @,

=—Flcosg02[1~ 3 +2J:3Flcos¢2( 12 —1)
cos” @, - cos” @,

Khi 0 <@, <7z/2 thi cosg, <1. Tir d6 suy ra IT"(p,) > 0. Vi tri can bing
¢" =@, la 6n dinh. Chd ¥ riing cose 12 ham chin, cosga=cos(—¢), nén bén.

canh nghiém ¢, cdn c6 nghigm ¢, = —, ).
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Tt biéu thifc (4) suy ra

2ea’ Fl 2ca

cos” @, = <1 =

2ca )

Vay khi F>F, vi trf can bing ¢ =@, 6n dinh, con vi tr{ can bing
¢" =@ khong 6n dinh.
" Khi ¢, =0, II"(p,)=0 = F=F,. Viéc nghién cttu én dinh cia @, =0
phai sir dung cdc dao ham bac cao hon hai cia ham IT.

Trén hinh 8.35 ta thdy: Khi F < F, chi c6 m¢t nghiém ¢, =0 6n dinh. Khi
F > F,, vi tri can bing ¢, =0 khong Sn dinh, xuét hién hai vi tr can bing mdi
+¢, 6n dinh. Nhu thé ta 6 ba vi tf can bing. '

Khi F = F, xuathién sy 1& nhanh cia nghiém. Ngudi ta goi gia tri nay cla

luc F 13 “diém r& nhénh”.
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